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The origin of a well-known relation satisfied by the Racah coefficients of SU(2) is demonstrated to be
the associative law of multiplication of the Wigner operators of SU(2). Recognition of this simple fact
allows the immediate generalization of this identity to the Racah coefficients of U(n).

I. INTRODUCTION

During a recent investigation! of the properties of
the multiplication law for symplecton eigenpoly-
nomials,? it was observed that a fundamental relation
between the triangle coefficients [defined in Eq. (3)
below] and the Racah coeflicients obtained in conse-
quence of the associative law of multiplication of
these operators. The symplecton eigenpolynomials
are a particular example of a set of irreducible tensor
operators

{T::a=a,a—1"‘.9_09[1:09%’..

1 (M
with respect to SU(2), which also comprise an opera-
tor ring with the multiplication

TiT) = 3 (2¢ + 1) *F(bac)CleeTe

at-fi s

)

where C;2° = C;%,,, denotes a Wigner coefficient of
SU(2) and F(bac) is, in general, an invariant operator
with respect to SU(2). Equation (2) is equivalent to
the statement that the coupling of two tensor operators
from the set (1) is an invariant times an irreducible
tensor operator belonging to the set.

The symplecton®? is the most elementary object
from which one can construct operator-valued poly-
nomials which satisfy the multiplication rule (2). In
this case, the invariant operators F(bac) are explicit

numerical coefficients, denoted in Ref. 1 as the
*“triangle coefficients™:

A(bac)

=[ (@a+b+c+ 1) ]%(”
T la+b—cla—b+o)(—at b+’

Conversely, if the F(bac) are the triangle coefficients,
then the multiplication law (2) uniquely defines the
algebra of the symplecton.

The associative law of multiplication of symplecton
eigenpolynomials,

(TeTHT; = TYTT), C)

now leads directly to the following fundamental
relation between triangle coefficients and Racah
coefficients®® [the calculation uses Eq. (18) of Ref. 5]:

Aaf)A(bdf) = 2f + 1) Y A(abe)Aledc)W(abed; ef ).

)
[The labels a, b, ¢ of Eq. (4) have been renamed in
Eq. (5).]

In quantum mechanics, operators are usually
represented by the elements of matrices, and the
associative law of multiplication always holds in
consequence of this property for matrix multiplication.
One is thus led into the trap of ignoring the direct
consequences of the associativity requirement. The
purpose of this paper is to demonstrate that several
important relations in unitary group theory owe their
origin to the fundamental associativity law.

II. THE RELATION BETWEEN RACAH
COEFFICIENTS OF SU(2)

There immediately comes to mind a second set of
tensor operators which satisfies a multiplication law
of the form (2). These are the irreducible tensor
operators Y7;(J), constructed from the components
Jy,» k=1, 2, 3, of the generators of an irreducible
representation of SU(2) [see Eq. (5.67) of Ref. 6).
However, application of the associativity law to these
operators leads to a special case of Eq. (11) derived
below.

There is still another set of SU(2) tensor operators
which possesses the algebraic property expressed by
Eq. (2)—the Wigner operators of SU(2). The notion
of a Wigner operator has proved to be extremely
valuable in the study of the unitary groups.”® While
a Wigner operator of SU(2) can be completely
characterized by specifying its algebraic properties
without any initial reference to Wigner coefficients,
it is not particularly expedient, in the case of SU(2),
to follow this course. The properties of SU(2) Wigner
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operators can be made more concrete and understand-
able by giving the initial definition directly in terms of
the known SU(2) Wigner coefficients.

A Wigner operator of SU(2) is designated’® by the
notation

a+p
2a 0), (6)

a+ o
and is, first of all, an irreducible tensor operator of
type T,, « =a,a — 1,---, —a, with respect to its

transformation properties. Second, it is an operator
which effects the shift p on the label j of a generic
state vector |jm): More precisely, it is defined by

a+p
2a 0)|jm)y=Cp**li+ p,m+o). (7)

a+ «
In particular, p may be any of the values p = a,
a— 1, -, —a,so that there are 2a + 1 tensor opera-

tors of type T defined by Eq. (7), i.e., one for each
value of p. Note that because the Wigner coefficients
are defined to be zero if the triangle conditions on
j» a, and j 4 p are violated, certain irreducible
representation (IR) spaces {|jm)} will be annihilated
by a given Wigner operator, i.c., each Wigner
operator has an associated null space.

It is not our purpose here to develop the elegant
theory of SU(2) which can be based on Wigner
operators, since the essential details have been given
previously.®11 We will, however, note that the
algebraic structure of Wigner operators is isomorphic
to the set of irreducible operator polynomials which
can be built on a pair of commuting symplectons,
(a, @) and (b, b). Thus, Wigner operators present a
structure which is richer in details and, at the same
time, more complex than that of the single symplecton.

The reader will now be able to verify for himself
that the following muitiplication law is but an
operator statement of a well-known relation® between
Wigner coefficients and Racah coefficients:

a+p b+ o
2a 0 2b 0
a4 o b+ p _
c+p+o
=Y WieCpe (2¢ 0}, ®
) ct+a+p

where W2a° = Wi, is a notation for an invariant
(Racah) operator of SU(2) which has a Racah coeffi-
cient for its eigenvalue on an arbitrary IR space
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specified by j:

Whe(j) = [(2¢ + 1)2j — 2p + D}

X W(j - p— 0, bsj’a;j - P C). (9)

Note that, in applying Eq. (8) to an arbitrary state
| jm), the Racah operator gets evaluated on the shifted
label j + p 4 o (the final state vector label).
The notation for the Racah invariants is derived
from the remarkable property!?
lim Wie(j) = Ci.

| 14
gl

(10)

We now observe that the product law (8) is pre-
cisely of the form (2), the extra labels p, ¢ arising
because of the extra labels specifying the particular
(shift) properties of the tensor operators.

We can now ask: What are the implications of the
associativity law for Wigner operators? The result
must have the same general appearance as Eq. (5),
with some additional operator labels addended to the
quantities. Furthermore, we must be careful to account
for the fact that the W’s appearing in Eq. (8) are
invariant operators, and it makes a difference whether
they appear to the left or right of a Wigner operator
(but simply by a shift in the state on which the
invariant is evaluated).

This straightforward calculation is easily carried
out with the following result:

W (W)
=3 W — oW DIQe + 1Qf + DI
' x W(abed; ef). (11)

Note the agreement in form with Eq. (5) as one reads
across the upper labels.

If we now use Eq. (9) to write Eq. (11) in terms of
the usual notation for Racah coefficients, then Eq. (11)
is just the expression of the well-known relation, Eq.
(25) of Ref. 13. This relation was first derived by
considering the couplings of four angular momenta.
It is here demonstrated to be the consequence of a very
fundamental property of Wigner operators—the associ-
ativity law.

Observe that, in the limit j — oo, Eq. (11) reduces
to one of the standard relations between Wigner
coeflicients and Racah coeflicients. Thus we see that
the Wigner coefficients themselves are still another
example of numerical coefficients which satisfy a
coupling law of the general form (5).

III. GENERALIZATION TO U(n)

Having uncovered a fundamental origin of Eq. (11),
we may now easily generalize the result to the general
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unitary group U(n). The notation for Wigner opera-
tors and Racah invariant operators has been explained
in considerable detail elsewhere.®® Here we introduce
an abbreviated notation for Gel'fand patterns and
operator patterns. The symbols

G- )

designate Gel’fand patterns—the triangular set of
labels of state vectors of a basis for an IR of U(n)—
where a, b, -+ - denote IR labels (row vectors of n
elements) and «, §, - - - denote the subgroup labels of
the canonical Weyl branching law. Similarly, the

( ) ( ) o
P ’ (42 ’

designate the operator patterns of U(n) Wigner
operators. The A pattern of an operator pattern is
written simply as

(12)

(13)

a
A(%) = ap) (14)

P
and b + A(p) denotes the set of IR labels obtained by
row vector addition of the row vector b and the row
vector A(p).

The product of two U(n) Wigner operators is a
linear combination of Wigner operators, this result
being exactly expressed as follows:

(6)
g/

~

P

E/

p'yt

S =Y

e

\
x {(b+A(,,> . )

x { b+ Ap)
4

The symbol (| ()| ) denotes a U(n) Wigner coeffic-
ient,and {- - -} denotes a U(n) Racah invariant operator.
The eigenvalue of { -} on an arbitrary state vector
with IR labels m is denoted by

o'
(2)jom.
a

and this coefficient is a U(n) Racah coefficient.

R o

(13)

(b + A(P'))

T

(16)
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We next work out the consequences of the associ-
ativity law for the product of three Wigner operators,
using Eq. (15). The derivation is quite tedious, but
straightforward. The result is the following identity
satisfied by the Racah coefficients of U(n) (all patterns
in this result are operator patterns):

o 5
30 el <) o

-3

)
:

p'a’d
¢+ A(g’) v ¢ 3
(2N -
[+
A0 o
P

To verify that Eq. (17) reduces properly to Eq.

(11), it is only necessary to identify the two notations
for SU(2). That is, j = $(m; — m,), a = §{(a; — ay),

= 3(by — by), ¢ = 3er — &), 0 = 01 — §(by + by),
p=p—ta+a),and e+, =a; +ay+ b +
b, . It follows then that

Wbac(J)

cg—0b
(cl c,,,) . ! ‘a (bl bz) (mm)
1 2 .
Pt o (] v

(18)

An identity of the general type (17) has been derived
by other authors.! However, we believe our derivation
to be the first one which underscores the fundamental
origin of this relation. [Observe also that there is no
proliferation of the so-called “multiplicity indices”
in Eq. (17), only operator patterns which are structural
labels.)

One can continue still further with the consequences
of the associativity law. The notion of a U(n): U(n — 1)
projective operator has been developed in some detail
[the matrix elements of projective operators are
U(n):U(n — 1) reduced Wigner coefficients).8-? In par-
ticular, the product of two such operators is given by®

1
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(indices «, f, - - - now designate operator patterns)
pllo [P
e -sle 2o
Pyt Y ﬂ
o o
m [P
el
T g
P

where [---] denotes the square-bracket invariant
functions of the U(n — 1) IR labels introduced in
Ref. 9. Once again one can determine the relation
which is implied by the associativity law of multipli-
cation of three U(n):U(n — 1) projective operators.
The result has the same structural form as Eq. (17)
[Eq. (17) is required in the derivation]:

b+ A(p) |
4
(19

” X/

3 00 el 0 o
p )
=p’§a' ((;1") f;” (:') ©
pl

L2 ) o s
L o -

JOE)er2 o o
L p J

in which m’ designates a set of U(n — 1) IR labels
(a row vector of # — 1 elements) and A’(p) designates
the (n — 1)-element A pattern obtained by deleting
the last entry from A(p). The notation [---J(m’)
designates an eigenvalue of a square-bracket invariant,
and these coefficients relate in a definite manner® to
U(n — 1) Racah coefficients.

It was conjectured in Ref. 9 that there exists a
definite limiting relation between Racah coefficients
and square-bracket coefficients. If we introduce the
more explicit notation
1)

(mn) = (mln’n2n e mnn)’

(mn—l) = (mlnm2n e mn——ln)’ (22)
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then this conjectured relation is the property

’

R (] T
P
= C) Z (i’) (m,_). (23)
P

In SU(2), this equation is just the expression of
property (10). Equation (23) has also been demon-
strated to be valid for a large class of nontrivial
cases.® Equations (17) and (20) support, but do not
prove, the general validity of Eq. (23), in that Eq. (20)
is an immediate consegquence of Eq. (17) if property
(23) holds.

Indeed, if Eq. (23) is valid generally [for all U(n)],
then an immediate consequence of it and the explicit
expression® relating the square-bracket coefficients to
U(n — 1) Racah coefficients is that, under the succes-
sive limits m,, — —00, M, 1, —> — 00, ", My, —
— o0, a Racah coefficient limits to a Wigner coeffi-
cient:

O e 1)

Taking this limit of Eq. (17), we then arrive back at
the matrix element expression of the product law (15).
Thus, the compatibility of the limit properties (23)
and (24) with Eqs. (15), (17), and (20) has been
demonstrated.

We remark that the identity (17) also assures the
validity of the associative law of multiplication for
the extended U(n):U(n — 1) projective operators
introduced in Ref. 9.

A general proof of Eq. (23) would be quite impor-
tant because from it one can establish the limit
properties® of U(n): U(n — 1) reduced Wigner coeffi-
cients which, in turn, can be used to induce uniquely
all operator pattern assignments in the canonical
resolution of the multiplicity problem.

(24)

IV. CONCLUSIONS

One of the more difficult problems encountered in
generalizing the Racah-Wigner angular momentum
calculus to U(n) is recognizing those features of SU(2)
which are generalizable and those which are not, i.e.,
are particular to SU(2). This generalization is often
made quite transparent if a general structural feature
underlies the relation, such as the associative law of
multiplication which underlies Eq. (11).
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Our ultimate goal, of course, is to find those struc-
tural features of Wigner operators which uniquely
characterize all operator patterns. A significant step
in this direction was made in Ref. 9.

The contribution of this paper is not so much in
deriving relations which U(n) Racah coefficients must
satisfy as in recognizing the simple and general origin
of such complicated appearing relations.
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Using boundary conditions, one can eliminate the need of a transformation cutoff function in the
pairwise point transformation method applied to the many-body problem.

In previous work!-® on the many-body problem
using the pairwise point transformation method, it
was necessary to introduce a cutoff function into the
transformation, such that the transformation ap-
proached the identity transformation for interparticle
separations greater than an arbitrarily chosen cutoff
distance.! The purpose of this article is to show that
one need not introduce a cutoff function into the
transformation, provided that one requires the origi-
nal wavefunction to approach the free-particle wave-
function within an arbitrarily chosen cutoff distance.
If this distance is taken to be less than or equal to the
interparticle separation, this requirement is essentially
that of “pairwise additivity’’; namely, after particle
“a” has interacted pairwise with particle “b,” it
must become a free particle before it can interact
pairwise with particle “c.” In essence, we show that
one can put the cutoff into the wavefunction instead
of the transformation. This technique could be
useful in simplifying the calculations inherent in

applying many-body point transforms? to many-body
systems.

In the pairwise point transformation method,? the
system is assumed to be sufficiently dilute such that
the Hamiltonian H can be assumed to be the sum of
pairwise Hamiltonians H,;,

N
H= z H“ .
i,j=1
i<y
We shall therefore only consider the 2-body wave-
function associated with H,;,. To illustrate the
technique, we shall demonstrate it on the hard-core
2-body problem. This problem was previously studied!
using a cutoff function in the transformation, and
the standard results were obtained.

Our notation for equal-mass particles is that the
X, (the R,) are the original coordinates, the x,, (the
r;) are the transformed coordinates, the P, are
the original momenta, the p,, are the transformed
momenta, the X,;,, x;,, P;;,, and p,;, represent the

(1)
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relative canonical coordinates and momenta in the
original and transformed spaces, respectwely [Xije =
Xio — Xigs Py = 3(Piy — Pj,), - - ], the p,;, represent
the center-of-mass momentum in the transformed
space (f;;, = Pia + Psa)> Greek indices stand for the
Cartesian coordinates 1 to 3, r = |r|, and we use
units of 4 = 1. Under the pairwise point transforma-

tion

Xija = Xijall + fis(r:9))s (2)
ax,,ﬂ axi,-ﬁ )

wa Di; iig 1> 3

%E( 3x,,, T ax.,, " “’) @)

the original }Hamlltoman
13,
Hy=— 2P+
2m a=1

is transformed into

P+ VR, Py (@)

3

' 1 _ 1 3
H;; = Z (’_’ P?ia + = zpijagaﬂ(rij)pijﬂ)
a=1\4m m p=1
+ W(r;) + Vv, pi)s (5)

where
Zaplriy) =y§1 Z;(l:; Z);: *
W(r,) = kn_ja,él 411 an(F) aalxr:f aal’:iﬂB
Tk o

B is the Jacobian |0x,,/0X,,| of the inverse transfor-
mation (r — R), and V(r;, p;;) is V(R;;, P;;) written
in terms of r,; and p,;. In addition, the original
normalized wavefunction y,;(R,;) is related to the
transformed normalized wavefunction y;;(r;;) by

PiRiy(r:) = [B(re) i), (8)

For convenience, we shall henceforth remove the ij

subscript from our variables and only consider the
relative part of the 2-body Hamiltonian, Eq. (5).
For the hard-core problem

V(R)y= o, R<c,
=0, R>ec, )]
the transformation
fie) =cfr (10)
removes the singular potential. Substituting Eqgs. (2)
and (10) into Egs. (6) and (7), we obtain!

e - (T
W) =0,
B(r) = (

(1)
)2. (12)

r+c¢

NORMAN M. WITRIOL

The energy of the system is given by

E= { v OH v (0)d / f ¥ (O ®dr,  (13)

where H' is the transformed 2-body Hamiltonian and
¥'(r) is the correct transformed wavefunction of
the 2-body system. Substituting Eqs. (11) and (5)
into Eq. (13), assuming %’ to be normalized and the
center-of-mass motion to be zero, we obtain

2
t
(0 2 P ( )5
f i aﬁzl +c
2
il
r+
Using p, — —i0/0x,, assuming® y'(r) = y'(r), taking
the system to be confined in a spherical box of radius

M in the original space, and integrating by parts, we
find that Eq. (14) becomes

4 4 M—c
E = — ll:w't(r),? ?W_(Q:I
m or o
an a'/) (") 2 al}’ (r)
+ m or or

We assume the original wavefunction y(R) to be a
free-body wavefunction whenever the interparticle
distance is greater than an arbitrarily chosen distance
A’, where 1’ is less than the radius of the box M. This
assumption is equivalent to the assumption of
“pairwise additivity,” if 4’ is of the order of the inter-
particle separation R,. Therefore, for the ground
state we require®

}pﬁw (Odr. (14)

dr. (15)

p(R) = K-+ for R> 1, (16)
where K is a constant. From Eqs. (8) and (12) we
obtain

, ey 0 (6)
= 1 - _% —_— - — _%
y'(r) ( +r)1< . =) K7
for r>4, (17)

where 1 = A" — ¢. We assume y'(r) is well behaved
around the origin; i.e., the contribution of the first
term in Eq. (15), at r = 0, is zero. Therefore, if our
system is confined to a very large box, c K M,

o’ M—c
[W'T(r)r2 A (r)] ~-<,
or o K
Therefore, substituting Eq. (18) into Eq. (15), we
obtain

(18)

dme
mK

E =

I‘t !
i f W@ LW, g
m

or or
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For the ground state we might try '(r) to be the
free-body zero-momentum wavefunction in r space
for small r, r L 4, i.e.,

y(r) =K+, r & 4,
where K is a constant. Therefore, we might try
¥'(r) = R(r/2) + K3(L + ¢[n[l — (/D). (1)
where @(r/1) = @(&) is the cutoff function,

for (20)

p(&) =1, £=0,
_>0’ 5—)1’
=0, &=1, (22)

dp(&)/0& is well behaved, and K and K are determined
by the normalization of %’(r) and the minimization of
E. In the dilute system limit we let 4 3> ¢. Substituting
Eq. (21) into Eq. (19) and neglecting contributions
proportional to ¢/M and ¢/A, we obtain K~ ( and

E ~ 4nc/mQ), (23)

where € is the volume of the box containing the system,
Q = 47M3. For the N-body problem we have
N(N — 1)/2 pairs and thus, for large N,

E — 2meN2jmQ. (24)

If we had not required y(R) to be the free-body wave-
function for R > A’ but had tried y'(r) = const, we
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would have obtained E = 0 in Eq. (23), the correct
2-body scattering result. Thus the requirement that
w(R) be a free-body wavefunction for R > A’ gives
us the proper energy, to first order in ¢, for the dilute
many-body hard-core system taken as a sum of 2-
body systems. This requirement with A" < R, is
actually equivalent to the assumption of “pairwise
additivity.”

In conclusion, this method is equivalent to taking
a cutoff function in the transformation. For many-
body systems with short-range potentials, the taking
of the cutoff function in the transformation results in
the need of performing very messy algebraic computa-
tions.* The method of not using a cutoff function in
the transformation but of requiring the wavefunction
to satisfy certain boundary conditions could signifi-
cantly simplify these calculations.
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1. INTRODUCTION
A large variety of boundary value problems have
been solved by using transform techniques based on
the inversion of definite integrals. Thus, instead of
seeking directly the required solution, say E.(r, ¢),
that satisfies a certain partial differential equation and
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which satisfies an ordinary differential equation with
the corresponding boundary conditions. When the
transform E(», ¢) is determined, the desired solution
is found by using the inversion formula. For simplicity,
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we shall restrict our attention initially to cylindrical
structures and assume the solutions are independent
of the z axis.

In Sec. 2 we postulate a generalized Bessel transform
and deduce the corresponding inversion formula.
This transform pair is shown to merge with the
familiar Fourier integral transform when the param-
eter corresponding to the curvature of the boundary
vanishes. It is identified with the discrete Watson
transform when the parameter related to the curvature
is finite, and it is shown to reduce on the Kontorowich—
Lebedev transform when the curvature parameter
approaches infinity.

In Sec. 3 we express the solution to the problem of
radiation by a line source in the presence of a cylindri-
cal structure, in terms of the generalized Bessel trans-
form. The limiting forms of this solution, as the
curvature of the diffracting structure is made to range
from zero (a plane surface) to infinity, are then
derived.

This transform representation is of special interest
for solving problems in which the local curvature of
the diffracting structure is varying.

2. THE GENERALIZED BESSEL TRANSFORM
AND THE DEDUCTION OF THE CORRE-
SPONDING INVERSION FORMULA

Consider the problem of diffraction of horizontally
polarized waves by an infinite circular cylindrical
structure of radius r = R. (See Fig. 1.) For simplicity
of presentation, we shall assume initially that the
cylindrical surface is perfectly conducting. Subse-
quently, the boundary of the cylinder is characterized
by a finite surface impedance, and the presentation is
generalized. Thus, problems involving diffraction of
vertically polarized waves can be analyzed in a similar
manner.

We postulate that a general solution for the z-
independent electric field (z component only) may be
expressed as

a@@=ffm@wau 2.1)

o I 15(r-)S(e-8g /7

Zg=[E,/ Hlg

Fic. 1. Radiation by an electric line source parallel to a circular
cylinder characterized by a surface impedance boundary.
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Cp —Re(p—~

[ r~

FI1G. 2. Integration paths in the complex g plane.

in which & = kr and & is the wavenumber. The trans-
form of the function E,(&, ¢) is E(v, ¢). The basis
function y,(£) satisfies the homogeneous scalar wave
equation L,[y,] = (v/£)*y,, where the operator L, is
defined by

LIyl — (§)2wv = éd—i(s d% %(5))

+ [1 _ (2)} p( =0, (2.22)

and the boundary condition

Y(ég) =0 (2.2b)
in which &, = kR. Thus,
v (&) = HP(&) + RHP(8), (2.3a)
where
R, = —HM(ER)HP(ER) (2.3b)

and Hil’”(f) are the Hankel functions of order » of
the first and second kind, respectively. In this paper,
we assume an exp (iwt) time excitation.

In order to justify the representation of the field
E.(£, ) in terms of a continuous spectrum of basis
functions, ,(£) (v varies along the entire real axis,
path L in Fig. 2), it is necessary to demonstrate that
the transform function E(v, ¢) may be derived
uniquely from the expression for E,(£, ¢). We shall
show that this is achieved by the inverse transform

1 (% Y
E == (&) - dE. :
oh=1 L "B HHOO L @4



A NEW GENERALIZED BESSEL TRANSFORM

To this end, we must show that

B $) =

@«

E (f E(u, $)y.(8) dy) H®(&) ? dEt.
(2.5a)

The above relationship can also be expressed as
follows:

S0, 1) = 1 L :w(é)H‘f)(E) Zas,  (@sb)

where d(v, u) is the Dirac ¢ function.

For the purpose of the proof of the above theorem,
it is necessary to show that, in the integral (2.5a), the
order of integration can be changed. To justify this
step, it is necessary to study certain estimations of the
Bessel functions which can be found from their
integral representations. A rigorous study of this
nature has been carried out in detail by Kontorowich
and Lebedev* and is therefore omitted from this paper.
Thus, on interchanging the orders of integration and
integrating with respect to & and on making use of the
Debye-Watson expansions for the Hankel functions,??
we obtain, from (2.5a),

26,8 =2 [ "B d [ PO E

_ Z ® E(lu’ (ﬁ) (2) ’
el W QLRG0

- Hiz),(f)fl’u(f)}]gﬂ d,u,

for 0 > Im (¥) > Im (u). To complete the derivation,
we express (2.6a) as

N e
X HPEPE) — O ©p&)l, di

1 1
- 8 L+L’ n—v Eu, #)ir
X [HP(Ep (&) — B (v, (9, du,
(2.6b)

(2.6a)

where the path L' is shown in Fig. 2. In (2.6b) we have
also made use of the relationships between the
Hankel functions of positive and negative orders, and
from (2.4) it follows that

E(—p, ¢) = —E(u, ¢) exp (—ivm).  (2.7a)

Thus, applying Cauchy’s residue theorem, we reduce
the contour integral (2.6b) to

E(v, $) = E(v, $}(—1mDERW[HP(8), HY (9],
= E(», $). (2.7b)
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In (2.7a) we have used the value of the Wronskian,
W, which is
WIH (), H,"(§)] = 4ifn&.

We now present the relationship between the trans-
form pair (2.1), (2.4) and the Watson transform.
Note that in (2.1) the poles of the integrand in the
lower half-plane [i.e., for Im (u) < 0] are located at
the roots of the equation

(2.7¢)

1/R,=0, ie, H(vi).(ER) =0, m=1,2,3,-"-.
(2.8a)

Thus, by closing the contour in (2.1) with an infinite
semicircle in the lower half-plane and using Cauchy’s
theorem, we can express (2.1) as

& E(v,,, HUEH(ER)
Edbg)=@m 2 1[aH:2’<sR)/av]v=v -

m=1

Multiply both sides of (2.8b) by »,H.>(£)/4£ and inte-
grate with respect to & over the range kR < § < 0.
Using the orthogonal properties of the Hankel
functions HSZ’(E), we obtain directly the expression
for E(v,, ¢) given by (2.4). Thus, the Watson trans-
form pair (2.8), (2.4) and the generalized Bessel
transform pair (2.1), (2.4) are equivalent for finite
and nonzero values of R.

To show that the Bessel transform pair reduces to
the Kontorowich-Lebedev transform for the case
R = 0, we note that there are no roots to the equation
R, = 0 since

(2.8b)

lim {R,] — 1. (2.9a)
R-0
Furthermore, since
lim py(§) = 2J(8) (2.9b)
and R
HEP() = exp (£ivmHMP(§),  (29¢)

it follows from (2.5a) that the original path of integra-
tion L in the » plane consisting of sections C; and C,
(see Fig. 2) may be replaced by the path consisting of
the sections C; and C, .* Finally, using Jordan’s lemma,
we may transform this path to the one L, along the
imaginary » axis. Thus, for R — 0, the appropriate
form of the generalized Bessel transform is the
Kontorowich-Lebedev transform!?

foo

L& ¢) = f E(s, $)J,(&) dv

—t

(2.10a)

and

E(, ¢) = — % L “EL&, ¢)Hv(§)§dv. (2.10b)
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For the case R — oo the generalized Bessel transform
pair can be shown to merge with the Fourier trans-
form pair. To this end, we renormalize the transform
function E(», ¢) by defining a new transform function
E'(v, ¢) as follows:

E(v, §) = ([ER)E'(v, H)H, (ER)-

Thus, the pair of equations (2.1), (2.4) may also be
written as

E(¢ ¢) = f " EG, HHP(ERYP(E) 51 dv (2.12a)
i N

and

EG, $) = 41 L :Ez(s, ¢)(

(2.11)

(2)
H,"(§) )ER (2.12b)

= dE.
A () &

Now using the WKB-type Debye—Watson expansion
for the Hankel function, we can show that®-4

HOEHP(Eg) — e (2.13a)

and
HP(ER)y® (&) — (4i[m£C) sin kCy,

where, as R — oo, the variable y and the new integra-
tion parameter C are defined as

(6= ép)=k(r—R)—ky

(2.13b)

(2.13¢c)
and

[N—@ep-0-=c, Im@«<o.
(2.13d)

Thus it follows that the appropriate (renormalized)
form for (2.6), for the case R — oo, is

5,9 =L [ Es.9
x e *Csin (kC'y)§ICL,Sld(ky). (2.14)

Noting that

dy_ .o _ =CdC
£ S

we may now express (2.14) in the form of the familiar
Fourier sine transform pair

, (2.15)

E(#) =[ EC. #sinkeyrac @169

and
BC ) =2 f “E(y, 4) sin (kCy)d(ky). (2.16b)

The above results may be generalized for diffractive
boundaries characterized by finite surface impedances.
Thus at r = R we write, for the surface impedance,

Zg = [E,[H4]R, (2.17a)

E. BAHAR

where H, is the azimuthal component of the mag-
netic field. Using Maxwell’s electromagnetic field
equations, we express the boundary condition (2.17a)
as

oE, i i

Ok g _ 1B (2.17b)

0  Zg Z,
where z, is the normalized surface impedance and 7,
is the free-space wave impedance. In this case, the
coefficient R, in (2.3a) must be given by the expression

__ HP(R) — iy HY(ER)

v » N 217
H®(&g) — iy HP(ER) (@17¢)
where
(1.2)" 0 a2 1
HOD(Ep) = [— H (s)} and y, =
aé 19 Zg
(2.17d)

Thus, for the surface impedance case, the corre-
sponding form for (2.14) can be shown to be

ES, ¢) = 2%7 wa_iE(s', ¢)(% + 1)

X [eikC’y+ R(C/)e-—ikC'y]
—ikCy ' '
x —C— 548 4
(Cly)+1] C

HPER) o [(Cly) — 1]
T HC) + 1

is the reflection coefficient for horizontally polarized
waves over a plane surface. It is interesting to note
that for the surface impedance case it is necessary to
take into consideration the singularity at

1/R(C) = 0, (2.18¢)

Thus, (2.18c), together with the condition (2.13d),
indicates that, for C, in the third quadrant (i.e., y, in
the first quadrant), a discrete modal solution exists.
This term, exp (ikyy,), is recognized to be the surface
wave in radio propagation.’ In this case, therefore, a
continuous spectrum of propagating and evanescent
waves, together with the surface wave, must be used
in a complete representation of the solution.® We
transform the path L in the S plane to the one con-
sisting of D, + D, along the branch cut (see Fig. 3)
and account for the residue at the surface wave pole
(C = C,) to evaluate the integral (2.18a). Thus, using
the relationships

Y(C, y) = [(Cly,) + 1]e*" + [(Cly,) — 1]1e*CY
= —p(—C,y) (2.192)

(2.18a)

where

R(C) = lim

2.18b
oo HP(ER) ( )

e, C=Cy= —y,.
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and
w(C, y)
Ca - _Cs = )
AP = o= = 0y — 1
(2.19b)
where
o(C, y) = e *CYC + y)), (2.19¢)

we can write Eq. (2.18a) as the transform pair

Ey ¢) = (2i)—1( f “E(C, $w(C, y) dC

+ E(Cy, $)9(Co, y)) (2.208)
and
i (= E(E Hv(E Hd(ky)
E(C, ¢) = — , (2.20b
(€. ¢) WL (Clyo + NClyy — 117 &2

for the continuous spectrum along the positive real
axis (the radiation term) and for the discrete mode
(the surface wave)

E(Co, ¢) = st;mEz(y’ ) p(Co, y)d(ky). (2.20c)

For y, — o0, the surface-wave basis function ¢(C,, y)
vanishes and the transform pair (2.20a), (2.20b)
reduces to (2.16a), (2.16b). Several other forms for
the generalized Bessel transform pair can be estab-
lished. The transverse component of the magnetic
field H,, for example, must be expressed in terms of
the basis functions

Y(&py(&) = [0y, (&), (2.21a)

where 7 is the intrinsic impedance of the medium of
propagation.

183

Thus, the appropriate transform pair for this case is

Hy(E $) = f " He, $Y,EpE) dv (2.21b)

and
H(y, ¢) =17 f wH,,,(&, HHP(E) dE. (2.21¢)
&R

Here Y, (&) is identified as the transverse wave
admittance for cylindrical waves.

For problems with spherical boundaries, it is
necessary to express the solution in terms of the
spherical Hankel functions

WI(E) = (a2 HIPE). (2.22)
Thus, for these problems, we use the following trans-

form pair:

B 0) = [ Bl o) (2.220)

and

E(u, 0) = (2m)™ f wl:‘(&, O)hP(E)p dE. (2.22¢)

Here the basis function is

pu (&) = (&) + R, AP, (2.22d)

and R, is chosen such that y, (&) satisfies the appro-
priate boundary conditions at & = §;. A similar
transform pair may be derived in terms of the
functions A(£),

hOD(§) = ER12(§), (2.23a)
which satisfy the differential equation
2
S?E +[1 =9y + 1DE=0. (2.23b)

The expressions for the transform pair (2.19) can be
verified with no difficulty by following the steps
outlined in this section.

In the following section, we use the generalized
Bessel transform pair to derive the well-known solu-
tions to the problem of radiation from an infinite
electric line source in the presence of a conducting
cylinder. This will provide a simple illustration of
the technique and show, in particular, that the same
form for the expansion of the fields may be used for
all values of the radius of curvature, R, including
cases in which R — 0 and R — oo.

3. RADIATION FROM A LINE SOURCE IN
THE PRESENCE OF A CYLINDRICAL
STRUCTURE

As an illustrative example, we shall solve the
problem of radiation by an electric line source in the
presence of a perfectly conducting cylindrical structure,
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using the generalized cylindrical transform discussed
in the preceding sections (see Fig. 1).
The electromagnetic fields may be derived from the

z-directed vector potential A4 = A(&, ¢)a, which
satisfies the inhomogeneous wave equation
04 1 0°4
-—|¢ —) +5,+A4
£ ae( o) &0g
Ho
— P J,
16(¢ — -
= e (& 50)5(?5 ‘i’o), (3.1)

£

where & = kry, u, is the permeability, and I is the
intensity of the current filament located at r = r, and
¢ = ¢,. Following (2.4), we express A(&, ¢) as
follows in terms of its transform a(u, ¢):

A&, ¢) =f a(u, $)y, (&) du. (3.2)

Similarly, the Dirac o function 8(§ — &) is repre-
sented in terms of its transform. Thus, using (2.1) and
(2.4), we obtain

sa(5-50)=%f°°

w(OHP(Ep du, E<E. (3.3)

For & > &, the appropriate expression for 6(§ — &)
is obtained by interchanging & and &, in (3.3). Sub-
stituting (3.2) and (3.3) into (3.1) and noting the
uniqueness of the transform, we obtain, on employing
(2.2a), the ordinary differential equation for a(u, ¢),

(— + )a(u, ) = — LuluHP(E)O(S — o).

A4t

(3.4a)
To solve for a(u, ¢), we note that?
a(u, éo) = a(u, 950 + 2m)
and
[— (e ¢)] — — o luHP (&),
¢ 27+¢o

0< ¢ — ¢ <2m (3.4b)

Hence,

a(u, ¢) = —bug HP(&;) cos (¢ — ¢ — m)[sin umr
— 3 HP(£y)[cot pr cos u(d — o)
+ sin u(¢ — $o)l. (3.5)

Since Hf’(fo)w”(S) sin u(¢$ — ¢,) is an odd function
of u, we get on substituting (3.5) into (3.2) the solution
to the problem:

A ) = — bl [ HPEOR®
x cot um cos (¢ — ¢g) du. (3.6)
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This solution can be reduced to the familiar harmonic
form by noting, as in Sec. 2, that the contour of
integration C; + C, can be substituted for the path L
(see Fig. 2). Thus, using Cauchy’s integral theorem,
we obtain, from the residue at the poles along the
positive real axis, v =n=0,1,2,3,---,

A(E’ ¢) = _’%MDI z Ean(EO)w"(‘S) cos n(¢ - ¢0)5

(3.7a)
where
I, n=0

€, = ’

"2, n=1,2,3,--
since we take only half the value of the residue at
n = 0. The Watson expansion for A(&, ¢) may be
derived from (3.6) by closing the path L with the
infinite semicircle in the lower half-plane. Thus,
noting that the poles in the lower half-plane are at the
values of », that satisfy the modal equation (2.8a), we
see that

(3.7b)

AE, ¢) = —Limu,]
( ¢) o (2) HLI)(ER) (2)
316 (pia ) PO
X cot um cos u(¢ — ¢0)} ) (3.8)

Now we derive the forms for A(&, ¢) as & — 0.
Obviously, the Watson transform does not exist, and
(3.6) reduces to

A(¢, ¢’) 4#01f H(z)(fo)-]u(f)

X cot um cos u(¢ — &) du. (3.9)
Similarly, using the addition theorem for Bessel
functions, we get from (3.7a)

AG, ¢) = —Liuol E €. H (60} (§) cos n( — )

= — o HP(E + & — 2880003 (6 — 4ol
(3.10)
For the case &p— o (§ — & —y) the cylinder
becomes a flat surface, and again the discrete Watson
transform does not exist. We express the solution in
terms of the Cartesian coordinates x, y. Thus, making
use of the WKB-type expansions for the Hankel
functions (2.13), we get

kR — kx and »->kRS.

Hence, cot vm — i coth ((kRSw) — i along the path
L, and (3.6) reduces to the Fourier expansion

I [ .
AG ) =22 [ exp (—ikey)

x sin kCy cos kS(x — x,) ‘iCS . (3.1D
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It is obvious that, in this case, it is not possible fo
express A(x,y) in terms of a (discrete) harmonic
expansion similar to (3.7).

Thus, we have derived in this section the connection
between the continuous spectral representation of the
solution, the discrete modal expansion (for finite
values of R), and the discrete harmonic expansion (for
bounded values of R). The various forms for the
solution A(&, ¢) may be verified directly. To obtain
the harmonic expansions (R bounded), we begin by
expanding the function d(¢ — ¢,) in (3.1) in terms of
the periodic functions cos n(¢ — ¢,). The Watson
expansions may be derived by expanding the function
d(¢ — &,) directly in terms of the complete set of basis
functions Hv(f)( &) that satisfy the appropriate boundary
conditions at £ = &5 [(2.8a)]. To obtain the Kontoro-
wich~Lebedev expansion, we begin by obtaining an
expression for (& — &) using the transform pair
(2.10). Finally, to obtain the Fourier expansion for
the Solution when R — oo, we begin the solution of
(3.1) [with J, = I6(x — x¢)0(y — y,)] by substituting
the Fourier transform of the function é(x — x,):

ox — xp) = (Zw)‘lfwcos a(x — xq) do. (3.12)

4. CONCLUDING REMARKS

We have demonstrated that it is possible to derive
the solution to the diffraction problem (Sec. 3) for
all values of the radius of curvature R (including both
zero and infinity) through the use of a single transform
pair.

It is, therefore, possible to express the solution to
the problem of diffraction by convex objects [in-
cluding corners of continuously varying radius of
curvature (see Fig. 4)] in terms of the generalized
Bessel transform. In this case, however, the basis
function o,(§) is also a continuous function of the
second variable x (dx = R d¢), since it satisfies the
varying, local, boundary condition. The solution of
this problem which follows a similar analysis for
closed structures® is beyond the scope of this presen-
tation.® The continuous spectral representation of the
solution, which is determined here directly (without
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FiG. 4. Radiation by an electric line source paraliel to a convex
cylinder of arbitrary cross section and variable surface impedance
boundary.

recourse to the harmonic representation), is also useful
in reducing the problem of multipath propagation to
a set of integral equations. Recently, Wait has derived
exact solutions to these integral equations using the
Wiener—Hopf technique.®
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The electromagnetic fields around a cylindrical boundary of variabie curvature and surface impedance
are expressed in terms of a complete set of local cylindrical modes, and Maxwell’s equations are con-
verted into coupled differential equations for the forward and backward wave amplitudes. The local
cylindrical modes are shown to merge with the Fourier type expansion of the fields over plane surfaces.
As an illustrative example, the launching of a surface wave over an infinite wedge with a rounded corner

is considered in detail.

1. INTRODUCTION

In this paper, we derive an analytic solution to the
problem of diffraction of electromagnetic waves
by a convex cylindrical boundary, characterized by a
varying radius of curvature R(x) and surface imped-
ance Z,(x). The diffracting structure may be of either
finite or infinite cross section (Figs. 1 and 2).

The solutions are expressed in terms of a complete
set of local cylindrical modes. Using a generalized
Bessel transform, we show that the discrete Watson
expansions of the fields merge with the Fourier-type
(plane wave) expansions above plane boundaries
(R — o0) and with the Kontorowich~Lebedev trans-
form* for R — 0. Thus, in our analysis, no restrictions
are made on the local radius of curvature R(x);
however, the surface impedance variations must be
compatible with the surface impedance concept.?

The expansion of the solution in terms of the local
cylindrical modes provides the basis for the trans-
formation of Maxwell’s equations into a set of coupled
first-order differential equations for the forward and
backward wave amplitudes. An alternative expansion
of the solution in terms of plane waves that are
reflected by the local “tangent” planes results in
stronger coupling between the component waves.

Iterative solutions of the coupled wave equations are
considered in detail. The first-order iterations (cou-
pling neglected) are identified as WKB-type solutions,
and these are used to generate higher-order iterations
which account for mode scattering.

As an illustrative example, we have considered the
launching of a surface wave over an infinite wedge
with a rounded corner in Sec. 4. Expressions are
derived for both the transmitted surface wave and
the scattered mode amplitudes.

2. FIELDS AROUND A CONVEX CYLINDRICAL
BOUNDARY OF ARBITRARILY VARYING
SURFACE IMPEDANCE AND CURVATURE

EXPRESSED IN TERMS OF LOCAL
CIRCULAR CYLINDRICAL MODES

In this section, we shall consider the problem of
radiation from an electric line-source J = J(x, y)d,
parallel to a convex, cylindrical boundary of finite,
cross-sectional area. The boundaries of the diffracting
object are characterized by an arbitrarily varying
surface impedance Z,(x) and radius of curvature R(x),
where the variable x is the distance measured along
the surface of the cross section (see Fig. 1). The special
case of plane wave excitation can be obtained by allow-
ing the electric line source to recede to infinity (Sec. 4).
Thus, in this paper, we are restricting our attention to
horizontally polarized waves (the electric field having
only an E, component). The solutions for vertically
polarized waves may be derived in a similar manner
by substituting a magnetic line-source excitation for
the electric line-source excitation and by inter-
changing the electric and magnetic properties of the
diffracting body.

In view of the geometry of the diffracting object, we
construct a natural coordinate system (x, y, z) around
the surface of the straight convex cylinder (see Fig. 1).
The surfaces, x = const, are planes normal to the
convex cylinder, and x is the distance measured along
the boundary of the cylinder from the plane through
the origin (x = 0) to the plane x = const. The
orthogonal surfaces, y = const, are convex, cylindri-
cal surfaces around the diffracting boundary, and y
is the (normal) distance from the boundary (y = 0)
to the y = const surface. The z = const surfaces are
planes normal to the axis of the convex cylinder, and
z is the distance from the plane through the origin
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Fic. 1. Radiation by an electric line source parallel to a convex
cylinder of arbitrary cross-section and variable surface impedance
boundary.

(z = 0) and the z = const plane. Obviously, if the
cylinder is of circular cross section of radius R =
const, (x, y, z) is related to the cylindrical coordinates
(r,é,z) withr=y+ R, ¢ =x/R, and z =7 In
the general case, however, x and y are related to the
“local,” circular, cylindrical coordinates, r and ¢,

ALY

Fia. 2. Propagation over an infinite wedge with a rounded corner.
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through the Jacobian of the transformation, J;., where

o oor| [ar
dx dy dx
Jol = = (2.1a)
| |1,
ox 0oy R
and
3 I P
or d¢
Jp = = (2.1b)
9y ay , _RdR
or 0¢ dx
Thus, we have
rx,y) =y + R(x), (2.2a)
% dx
=| —. 2.2b
$(x) s RGO (2.2b)

Note, therefore, that the differential elements of
length along the three coordinate lines through an
arbitrary point (r, ¢, z) are

dly =hydr, dl,=hydp, and dly = hydz, (2.3a)
where the metric parameters #,, h,, and /5 are
h=1, hy=r, and hy =1, (2.3b)

We now express Maxwell’s curl equations in terms of
the natural coordinate variables (r, $,z) for an
exp (iwt) time excitation. Assuming no field variations
along the z axis, we see that these are

E
l% = —iouH,,  (24a)
10 10H, .
;a_r(rH"’) — ;ﬁ =iweE, + J,, (2.4b)
and
~0E,
e —out,, ()

in which H, and H, are the nonvanishing components
of the magnetic field and u and e are the permeability
and permittivity of the medium of propagation,
respectively. Equations (2.4) may be expressed in
terms of the coordinate variables (x, r) through the
transformations (2.1) and (2.2). Thus, on eliminating
H, from (2.4b), using (2.4c), we obtain,

(2.5a)

oH, iw[rE+la(raEz) +rJ
— T — el — ety ol Z
Ox R " Kk*or\R or :| R %

(2.5b)
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where k = (v)(‘ue)% is the wavenumber of the medium
and
J, = 16(r — rp)d(¢ — ¢y)lr
= 10(r — ro)0(x — xo)R/r, (2.5¢)

in which 8(x — x,), 6(r — ry), and (¢ — ¢,) are

Dirac § functions. Equations (2.5a) and (2.5b) involve

only components of the electromagnetic field trans-

verse to the x axis. For the special case R = const and

Z, = const, E, can be shown to satisfy the scalar
P4 KE, = ioud,.

wave equation
oE, 4+ L
or )
(2.6)

A solution for E, satisfying the above equation can be
expressed in terms of a complete modal expansion.
Thus,for Z, = 0,34

1 82E
r? a¢2

10
VE =——(
Foror

E( ¢) = “’” TS HPE)HE )
( HY(&R) ) cos v,(¢ — o — -,T)
a[H:Z)(ER)]/aV 12 sin v, T
(2.7a)

in which H{"¥(£) are the Hankel functions of the
first and second kind, respectively, and & and &, are
the dimensionless quantities

E=4kr and &p=kR: (2.7b)

The electromagnetic fields satisfy the impedance
boundary condition at r = R,
OF, _ hE:
Akr)  Z,
where 7 is the intrinsic impedance of the medium
(n= (u/€)?). Thus, the orders »,, of the basis functions
HP (&) satisfy the modal equation
HY(p) — iy HY) 6 =0, (27d)

in which y, is the normalized surface admittance,

ys = n/Z,. (2.7¢)

We can also write the azimuthal dependence of the
solution (2.7a) in terms of forward and backward
wave amplitudes a,(¢) and b,(4), respectively, as

au$) + bu(#)
oSO8 %a($ = g0 — )

sin v,

, (2.7¢)

0
= 2,'(e—iv,.(¢—¢u) + eiv,.(nﬁ—m—zw))ze_ipgﬂn_
=0

(2.8)
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For p = 0, the first term of the sum is the forward
traveling or direct wave from the source to the
observation point while the second term is the contri-
bution from the backward traveling wave (propagating
in the direction of decreasing ¢). Forp =1, 2,3, -

the terms constitute forward and backward creeping
waves which propagate around the cylinder p times
in the forward and backward directions.?

For the general case in which the local radius of
curvature and surface impedance are functions of x
(see Fig. 1), it is not possible to derive a solution in
the separable form given in (27). However, in view
of the above discussion, we express the solution in
terms of the complete set of basis functions Hii’(é)
whose terms individually satisfy the local boundary
conditions.* Thus, these local basis functions which
satisfy the modal equation (2.7d) for all values of x
are not only functions of r but also functions of x
[through R(x) and y,(x)]. Therefore, we express the
desired solution for E, as

e H(?)(S)

E(§ x) = Z e,(x) ——

”L

(2)
= S0, + b, (5).

n

(2.9a)

Using the orthogonal properties of the basis functions,
we recognize the electric field nth-mode amplitude e, (x)
to be the transform of the function E,(&, x), i.e.,

,(x) = f EL(6 x )(”‘i)if))v,l“f.

In the expressions above, which are recognized to be
the Watson transform pair,? the normalization co-
efficients N, and M, must be chosen such that

(2.9b)

M,N, = 522[1_1(2) O [H(z)(.{-')]

_pg@g 9oy
HE 2 HPO1]

V=V,

_ _ér Hm(SR)

- lysHsz)(ER)]\:vn .

It is useful to retain this freedom in the choice of the
normalization coefficients at this phase of our
analysis.

In a similar manner, we define the Watson trans-
form pair related to the magnetic field component H, .
We note that, for the case R = const and Z, =
const, the appropriate basis function for H, is

[H‘” (£R)

(2.9¢)
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Y (5)HP(E), where Y, (£) is the nth-mode trans-
verse wave admittance

Yu(§) = v.[én.
Thus, we can write, for the magnétic field component,

© Y (2)
Z b, (x) 22O, ©) Y (OH(E)

(2.10a)

H/(& x) =

n

(2)
= 31,0 b, —(%H—@

kil

(2.10b)

in which the magnetic field mode amplitude 7#,(x)
[the transform function of H (&, x)] is

) = [ B DHEO S (2100

We are now left with the problem of determining
the solutions of the electric and magnetic field mode
amplitudes e,(x) and 4,(x) which are defined,
respectively, as the sum and difference of the forward
and backward wave amplitudes a,(x) and b,(x). To
this end, we substitute the complete modal expansions
(2.9) and (2.10) for E, and H, into the differential
equations (2.5). Multiply (2.5a) by

v d€
M, &
and integrate with respect to & between the limits

[£g, c0]. Thus, using the orthogonal properties of
the basis functions, we get

H(2)(§)

©0E, (o.. vp d& Vo [ @), Vn
-t —H =j— H.H —
¢tz Ox ""(E)Mn £ an 2 “"(E)Mn
y
=i = h,(x). 2.11
IR () (2.11a)

Instead of term-by-term differentiation of E, [(2.9)]
with respect to x, we express the first term in (2.11a)
as

* 0E,
iR a

vy dE
M, &

d “ (2)
=—=| E
dx.LR HEOE)

(2)(5)

vy dE
M, &

+ E ai(ﬂ‘”(@ 5)

de"(x)
= +>cC, , (2.11b
] E mems ( )

where the coupling coefficient C,,,, is defined as

— * a (2) (2)
Com = L ) ax(H © S)H (5) @.11¢)
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and we have taken note that both & and & are func-
tions of x. Hence, (2.11a) reduces to

—de,,(x) vn h,(x) — zcnmem(x), (2.11d)
dx

Multiplying (2.5b) by 771{5‘:’(5) d&|M, and integrating
with respect to &, we obtain

aH H(Z)
- —¥n d§
" Er ax M

] & & OE (2)
= ik ———E H,
' L [ER 3§(ER as)] (5) M,
k

+ [ 16— mote - 0BP O e @120

We treat the first term in (2.12a) as the first term in
(2.11a). Thus, it follows that

= 9H, H‘”(&) _dh,(x)
— D
", ox M., dté = . +Z (%),
(2.12b)
where
H(Z)(E) (2) "’m d'E
D = . .
. Lﬂa ( M,,) HIO S @120)

Instead of term-by-term differentiation of E, with
respect to & in (2.12a), we integrate by parts (the
application of Green’s theorem in one dimension).
Thus, it can be shown that

©9 (& OE,\ , (2, d§
—_ = = Hv —_—
J;R%(ER 65) ) M,

© & 9 (HX®
=| E L d
ol ()]«

aE H(Z) H£2)
[ Ay, () _ z—(——" (5)” . (2.12d)
0t M, 06\ M, ér
Using the boundary condition (2.7c) and the modal
equation (2.7d), we can show that the last term in
(2.12d) vanishes. Noting that Hé:’(é‘) satisfies Bessel’s

differential equation, we reduce the right-hand term
in (2.12a) to

(2 & (v @, dE Vn
k| E (2022 = iZe x). (2.
: fsﬂ "ER(E) M(;)M“ lRe”(x) (2.12¢)

Thus (2.12a) can now be written as

_dhn(x) . Yn

_—dx__ =1 E en(x) - % Dnmhn(x) + 2J06(x - xO)a
(2.12f)

where

= knIH\2(£,)/2M,,. (2.12g)
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The relationship between the coupling coefficients
C,.nand D, is now derived. From the normalization
condition, it follows that

2 [ (B9 (Fe ) -0
{2} {2}
=Lkax[(HMf)) vé} (HN,ZE)) a¢
2 By

N M,

Thus, after some manipulation, it can be shown that

M,N
Cnm+

d M,
——— D + 6W-—ln ( ) =0, (213
where 4, is the Kronecker ¢ function. For the par-
ticular choice of the normalization constants N,, =
M, , (2.13b) reduces to

Cp = (2.13¢)

While we have avoided term-by-term differentiation
of the infinite series expansions for E, and H,, it is
obvious from the above analysis that this would be
permissible here since the local basis functions
individually satisfy the varying boundary conditions.
Using the relationships between the electric and
magnetic field mode amplitudes, e, (x) and A, (x),
respectively, and the forward and backward wave
amplitudes a,(x) and b,(x) [(2.9a) and (2.10b)},
respectively, we obtain the following, coupled, first-
order, differential equations:

-D,..

—da,(x) _
dx R (%)
daT,,, dR,,,
2 dx ap(X) + bm(x) + Jo0(x — x,)
(2.14a)
and
—db (x)
I 2 b,(x)
dTnm Ry o
n—l d bm( ) + dx am(x) Joé(x x(})a
(2.14b)

where the transmission and reflection scattering co-
efficients dT,,,,/dx and dR,,,[dx are defined as

dT,

B = — Com + Do
I 3( )
and
dR
—_‘iﬁ = —"12'(Cnm - Dnm)' (2146)
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Thus, for the particular choice N,, = M,, (2.14¢c)
reduces to

dT,

—% = %(Dmn - Dnm)

dx

and

dR

—dfn‘ = ¥ Dpn + Dy (2.144)

From the above expression, it is clear that T,, = 0.
On considering solutions to (2.14b), we shall discuss
the effects of the above choice of the normalization
coefficients. In the following section, we derive
explicit forms for the coupling coefficients.

3. EVALUATION OF THE SCATTERING
COEFFICIENTS AND THEIR DEPENDENCE
UPON THE DERIVATIVES OF THE
LOCAL RADIUS OF CURVATURE
AND SURFACE IMPEDANCE

It is clear that the scattering coefficients dT,,,/dx
and dR,,/dx are related to variations in both the
local radius of curvature R(x) and the local surface
impedance Z(x). It is convenient to separate the
effects of the curvature variations from the effects of
variations in the surface impedance. Thus we write

dT,,, T,,dy, 0T,,dR
dx dy, dx OR dx
and
dR R,,, dy, . dR
nm _ Rundyy R dR o )
dx dy, dx dR dx

To determine (07,,,/0y,)(dy,/dx) and (OR,,/8y,) X
(dy,jdxy [(3.1)], it is sufficient to evaluate D,,
[(2.12¢)] for the case R == const since the coeflicients
C,m are shown to be related to D,,, [(2.13)]. Thus,
noting the orthogonality relationship between the basis
functions,

H(Z)(E) H® vy A€
5 = =2
e J; M, (E)N 3

_ Vb @), 4 (2’
h [MnNm(vie n) (H (E)va (5)
— HOGH® (s))}:’,

we obtain, for n # m,

(.2)
£ 2
D Ym @2y H(2)
o [Mw-—-—»———N (vm ﬂ)(a H2®H(©)
- HOH 2 (H‘”(é))) }

_ H‘z)(é) i
h {:M'nNm('Vm - 'Vn) oy

x [HP'(&) — iy HO(®)] f’i] . (3.32)
dx]8®
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In (3.3) we have used the modal equation (2.7d) for
the nth mode. Furthermore, we note that, since the
modal equation is satisfied for all x,

, . d
[53; (H:” (Ex) — zysH?’(fR))d—”}

V=Vn

- H”’(sR) _0. (3.3b)

Using the relationship (3.3b), between dv,/dx and
dy,fdx, we reduce (3.3a) to

Dy = ZL@—H‘”(SR)H‘”@R) ~ LN
Vm — Vn
(3.3¢)

Thus, using (2.13b) for n # m, we obtain, for the
transmission scattering coefficient,

aT,.,.
dx R=const
= [sH‘”@)H‘”(e)];R ~ (MN)
Vo —
n#m. (3.4a)
For the choice N, = 1,m = 1,2, - - -, (3.4a) reduces
to
dTnm = —i dys/dx H(2)(E)( [H(Z) (§R)
dx |g=const Vp— Ve

—1
~ iysH:”(fR)]v,,)

_ v, Jdx HY(£p)
Yo = Vm H\(’j)(ER) ’

n F# m.
(3.4b)

In a recent paper, Wait® uses the Wiener-Hopf
technique to derive an exact solution to the problem
of propagation across a circular cylindrical surface
(R = const) with an abrupt, step-type change in the
value of the surface impedance. Setting (Z,; — Z)/n =
dz, in the solution by Wait and noting that he has
considered the dual problem of propagation by a
magnetic line source (vertically polarized waves), we
see that the above expression for dT,,,, [(3.4b)] corre-
sponds precisely to the value for the transmission

coefficient T, derived by Wait. Similarly, it can be

shown that
ARy _ V=¥ dTm CnEm
dx Re—const Vn t Vp dx R=const
(3.5)

The above expression, for the reflection scattering
coefficient, also corresponds to the value of the
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reflection coefficient R, derived by Wait.® It also
follows directly from (3.5) that, for the case

Ivn + vml > Ivn - 'le, (36)

we may neglect the reflected waves. Using (2.13b)
and (2.14c), we can show that

daT, 1d M
—rn =-—1In (——") (3.7a)
dx R=const 2 dx Nn
and
dR 1d 1 d
—nn =——2o_—Zy. @3m)
dx R=const 21/" dx 2Yn d

Thus, dT,,/dx = 0, if the normalization coefficients
are chosen such that M, = N,. In the next section
it will be shown that the term dT,,/dx constitutes a
WKB-type, wave amplitude, modification factor. The
reflection scattering coefficient dR,,/dx corresponds
to the (dominant-mode) reflection coefficient in
transmission line theory.

We now consider, in detail, the scattering due to
variations in the curvature only. Thus, we need to
evaluate D, (2.12c) for the case y, = const. We note,
in this case, that, since both », and & are functions
of x,

(2) (2) (2)
4 gy = [ ® d} +2 (§)k

dx Xy, 35
(3.8)

On substituting (3.8) into (2.12¢), D,,,, # # m, can
be expressed as a sum of two terms Q,, and S,,,,.
Thus, using (3.3a), we obtain

® (2) (2) d&
Qo = L[ [H )] xl,, -,
_ EHG(E) @ e
B [MnNm(vm v2) O a1 ©

— iy HO®)] —] N

—_ —vm RH(z)(ER)

(2)
MN, (7, — ,,)[as -
o HOE)k 2 ] . (3.9)
133

In (3.9), we have noted that since the total x-derivative
of the modal equation vanishes,

[ai [H® (E5) — iy,HP(Ep)] d—”}
14 dx y=Vn

0 (2)’ (2)
H®'(&) — iy HP(O)k =0. (3.
+ [a g 0 (6) — iy HL ()] ];B (3.10)
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To evaluate S,,,, we make use of the relationships
between the Bessel functions and their derivatives.®
Thus,

(2) {2)
S f e (5)11« R e 2o

v,,,sRH‘”(éR)
2M,N,,

dg
MNE

(2)’ (2)
[agw © — iy B L

x(2 (vl,.+1)2+vf,,—(vln—1)2)

v HOERDHD (ER)
2M,N..¢én
N
v =+ D h =, — 1) dx
(3.11)

The explicit expression for D,,,, is, therefore,

_ vufrHE(ER)

o =B [ [H () —

(2) k

N ( v+ 3l —1 )
W = v2)% — (v + D15, — (v, — 1)*]

HA(ERH R (ER)
MnNmER
o 2,2k dR/dx
2 ~ (v, + DI0% — (v — 1A
n#m (3.12)

The WKB-type Debye-Watson expansions for the
Hankel functions of large argument are”-3

3
.2 2 i
HE(E) = (wsc,,@)) exp (Fin)
X exp ( f o) du) (3.13a)
&o
where
C.(&) = [1 — (&/&)1
and
= [ — }} = £xS,.(¢5), ImC, <0. (3.13b)

Thus, the expressions for the scattering coefficients
can be shown to be proportional to (dR/dx)/R® for
kR > 1. This factor clearly indicates the advantages
of using the Bessel function expansion for the electro-
magnetic fields, (2.9) and (2.10), around the diffracting
boundary. A plane wave expansion of the fields
around the diffracting boundary will result in relatively
stronger coupling between the component waves.
Note that, even for R = const, these plane waves
will be coupled. A related comparison of the solution,
expressed in terms of: Bessel function and plane wave
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expansions, has been carried out in detail for propaga-
tion in waveguide bends.®

For the case n = m, we evaluate the expression for
D,, by noting that

d [ H2(E) H2(©E) v,
dx f M dé =

n No &
w (2 )
-zpm,+l"”"_kd—R HEOHL G, |,
v, dx dx M,N, £
+ iln A—lﬂ) (3.1%)
dx (N,, T
Thus,
1(1 dv, 2y,k dR[dx (2)
D,,=—-{——"— — . H,
2{v,, dx (42— DM,N, “rHy. (¢p)
0
Hi-z) E i sHiz) E :l
[65[ Y — inHO@1|
val€R H® 2 k dR/dx
+ b e R
d M
—1In (—) . 3.15
+ dx . (N,,)} ( 2)
Thus, for the choice M, = N,,,
D, = _(_1_ dv, + v,k dR[dx
2\y, dx ¥ —1
val€R (2 2 k dR/dx
H, . (3.15b
el ) Gas)

Substituting the WKB expansion of the Hankel
function [(3.13)] in (3.10), we can show that

dv, k cyi

dx dx’
and it follows from (3.15) that D,, is also propor-
tional to (dR/dx)R-3, for kR > 1. The explicit forms
for the transmission and reflection scattering coeffi-
cients for y, = const [(3.1)] can be obtained by
substituting (3.15) into (2.14) and using the relation-
ship between C,, and D,,, [(2.13)]. Here, too, we
see that dT,,/dx = O for the choice M,, = N,,.

(3.16)

4. SOLUTIONS TO THE COUPLED, FIRST-
ORDER, INHOMOGENEOUS, DIFFERENTIAL
EQUATIONS FOR THE WAVE AMPLITUDES

In this section, we consider, in detail, solutions to
the coupled, first-order, differential equations (2.14)
for the forward and backward wave amplitudes a,(x)
and b,(x), respectively. In view of the terms
+J,0(x — x,) appearing in these equations, we can
show by direct integration about the immediate
neighborhood of the point x = x, (i.e., x; < x < xj)
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that the wave amplitudes must satisfy the periodic
boundary conditions

(2.0 _zgra, = —Jo (4.1a)

and
[bn(x)]:::oo+z1, = JO'

Various numerical methods for solving coupled,
first-order, differential equations are presented in the
literature, and the homogeneous forms of Egs. (2.14)
are often encountered in nonuniform waveguide
problems.®~1% In this paper, we shall adopt an iterative
approach since it affords further insight into the
solution of this problem. Furthermore, as a result of
the local Bessel function expansion of the solution,
the coupling coefficients between the component
waves are shown to be proportional to (dR/dx)R=3.
Thus, for structures with large radii of curvature,
R(x), the iterative procedure would be very efficient.
Neglecting mode conversion, we reduce (2.14) to

(4.1b)

dat dT,
_day _ ( g )a}, = Jd(x — x,)  (42a)
dx dx
and
db dT,
_ 0 (ﬂ - ,,,n) bl = —Job(x — x,), (4.2b)
dx dx

where the superscript 1 denotes first-order solutions,
dT,,/dx is assumed to vanish for m ' n, and dR,,,,[dx
is neglected for all n. The expression for dT,,/dx is

dT,, 1d i M,,)
— = ~——In |[—}.
dx 2dx (N

n

(4.2¢)

Thus, using (4.1), we get, after some manipulation, for
X < x < X+ X,
()lh(AthT
o M (X)N ,(xo)

[ (f” du lf“ du)jl
X eXp | —1 Yo . —™ T Vo
2o R 2 0 R

X [sin (% L “v,, %ﬂ—l (4.3a)
and
o= )

[(f’ du IJ’” du):l
xexpli[] v,— —= »,—
X R 2 0 R
[. (1 f” du):l_1
X |sin | — Vy
2 Jo R

In the above expressions, we recall that both v, and R
are functions of the variable of integration, u. Note

(4.3b)
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that, for the case R = const and z, — 0, the expression
for the electric field mode amplitude [(2.9a)] is

eq(x)

For R = const and z,— 0, the appropriate ex-
pression for the product of the normalization coeffi-
cients M, N, [(2.9)] is

M,N, = %RH‘” (eR)

= iJycos v, (¢ — Py — m)/sinv,7w. (4.4)

w%&m”

2 0 -
= = = HPERLHYER, (45)
7T
in which we have used the value of the Wronskian,

WIH(&), HP(9)] = —4i[=E. (4.5b)

Thus, substituting (4.4) into (2.9a) and making
use of (4.5a) and the definition of J, [(2.12g)], we
see that the solution for E,(&, x) [(2.9)] reduces to
the expression (2.7a), as must be the case. We note
that the expression for the forward mode amplitude
a,(x) [(4.3a)] constitutes not only the direct wave
propagating in the positive x direction but also the
creeping waves which propagate around the convex
cylinder p times, p=1, 2, 3,--+. To show this
explicitly, it is necessary to expand the sine function
in the denominator of (4.3) in an infinite geometric
series. For the case kR>> 1 and for lossy surfaces
[Re (Z,) > 0], however, we may retain only the
direct waves. Thus, Eqgs. (4.3) reduce to

o9~ =R e (i [, )

and

oy (Mal)NLGONE
b = %anmmﬂ

* du L du
xexp |i| »,— — " —|. (4.6b
p(L,” R fo” R) (4.66)

We have noted earlier in this paper that, for the choice
M, = N,, the expression for dT,,/dx vanishes and
the square root coefficient in (4.6) reduces to unity.
For M, # N,, this square root term adjusts the
amplitude of the nth-node amplitude such that the
energy contained in nth mode is constant. To show
this, we note that

s} (2) (2)
f ex) 2 @nUH(B—%wmm%?<M)

’ﬂ 7L

It is for this reason that we have identified the term
dT,,/dx with the WKB-type amplitude factor.
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Similarly, the argument of the exponential functions
in (4.3) and (4.6) are identified with the WKB-type
phase integral or the phase memory concept.!1:3

The first-order, WKB-type solutions [(4.3) and
(4.6)] for the forward and backward wave amplitudes
may be substituted in the terms on the right-hand side
of (2.14) to obtain second-order solutions for the
coupled wave amplitudes. This procedure, while
accounting for mode scattering, neglects reconversion.
Therefore, we write (2.14a) as

dai dTnn v,
;;_(7;+}Ja—Jﬁ@—x0+Mﬂ
(4.82)

where the superscript 2 denotes second-order solutions
and

< d 1 nn
fl(X)=nE1 s ay(x )+2 bul(x).

n#tm

(4.8b)

Thus, on retaining the direct waves only, the solution
to (4.8b) is1?

) = ) = | exp ( [ o) i) d, (492

0
where
AT P

Yn(x) =—"4

4.9b
dx R ( )

is the modified propagation coefficient and a}(x) is
given by (4.6). If we cannot neglect the creeping waves,
p=1,2,3,---, we substitute for ay(x), in (4.9),
the expression (4.3a) times a constant coefficient. This
constant is determined by applying the periodic
boundary condition (4.1a). The procedure above may
be applied to determine the reflected wave amplitudes
b,(x) and repeated to obtain higher-order iterations.
For cylindrical structures of infinite cross section,
such as wedges with rounded corners (Fig. 2), the
same iterative procedure outlined above may be used.

In these cases, however, the boundary conditions are
[a, (0L = =T,

a,(—o)=0 (4.10a)

and
[b, )12z

Since in this case we have no creeping waves to
account for, the first-order WKB solutions are given
by (4.6).

An important factor that must still be considered
in this paper is the appropriate forms of the expan-
sions for the electromagnetic fields in regions where
R — o0,

=J,, b,(0) = 0. (4.10b)
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In these regions, the Watson transforms (2.9) and
(2.10) do not exist. It has been shown that the discrete
Watson transform is directly related to the continuous
modal expansion*

E(6x) =1 f " e, Yp(OM, dv,  (4.112)

where the path of integration L is along the real axis
(see Fig. 3) and the basis function y,(&) is

¥,(8)

It follows from the boundary condition (2.7c) that

= HY(&) + RHP(E).  (4.11b)

HV'(ER) — iy, H(ER)
H®'(&g) — iy HP(&R)

(4.11c)

y = —

The transform function e(», ¢) is defined, as in (2.9b),
as
H(Z)(E) y

—dé§,

4.11d
M, £ (4.11d)

(v, %) = fE(s 5=

where the normalization coefficient M, (independent
of £)-may be chosen arbitrarily. For R — oo, it is not
possible in the above continuous spectral expansion
to choose M, equal to the square root of (2.9¢c) as for
the case when R is finite. In this case (R — 0), it is
convenient to choose the normalization coefficient
to be

(2) . (2)
y HY(&g) — iy H, (&
MV=__ v (R) ‘ys v(R). (4128)
ER —1Ys
$ Im(V)
T = Re(N)—
dvl
.
T,
Sh

FIG. 3. Integration path in the complex v plane.
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Thus, using the WK B-type Debye-Watson expansion
for the Hankel functions (3.13), we can show that

lim [p,(5M,]

Ep— oo

_)( 28 )( + 1)[ezk0y + R(C)e—szﬂ] (4 ]2b)
and
(2) —ikCy
im A ® 2 T 4100
> Mv ER C/ys + 1
where

C=@1-5 Imc<o0, $*=(0— /e,

and R(C) is the reflection coefficient for horizontally
polarized waves over a plane surface:

(Clys— 1)
Cly, + 1)

Thus, the corresponding form for the transform pair
(4.11a) and (4.11d) for R — oo can be shown to bet

E(y,x) = 2—1; L oS, x)[(yg + 1>e“‘0”

R(C) = (4.12d)

+ (—C- - 1)e-fk0v}s—ds (4.13a)
Vs C
and
“E Y ky), (4.13b)
S) = 2\J> - . s .
(S, x) f 0,0 = dl,

where the path of integration L is along the real S
axis (Fig. 4). Deforming the path of integration L to

Im(s) §

S=| (Branch Point)

5!
_—_— L & fi L -»—Re(S) —
\ (Surfuce Wave
o

Pole)
1 "~ Branch Cut

0.

O

FIG. 4. Integration paths in the complex S plane.
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the path D, + D, around the branch cut and ac-

counting for the surface wave pole C = Cy = —y,,
we can write (4.13) as

E(y,x) = 1 f E(C, x)[(g + 1) e*Cy
27 Jo Vs

(€= 1) ac
Vs

2

+ E(Cy, x)e™*Cw = (4.14a)
14
and
E(C,x) = e(C, x) — e(—C, x)
- J; “E(E %)
o UCly,+ et P4 (Cly,—1)e*] dky),
(Clys+D(Cly,—1)

(4.14b)

for the continuous spectrum along the positive real
C axis and for the surface wave mode

E(Cy, x) E(}gg [(C + ye(C, x)]

= yswaz(E, x)e”*Cod(ky)
0

HZ (&R + y.HE(ER)

= lim e(v,, ) HOG,)
vg \°R

v=yg

>

(4.14c)

where the subscript 0 is used to identify the quantities
associated with the surface wave. Thus, we have
derived the direct relationship between the mode
amplitudes for the Watson transform e,(x) and the
mode amplitudes (continuous and discrete) for the
Fourier-type transform E(C, x) and E(C,, x). As an
illustrative example, consider the launching of a
surface wave in the region x < 0 (R — o; see Fig. 4):

E(y, x)

where E, is a constant. The WKB-type expression for
the electric field [(2.9)] in the region of the bend where
R is finite can be shown to be

= Eyexp [—ik(Spx + Cyp)], (4.152)

ay(x)H(§)
No(x)

td
—E (lSo) H(2)(§)
2y,

E(& x) =

X exp (—iﬁc %’ du) [Mo(x)No(x)]_%,
(4.15b)
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where the product of the normalization coefficients,
(2.9¢), is
M(x)No(x)

~ 2 e 2 (Y ) — 19 HOER,

(4.15¢)

and the Debye-Watson expansion of the Hankel
functions is used to show that

'
lim [My()No() (2y) lim [ ()] (4.154)

To derive the expressions for the higher-order
modes, we substitute the expression in (4.15b) for
ay(x) into the right-hand side of (2.14). Thus, we
obtain

dan dTnn YV dTnO
— (=22 +iZ)a, = 4.16
dx ( dx + lR)a" X 0 (4.162)

and

db dT, ) dR
Iy picL SR g =—"g,. (4.16b
dx ( dx lR)bn X ao- ( )

The solutions for the higher-order modes are, there-
fore,

an(x) = —f dd?o
con[[ {5+
b(x) = f

z/dT,
X exp [—f (dd;"‘ - 1%) dv] du. (4.17b)

A uniform, plane wave, excitation can be considered
in a straightforward manner by noting that an electric
line source of magnitude

I~ etro(re)t,

v
Z)dv|d 4.17
i R) vil u (4.17a)

"2 (1)

(4.18)

located at r = r, and x = x, (Fig. 1), will generate a
uniform plane wave at the surface of the cylinder
if we let ry — oo,

5. CONCLUDING REMARKS

The electromagnetic fields around a convex cylindri-
cal boundary have been expressed in terms of a
complete set of local cylindrical modes. Through the
use of a generalized Bessel transform we have shown
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that the Watson transform for regions with finite
radii of curvature merge with the plane wave expansion
appropriate over plane boundaries (R— ©). It has
also been shown! that, for R — 0, the generalized
Bessel transform reduces to the Kontorowich-
Lebedev transform.! Thus, in our analysis, no
restrictions are made on the local radius of curvature
of the boundary.

The expansion of the fields in terms of local
cylindrical modes reduces Maxwell’s equations into
a set of first-order, coupled, differential equations.
Using the explicit forms of the scattering coefficients,
we have shown that the coupling is proportional to
(dR/dx)R~3 for R — c0.

An alternative expansion of the solution in terms
of local plane waves results in stronger coupling
between the component waves. In the local plane
wave expansion, we must, of course, characterize the
boundary by the reflection coefficients for the local
tangent planes.

Although in this paper, we have restricted our
attention to 2-dimensional problems, this analysis
may be applied to 3-dimensional problems, provided
that the following conditions are satisfied'®: (a) The
major contributions to the received fields are from
the region along the straight line path between the
source and the receiver; (b) the variations of the
boundary curvature and surface impedance, trans-
verse to the path of propagation, are small compared
to the variations along the path.
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We find a procedure whereby the matrix elements of the finite SO, transformations (principal
series) can be expressed as a single integral, over a compact domain, of two matrix elements of the SO,
subgroup and a muitiplier. In this way we automatically obtain their classification by the canonical
chain SO,,, @ SO, @ * -+ @ S0,. Analytic continuation yields the SO, ,, matrix elements in a recursive
form. We obtain the asymptotic behavior of the boost matrix elements. The Indnii-Wigner contraction

yields the ISO, representation matrix elements classified by the chain ISO, > §0, > - --

1. INTRODUCTION

The unitary irreducible representation (UIR)
matrix elements of the unimodular orthogonal (S0O,),
pseudo-orthogonal (S0, ;) and inhomogeneous or-
thogonal (ISO,) groups have been a fertile field of
research due to their repeated appearance in mathe-
matical physics: For SO,, they are the partial waves
of a periodic function; for SO;, they are the
DJ..(x, B,7) functions. These and the Wigner
d? () functions! have been so extensively used in
angular momentum theory that no further remark is
needed.

Bargmann’s d,,({) functions for? SO, have
been used in Toller's cross-channel partial wave
expansion.3* The SO, d matrices® were used by
Freedman and Wang in order to find the quantum
numbers of the daughter Regge poles which belong
to a given Toller pole. This, plus the important high-
energy behavior of the corresponding scattering
amplitude, were found by Sciarrino and Toller*
using the SO, ; boost matrix elements d};({).%”

Going further, the SO, ; UIR matrix elements have
also been calculated.>® In particular, Strom® per-
formed the contraction'! SO, ; — ISO;;, whereby
the D-matrix elements classified by the canonical
chain become the matrix elements of Poincaré trans-
formations!®!? in the chain of subgroups which
includes the homogeneous Lorentz group. The matrix
elements of'* SO; representations have found
applications in nuclear physics,* and the theory of
master analytic representations!® has given a method
of reaching higher groups.

The importance of the matrix elements of the
general SO,,, SO, ;, and ISO,, UIR’s lies presently in
mathematical physics: As group representations,
they constitute an orthogonal and complete set of
functions!® on the group manifold, and any well-
behaved, square-integrable function on the group
can be expanded in terms of them.16-18

> 850;.

Thus far, however, they have remained as “certain”
functions, some of whose relevant properties were
known, but for which one could not write explicit
expressions. The reason for this is not difficult to see:
The straightforward procedure of obtaining them
as eigenfunctions of the set of Casimir operators of
the group and its subgroups involves setting up a set
of simultaneous differential equations which, together
with difference and recursion relations,':#'1® gives rise
to rather involved expressions which are still under
investigation®® for SO, and SO,_;,,n > 5.

Bargmann’s® and Toller's* work, however, did not
involve. the solution of differential equations, but
rather an integration over the compact subgroup.
This was reduced further to a single integral, which has
been successfully performed. In this article we set up
a procedure which generalizes the above two cases.
We shall work, however, only with the component
of the group connected to the identity. We thus
disregard the parity indices in the UIR labels.

In Sec. 2 we remind the reader how a complete and
orthogonal set of functions on a homogeneous space
X can be used to set up a multiplier representation of
a group G whose action on X is known. The space X
is here the SO, group manifold. The properties and
labels of a complete and orthogonal set of functions,
the UIR matrix elements for SO, classified by the
canonical® chain, are reviewed in Sec. 3. The group
G which acts on this space may be, however, larger
then SO, .

In Sec. 4, using a generalization of what is known
in the literature as the Gell-Mann operator,?® we can
apply G = SO, , in such a way that, while the trans-
formations in the SO, subgroup give rise to “rigid”
mappings of the X manifold, the boosts in SO, ,
generated by the Gell-Mann operator “deform™ X,

In Sec. 5, the complete and orthogonal set of
functions over SO, introduced in Sec. 3 is used to set
up a multiplier representation. The matrix elements
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of the Gell-Mann operator, proportional to the gener-
alized Wigner dfyr.({) functions for SO, ,, are
thus expressed as an integral over the SO, subgroup
(which is reduced to a single integral over one angle)
of two UIR matrix elements of SO, (simplified to
the Wigner d functions for SO,) and a multiplier.

The asymptotic behavior of the SO, , d functions
as { — oo and the contraction! SO, ; — ISO,, can be
seen already from the integral form. In fact, from the
contraction of SO, ; we obtain the UIR matrix
elements of ISO, classified by the chain 1SO, >
S0, > -2 50,.

The geometrical meaning of the deformation effected
on SO, by the generators built through the Gell-Mann
operator is shown, in Appendix A, to be but the
natural action of the group SO, (in its Iwasawa
decomposition G = KAN) on itself, modulo AN.
A useful integral is calculated in Appendix B.

We want to emphasize that in our procedure

(a) the UIR matrix elements are classified by the
canonical chain,

(b) several key properties are apparent from the
integral form,

(c) the integration is performed over a compact
domain and can be expressed in terms of a sum of
products of trigonometric and hypergeometric func-
tions.

We can point also to the possibilities of extending
this method, taking a complete and orthogonal set-of
functions over other groups or homogeneous spaces—
noncompact ones, for instance—and considering
multiplier representations of a larger group of
deformations of it, thus obtaining expressions for the
representation matrix elements of noncompact groups
classified by chains which can thus include noncom-
pact subgroups.*2

2. MULTIPLIER REPRESENTATIONS

In order to fix our notation, we shall make some
well-known definitions.

Let X be a homogeneous space under the group
of transformations G, and put x;, x,, " -+ € X. A set
of functions {¢,(x)}, ne N, discrete, is orthogonal
on X if

[ B0 = 2502, @)

where du(x) is an appropriate measure on X and

dx(n, n') = 0 for n # n’ and will be detailed below.
Furthermore, the set {¢,(x)} is complete on X if

2 w(n)¢1z(x1)¢n(x2) = 6X(X1, x2)9

neN

(2.2)
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where w(n) is the Plancherel weight on N; 8 (x;, x,) =
0 for x; # x, and is normalized in such a way that the
integral (2.1) (which is a sum, if X is discrete)
fulfills

f\_dﬂ(xx)f (X0 x (X1, Xp) = f(xs), (2.3)

for any continuous test function f over X. The
normalization of (2.1) and (2.2) can be arranged to
be such that!?

z w(n)f;zéN(na n,) =j;t'9

neN
and hence d(n, n') = [w(n)]716, .
Any well-behaved function f over X can be ex-
panded in the complete and orthogonal set {¢,(x)} as
fx) =3 on)f,é,(x), (2.5)

neN

where f,, = (¢, f) x is the scalar product between two
functions on X, defined as

(2.4)

if)x = f T )
=3 oS = (/i /)y

neN

(2.6)

The action of G on X, x —> x'(x, g), is assumed to
be defined such that

X'(x"(x, 81), g2) = xX'(x, g1g,) and Xx'(x,€) = x

for the unit e of the group. When X = G, this is

satisfied if either x'(x,g) = xg or x'(x,g) = g7\x,

but may be of a more general nature when X # G.
The action of G on f(x) is defined through

J6) = U f(x) = MP(x, g)f(x'(x, &) (2.7)
where the multiplier> M'¥(x, g) satisfies

MP(x, g)MP(x'(x, gy), g) = MY, g,85)

and M'*(x, ¢) = 1 and does not vanish over X x G.
A multiplier can be written in the form?1%

MP(x, g) = [p(x)]p(x'(x, E)V,
where p(x) is some function over X.
The requirement of unitarity of the representation

U@, U™ ) = (1)
implies, through (2.6) and (2.7),
dp(x'(x, 8)) _
du(x)
if we restrict the form of the multiplier and the
possible values of 4 in (2.8). In particular, if X = G

and du(x) is the Haar measure, the ratio (2.9) is
unity and the multiplier may only be a phase.

(2.8)

IMP(x, g)I’, (2.9)
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We can construct a matrix representation of G as

Din(g) = (M) (b, UP(@)4,), (210)
where the rows and columns are labeled by the
(discrete) index n € N. We can check through (2.2)
that (2.10) follows the group multiplication law and
that

D:.m'(e) = 6n,n’

while, if (2.9) is satisfied, the representation (2.10) is
unitary, i.e.,

Dﬁn’(g_l) = D:;'n(g)

At this stage, however, we cannot make any state-
ment as to the irreducibility of (2.10) nor as to
whether we can find all unitary representations in
this way.

Next, we want to express the transformation (2.7)
as generated by a Lie algebra of operators.? Assume
g({) belongs to a l-dimensional subgroup of G
parametrized by a variable {, whose generator is
NP, ie.,

UP(g(0)f(x) = exp (CNP) f(x).
The differential form of N'* is thus

N@f(x) = dig M2 Cx, gDV (x'Ix, g(DD)o- (2.12)

When the multiplier M'¥(x, g) is taken in its form
(2.8), it is straightforward to see that N can be
written as

(2.11)

NPf(x) = (N = Q) f (x), (2.13)

where N is the generator of the vector representation

exp UN)f(x) = f(x'[x, gQ)  (2.14)

Q = [NVp(x)]/p(x).
3. THE ORTHOGONAL GROUP
The n-dimensional (unimodular) orthogonal group
SO, has been extensively studied.?! We need, however,
a brief survey of its properties in order to define the
problem.
We introduce the *“Euler-angle” parameters!”-18:24
in SO, (enclosing collective variables in braces) by

R,({6}™) = R, ({6} H,({6™)),
Hn({e(n)}) = vn—l,n(eizn—)l,n) XX 723(0%))7’12(6;72”)’
3.1
where R, € SO, and r,(0) is a rotation by 6 in the
(p,q) plane; the ranges are 0 < 0, < 27 and 0 <
O <, k=3,4,--+,n In this way, we express
the SO, manifold as the product of the SO,_, mani-
fold with [the (n — 1)-dimensional surface of] the
n-dimensional sphere S,. Notice that Ry(«, f, ) =
riz(0)raa(B)ri2(y) differs from the more general usage

and

(2.15)
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which writes ri5(f) as the middle factor. This will
cause no inconvenience, however.

The Haar measure can now be split according to
(3.)as dR, = dR,_; dH,, where

dH, =sin" %60, ,d0, , ,dH, ,, dH,= db,,.

(3.2)

From (3.2) and the ranges specified above, it can
be seen that the volume of SO, is vol SO, =
vol SO, _,S,, where S, = 2#¥"/T'(1n), and vol SO, =
2.

The basis vectors for the unitary irreducible
representations of SO, , classified by the canonical

chain of subgroups SO, > SO, _; © -+ > SO,, are
labeled with the Gel’fand-Tsetlin?! kets
Jn,l Jn.2 Jn.[n/2]
']n—l,l Jn—1,2 ‘]n——l,[(n—l)/‘l]
Jia s 69
Jsa
Jaa

where [k[2] is the largest integer smaller or equal to
k[2. This ket transforms as the J;, = {/;,, /e s, """,
Jewset UIR of SOy, k =2,--- n, while the repre-
sentation row is labeled J,_; = {J,_1, Sz, ", Ja}-
For the single-valued UIR’s of SO,,, all J,, are integers
constrained by the “‘zigzag” inequalities

Jia
Vi
a1 2 e
VI
Je1,e 2 i3
\Y

ch—l,3 2

bl k = 3’ ‘ : b n’
(3.4a)
which end, to the right of (3.3), as
2 Je.trr21-1
Vi
Jk—l,[(k—-l)/2]—1 > Jk.[k/2]
Vi
|Jk—l.[(k—1)/2]|s k odd,

(3.4b)
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or

Jk.[k/Z]—l

VI

k even. (3.4c)

Si1t-1/21 2 Ve tirals

In order to economize subindices, we will agree on
the following notation: Let J (resp. L and M) stand
for J, (resp. J,_1 and J,_,), the UIR label of G = SO,
(resp. H= S0,_, and K = SO,_,). The row labels
are L=1J,, (resp. M=J,_, and N=J,,), and
hence L = {L, M} and M = {M, N}; dim, J (resp.
dim,_; L and dim,_, M) denote the dimension of the
UIR. The scalar representation of SO, k =2, -, n,
is/J=0=1{0,---,0}.

The representation D-matrices for SO, are defined
as

DY :(R({6}™) = WJL| R({(6}™) UL, (3.5)

where we have written the ket and bra (3.3) hori-
zontally. The generalized Wigner d matrices (to be
calculated in Sec. 5) are defined through

diyzA0) = JLMN|»,,,(6) JLMN) (3.62)

and are seen to be diagonal in M, the representation
label of K, and independent of its row-label N, since
Fo-1,.(0) commutes with all transformations in K.
Similarly,

Diw (R, ;) = éruDFEw(R,_) (3.7

is independent of J, the UIR label of G, and diagonal
in that of H.

In particular, for SO, the df,;;.(6) are d7(0) = ¢'/°
i.e., the indices L, M, and L’ are absent; for SO,, the
d matrices are df..(6), the usual Wigner d matrices!
for rotations around the x axis. For SO, , n > 4, we
have the general expression (3.6).

Equations (3.1), (3.5), (3.6a), and (3.7) allow us to

write (omitting arguments in an obvious way)

DL.1(R,) = ) D% (R, )Eta- 1(H,), (3.8)
i
where
E'r{ﬂ”_ vir(H,) = di (0 fln_)l n)Eﬁh\”,Jl'A"'(H"-l)
(3.9)

and E*(H,(0)) = d%(6). Thus we see that the D-
matrix elements (3.8) can be expressed in terms of

KURT BERNARDO WOLF

the Wigner d-matrix elements (3.6). Only the latter
need therefore be calculated explicitly.

Most of the interesting properties of the D and
d matrices can be found before their explicit calcula-
tion. Chief among them are the orthogonality and
completeness relations (2.1) and (2.2), which read?%?

[ ar.DT 1, R)DE 1 R
Q

vol G

. s

= 0L,,1,0L, 1,050 (3.10)

n’

dim,J . —7—— ,
g vol G TEI’D.;" L'(Rn)D"{’L’(Rn) = 6G(Rns Rn')s

3.11)
where d; ;., etc., stand for a product of Kronecker
&'s in the individual indices. The Plancherel weight is
seen to be w(J) = dim, J/vol G, while the role of the
index n in (2.1) is taken by the triad of collective
indices (/, L, L').

From (3.8) and the splitting of the Haar measure,
we can find the “orthogonality” relations for the E
matrices as

J
L dH, % Ei o, (H)EL o, 1, 31,(H,)

vol G dim,,_, (L,)
volH dim, (J)
while (3.2), (3.9), and (3.12) yield, for the d matrices,

= 01, 1,08, 3,050

, (3.12)

T dim,  M—F—— .
J; sin" " 0d0 Y —"—dy 1,,.(0)d7. 271.(0)

a7 volK
dim,_; L, dim, ,L, volG
dim, J (vol H*’

Thus, while for SO, we have in {d7(6)} a complete
and orthogonal set of functions, for SO; the Wigner
{d{ .- ()} constitute an orthogonal set in the index J.
The set is complete for L = L' = 0.17% For SO,
n > 4, the general result is (3.13), and this includes
the sum over M-labels. Indeed, it is not difficult to
show that {Ey5, J; ;(H,)} is an orthogonal and com-
plete set of functions on SO,_,\SO, and the same
result holds for {dye(8)} on SO,_,\SO,/SO, .V

We shall use (3.10), (3.11), and (3.13) in order to
build the D matrices (2.10) after we have defined, in
the next section, the group of transformations we
wish to represent.

The parametrization of RY € SO,_,; follows the
definitions (3.1), (3.8), and (3.9) with

(3.13)

=0y 5

th) = Rn—lHnP = Rn—lbn—l.n(C)Hn—li (3'14)
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where b,_; ,({) is a boost in the (n — 1)th direction
through a hyperbolic angle {, 0 < { < . The
metric tensor has nonzero components gy; = - - =
gnotm1 = —8nn =1, and the SO,_,, manifold is
expressed as the product of the SO, _, manifold and
[the (n — 1)-dimensional surface of] the n-dimen-
sional hyperboloid. The Haar measure is dR} =
dR,_, dHE , where

dHP =sinh"*{d{dH,_,. (3.15)

The Gel'fand-Tsetlin kets for SO,_;,, classified
by the canonical chain®® SO, ,,> S0, ;> - >
SO,, can also be written in the form (3.3), where, for
one-valued representations, all indices (except J,, ;) are
integer and follow the “zigzag” inequalities (3.4). The
domain of the index J,, = 1 is the complex plane.
We are at present interested in the principal series?s-2¢
of UIR’s which corresponds to A= —4}(n — 1)+
i, = real, and the finite-dimensional (nonunitary)
representations which lieat 1 =0, 1, 2,-- - and for
which the rest of the inequalities (3.4) hold.

The symbol £d{.(¢) will be used for the boost
matrix elements of the pseudo-orthogonal group
defined, in analogy to (3.6a), as

Pl (D) = JLMN| b, 1 () WLMN). (3.6b)

The orthogonality and completeness relations
(3.10) and (3.11) must be carefully justified, as both
dim,, J and vol G are infinite, and an integral with the
Plancherel measure dw(J) takes the place of the sum
in (3.11). However, we shall not come to need them.

The ISO,_, group is the semidirect product of
T,_,, the translation group in» — 1 dimensions, and
SO, ;. Its elements are commonly written as
(x,R,4), xeT,_; and R,_; € SO,_,, with the usual
semidirect product law. The group manifold of
IS0,,_, is thus the product of the (n — 1)-dimensional
Euclidean space and the SO,,_; manifold.

We shall parametrize the former in spherical
coordinates, expressing Rl €150, , as

RT{ = Rn—lH'r{ = Rn—ltn—l(‘f)Hn—ly (316)

where 1, ;(&) is the translation along the (n — 1)th
direction, 0 < & < 0. In terms of the more usual
notation,

Rgl, = (0’ Rn——l)(tn—l(é)’ I)(Os Hn-l)
= (Rn—ltn‘1(5)9 Rn-—lHn—l)'

The Haar measure is dR. = dR,_, dHZ, where

dHI = g2 dE dH, . (3.17)
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Again, we can use the Gel'fand-Tsetlin kets®* (3.3)
where, for the one-valued representations, all indices
(but J,;) are integer and follow (3.4). The index
J,.—1 = ris real.

The symbol Zd{;;,.(£) will be used for the radial
translation matrix elements written, in analogy with
(3.6a) and (3.6b), as

Tdf y1.(8) = ULMN|t, (&) |JLMN). (3.6¢)
The remarks following Eq. (3.6b) apply to ISO,,_,.

4. DEFORMATION OF THE GROUP
MANIFOLD

Let M,, be the generator of a rotation r,,(f) in

the (u,») plane, u,v=1,2,---,n, of the n-
dimensional Euclidean space (g,, = d,,), i.e.,

exp (6M,,) = r,,(0).

In terms of the Cartesian coordinates x,, they may
be represented as

0 0
"~ Xy T
ox, 0x,
and can be checked to obey the commutation relations

of the generators of an so,, algebra:

[M;u' ’ Mpo-] = g;vap + gva;w
+ ngMpll + gpuMav’

M, =x (4.1)

(4.2a)
while
(4.2b)

Finally, we build the second-order Casimir opera-
tor of so, as

(M,,, xﬂ] = EvpXy — Bup¥y-

oM =13 MM, (4.3)

Now we construct??
Mu,n+1 = %[xu’ (I)('n)] = %E(Muvxv + XvMuv) (44)

and check that the operators (4.4) together with (4.1)
satisfy (4.2a) when we enlarge the range of the
indices u, v, etc., to 1,2, - ,n,n + 1, withg, .., =
~Xx%0, ni1, Where x? = Y x,x,. Thus we have built,
for x* =1, an so,, algebra (4.2a) out of the iso,
enveloping algebra.

Furthermore, we define the operators

MO =M, .+ ox,, (4.5)

and check that (4.5) too, together with (4.1), generates
an so,  algebra whose second-order Casimir opera-
tor is ‘

(D(n'l)(o') = o™ — Z MIET’L+1MI(10:’)H+1
! B

= 0'"1(0) — o*x". (4.6)



202

We assume that we already know the representation
D-matrices of the SO, group, and now we want to
construct a representation (2.10) for the SO,, , group.
As we need only the ©d matrices for SO, ; , we consider
the boost generator

: 0 + [3(n = 1) + olx,,
Ox
4.7)

"
which we have written explicitly in terms of the
Cartesian coordinates through (4.1) and (4.4).

We introduce the spherical coordinate system?
in the n-dimensional space which is best suited for
the description of the SO, group manifold, as

({6} = R0} ™)x({0}),

where x({0}) = (0, -,
and

(a) . d
My = X, 2 Xy - X
u X

u

(4.8a)

0, x), i.e,, x,=xcos0,_;,

Xpp=xsinb,_;---sinf, ,cosb, ,,,

p=1,,n—1, (48b)

where we have put 6, = 6™, for economy.
When acting on functnons f({6}) of the angular
coordinates, the operator (4.7) can be written as

M., =sin 6% + [3(n — 1) + olcos 6, (4.9)

where we have put 6 = 0,,_, for short. (In this connec-
tion, see Appendix A.)

In order to identify (4.9) as the generator N W of a
multiplier representation (2.11) in its form (2.13), we
set

—A=in—-1+o, (4.10)
0 0

0 _ f— = — 4.11

N sin %= 30’ (4.11)

where @ = In tan (30) and Q = cos 6, whereby

p(6) =sin 6 (4.12)
provides an appropriate construction of the multi-
plier (2.7).

The transformation in the parameter o brought
about by the operator exp ({N'®) is a translation by
{,ie., w— o = w + {. Hence, in the parameter?’ §

tan §0 — tan 46’ = tan 30 €. (4.13)

Therefore, we can state that, while the operators
(4.1) generate rigid rotations of the space (4.8b) and
therefore on the group manifold of SO, through
(4.8a), the operator (4.9) is the generator of a deforma-
tion of the group manifold which affects only the
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parameter 0 = 6, , through (4.13). (See Appendix
A)

We shall work with functions on the SO, manifold,
rather than on the n-sphere (the homogeneous space
S0,_,\80,), since not all representations of the former
can be realized on the latter,!®

5. THE d-MATRIX ELEMENTS

As was stated in Sec. 3, we can use the set of
Dy,1,(R,) functions which is orthogonal and com-
plete, in order to build a representation of the group
of transformations on SO, through the general
procedure (2.10). The specific transformation we are
interested in is the deformation (4.13) with the
multiplier (2.8) built out of (4.12). Thus, we shall
build the D matrices of SO, ; with rows and columns
specified by the UIR labels of its canonical chain.

We choose the action on the group to be g"(g’, g) =
g'g. [See text around Eq. (2.9).] Then, for R, € SO,

{A) J
(01, UR)DE:1,)

= 01,.1,05,., DI} 1,(R,), (5.1)

im,, J

because of (2.7), (2.9), and (3.10).
Hence, we can write, for any (fixed, allowed) L,

dim, J
D7, 1,(R,) = (D1.1,, UY(R)DLL), (52)
vol G

incorporating the requirements of (2.10) and the in-
dependence of 4 and L, as in (3.7).28

Using the operator (4.9) and Eqs. (4.10)-(4.13),
we have

(D{1 L', €Xp (lN“”)D"2

7}
f dR, L1 Ry sms. n(e)H,,_l)( sin )

0
X Dzng'(R'n-lvn—-l.n(o )Hn—l)
(vol H)?
dlmn_l Ll d]m n—1 Ll M

vol K

= 01,1051,

— —————/sin 0
Xf sin"* 6 dod[;M}'l (0)( ) LMLy (0,
0
(5.3)
where we have used (3.8) and (3.9), as well as (3.10)
and (3.12), for SO,,_; -
In line with (5.2) and (3.6b), we set
(dim, J - dim, J )}
vol G
x [Dir, exp ((N™)D1L),

Palia(0) =

(5.4)
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and we can check that
(a) the representation property is fulfilled, i.e.,

> Py (L) YdGEL (L) = PdYE (L + L),

(b) due to (3. 13)

{
PaGE ) = 6,

Hence (5.4) indeed provides a representation of
SO,.1-

Our method of construction gives automatically
the Gel'fand-Tsetlin classification of the representa-

tion D matrices. Indeed, from (3.4) (recall J, , = J,,
Jyporr = L),
J, 2L, >, g=1,",[n2] =1,
and
0 < Lit_nyjo1 2 Vinsells 1 even, (5.5)
or
0 <Jpwmr 2 |Lnay/ml, 7 o0dd,

and similar relations between L and J’, L' and J, and
L and J'.
Thus, the SO, ; UIR labels in (5.4),
I={lL, ", Ly = {4, L}
= {4, Ly, ", Litn_nyo1)> (5.6)

also fulfill (5.5) with respect to its row indices (J, J')
through the replacements n—n+ 1, J— I, and
L —J, except for the index I; = 4 which is, so far,
allowed to be complex and unrestricted. This we shall
now investigate.

In order to fulfill the unitarity condition (2.9), we
notice that (4.13) yields

sin"?6'df’ (sin 0')"—1
sin" 26 df ’

and thus, if we demand that —2 — A =»n — 1, we
shall satisfy (4.10) when

A=10n—1) + i,

5.7
sin 6 (57)

T real. (5.8)

This provides the principal series of UIR’s of
SO,1.2 As the rest of the labels (ie, [, --,
It(ninyey) satisfy (3.4)-(5.5), they are, indeed, UIR
labels of the SO, ; representation matrices.

We are also interested in the finite-dimensional
nonunitary irreducible representations of SO, ; since,
when we perform the Weyl continuation [i.e., when
we consider the parameter { in (4.13) as { =0,
0 £ 6, < 7], we obtain the UIR matrices of SO, .

It is known that the so,,, second-order Casimir

operator (4.3) has eigenvalues
¢t = —J(I+ n— 1) + integer, /=0,1,2,---

(5.9)
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Under the substitution —/ = {(n — 1) 4+ o, Eq. (5.9)
takes the form

¢ = [L(n — 1)]2 — o® + integer,

—3imn =1, =n—=1—1,--+, (510)

which has the same dependence on ¢ as (4.6).

The values of ¢ in (5.10) give the UIR’s of SO,,,,
and we can now identify / in (5.9) with 1 in (5.6) and
see that (5.4), with A =0, 1,2, - -, will provide the
UIR representations of SO,,_;.

The explicit form of the d matrices (5.4) is, from
(5.3),

P50 ,
dim,, J - dim, J')* 1 H)?
_ dm, im, J)* _(vol H) > dim,_o M
dlm,, 1 Ldim,_; I’ vol G vol K 77

E— ———/sin 6
XJ; sin"~* 0 dfdy 5, (6)( o ) (0.
(5.11)

The expressions for dim,, J, dim,_; L, and dim,_, M
can be found from the branching relations (3.4), but
are, in general, rather cumbersome to express in
closed form [for SO,, dimy,J = 1; for SO,, dimy J =
2J + 1; for §O,, dim, (J, 0) =J?]. Therefore, we
shall leave them thus indicated. The second factor in
(5.11) is

T'(3n)
0@ — 1)

n—1

(vol H)? S

== (5.12)
vol G -

vol K S,

Equation (5.11) provides thus, when { = if, and
A=0,1,2,--+, an inductive procedure whereby the
d matrices of SO, ., can be found in terms of those
of SO, .

The first step of the procedure is SO,, where we
have

27
a’(6) = ¢V° usingf since 0 <60 < 2mn;
0
(5.13a)

but it can also be taken to be SO, (since the d matrices
for SO, ., SO;, and SO, , are well known), since, due
to the local isomorphism SO, ~ SO; X SO, we have
the simple form?®

d50) = 3 CRU, + 1), 30, — 1), J;
X CGU, + 1), ¥y — 1), J';

YL + m), L — m), L)e'™®, (5.13b)
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where C(---) are the SO; Clebsch~Gordan coeffi-
cients.

The general form of the d}LJ,(G) functions for SO,
and SO, ; will not be attempted here beyond the
recursion formula (5.11), which may be of more
practical use.

The simplest cases, SO,, SO,1,2 SO;,! SO;3; 48
and® SO, have been calculated as finite sums of
trigonometric (and hypergeometric) functions. The
expression (5.13b) for SO, is noteworthy for its
simplicity. The appearance of 3-J symbols in the
coefficient in (5.13b) and Holman’s result'® for SO;,
which involves 9-J symbols, suggests that a relatively
compact expression for the general d matrices may yet
be found.

The recursion formula (5.11) can be used to deter-
mine the asymptotic behavior of Pt 70 as { — .
Indeed, from (4.13), we have

sin 0/sin 6" = cosh { — sinh { cos 6,

and hence

PO ——> D G140
where
NE o (dim, J dim, J')}  T(n)

dim,_, Ldim,_, L ='T'G(n — 1)
X 3 dim,_, Md{ ()
M

X f sin"™* 0 d6d7 5;.(6) sin® 30.  (5.14b)
0

In Appendix B we perform an integral which may
be helpful in the evaluation of (5.11) and (5.14).

The ’d matrices for the ISO, groups are found as
the matrix elements (3.6c) of the transformation
generated by x, =rcosf, 6 = o», .. In its form
2.7,

UE F({8)) = exp (ify cos 0)f({6}) (5.15)

is unitary [i.e., satisfies (2.9)] for r real. Notice, how-
ever, that it produces no deformation of the group and
thus cannot be put in the form (2.8).

The second-order Casimir operator R* = 3 x,x,has
the eigenvalue r2, whence we can write, as for (5.11),

(dim,, J dim, J)!  (vol H)?
dim,_, Ldim,_; L vol G - vol K

1498 =

x X dim,_, M f sin" "% 0 dody 3r7.(0)
0

M

x exp (iy& cos 0)d7 311.(0). (5.16)
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Furthermore, we can check that (5.15) and (5.16)
are indeed contractions'! of the corresponding ex-
pressions (4.13) and (5.11), i.e., that

P L 7 L
din Q) 5> "dana(8),
WAL—y8)
since
(sin O/sin 6)* ———» exp (i&y cos 6).
Va5

(E3=78)
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APPENDIX A

The Iwasawa decomposition® of* G = SO, ; can
be written uniquely as g = k({6}) - a(%) - n(), that is,

0\ /1 0 0
g=(k({0}) O]|0 coshyn sinhy
0 0 1/\0 sinhy coshy
1 =& i
xl§ 1-2 E |
§& —E 1+4+E
where k({0}) e K = SO,, the maximal compact

subgroup of G parametrized as in (3.1),whereby we

have k,, = cos 6 (using 6 = 0", ), a(y) € A, the

Abelian subgroup of G which corresponds to the
boost in the nth direction in (3.14), n(£) € N, the nil-
potent subgroup of G, where £ is the column vector
(&1, &, -+, &,1), £ its transpose, and

E=4E+ -+ &)
Consider now the transformation induced by

g2t g = a'(Dg = k({6 Da(yn(E"). (A1)

Direct calculation yields

cos 6 £ 5 cos 6’ = (cosh { cos 6 — sinh {)
x (cosh { — sinh { cos 67, (A2a)

exp 7 > exp#’ = expn(cosh { — sinh  cos 6).
(A2b)
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Notice that (A2a) is the same transformation as
(4.13). The infinitesimal generator [as in (2.1) and
(2.2)] of the transformation (A2) on the space of
functions on G/N is thus

N=sin0—a——cost9—a- (A3)

00 oy’
The parameter 7 of the Abelian subgroup 4 < G
does not appear as such in (A3) and thus®® 0/dy
commutes with (A3) as well as with all the generators
of K and of N [whose action can be written in terms
of those of K and A through (3.1)]. Hence, we can
choose that subspace of functions on G/AN =~ K
which corresponds to an eigenvalue A under 0/97
and now the operator (A3) takes exactly the form
(4.9)-(4.10),which was obtained from the Gell-Mann
formula (4.4)~(4.5) on the space K. The deformation
which the latter produces on K is thus seen to be the
same as the natural action of G'= KAN on itself
(modulo AN). [Notice, however, that this is not true,
modulo H,, had we taken the decomposition (3.1).]
Through a suitable choice of 4, the operator (A3)
can be made anti-Hermitian,3' and we know a com-
plete and orthogonal set of functions on K: the D
matrices for SO, . Although it is suggestive to con-
sider a similar set on G/AN ~ K as a subset of those
on G, the theory of complete sets of functions on
homogeneous spaces with noncompact stabilizers is
lacking. Some of the difficulties have been pointed out
in Ref. 18.
APPENDIX B

Before solving the integrals in (5.11), (5.14b), and
(5.16), we have to decide in which form we expect the
integrand to appear and try to put the solution in the
same form. The cases which are known suggest that
d% .. ;(6) will appear as a sum of powers of sin 6 and
e’ for the compact cases and sinh { and ¢* for the
noncompact ones.

We will therefore perform the integral

I;l,';.p’.a’(g)
T : i
= | sin"2 6 d6(e sin? ) (S22) (o7 in< ),
o sin 0’
(B1)

where p, ¢q, p’, and ¢’ are integers and where 6 and
6" are related by (4.13). There { is real and 4, in
general, complex. If we want to be able to make the
analytic continuation from SO, , to SO, , easily, we
need a form where we can replace { by if,, 0 <
0, < 7, and then let A be a nonnegative integer.

We express (Bl), expanding the exponentials by
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the binomial theorem, as
I;L.'q;'.p'.u’(Z)
- 211 (21
= prtete’—2 ( P)( I’))
)ZO ygo 7 y
Y Ny
X (Mi)('—l-)l—'i)J(/l+n—2+q+y,
p p
~A+q +y,A+n—=24+2[p -7,
—A+2{p|—950, (B2
where
J(a,b,c,d; ) =f df sin® 36 sin” 46’ cos® 36 cos® 16"
L1}
(B3)

In order to solve (B3), substitute?

x = sin f/sin §', dx = sinh { sin 6 49,

and the limits of the integral [0, 7] become [e~*, ¢°],
and

sin™ 10 sin™ 16
= [™(x — 5™ ™x™(2sinh P,
cos™ 16 cos™ 16’
= [ (b — x)™'x~"(2 sinh ).
Thus, when a + b and ¢ + d are odd and positive,
we can expand

‘I(as b, c, d; C)
= (2 sinh ) Hlattreraldo—ax

£
Xfe dx x—%(lﬂ—d)(x _ e—C)Q(a+b—1)(eC _ x)i(c+d—l)
H

e~

using the binomial theorem, into a finite number of
summands. This is the case in passing from SO, to*
S0,,, but it does not seem to be a general property.
Thus, we have to effect the further transformation

y = (x — e %) (2sinh {7,

in order to bring it to a form where it can be found*
to be

J(a, b, c,d; )
— (2 sinh C)—;(a+b+c+d) P
, [G(@ + b + DI'Ge + d + 1)
Il'da+b+c+d)+1)
X FG(b + d); 3a + b + 1);
Ya+b+c+d)+1;1—¢%. (BY

When we use (B1)-(B4) in order to find the d-
matrix elements for SO, ,;, we obtain them in terms
of trigonometric (and hypergeometric) functions,
i.e., in the same form as we assumed them to be when
we choose to construct the form (B1).
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The concept of iterated integral-transform trial functions is introduced. Its formal correspondence
with the iterative solution of integral equations is established. Extensions and generalizations are
indicated, and some of the advantages of the approach are discussed. Ways are suggested to make
tractable the multidimensional integrals that arise in the method.

1. INTRODUCTION

Recently I proposed® the use of integral-transform
(IT) trial functions in quantum-mechanical calcula-
tions. The conceptual simplicity of the basic idea
enhances the computational successes that we achieved
with IT trial functions.>-® This simplicity makes
possible extensions and generalizations quite natural.
The systematic construction of special, correlated
many-particle wavefunctions,” various generalizations
of the conventional scaling procedure and their
natural relation to correlation,® and the construction
of new molecular functions from atomic bases® are the
most important examples of such extensions. In this

work, a further generalization will be introduced, the
concept of iterated IT trial functions.

2. INTEGRAL TRANSFORM FUNCTIONS

Integral-transform trial functions may be con-
structed by the prescription

Fix) = fD So(DF (1) du(t). 2.1)

In Eq. (2.1) Fi(x) is an approximation to F(x), the
exact solution to the eigenvalue equation HF(x) =
EF(x), Fy(x) is the known exact solution of a model
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1. INTRODUCTION

Recently I proposed® the use of integral-transform
(IT) trial functions in quantum-mechanical calcula-
tions. The conceptual simplicity of the basic idea
enhances the computational successes that we achieved
with IT trial functions.>-® This simplicity makes
possible extensions and generalizations quite natural.
The systematic construction of special, correlated
many-particle wavefunctions,” various generalizations
of the conventional scaling procedure and their
natural relation to correlation,® and the construction
of new molecular functions from atomic bases® are the
most important examples of such extensions. In this

work, a further generalization will be introduced, the
concept of iterated IT trial functions.

2. INTEGRAL TRANSFORM FUNCTIONS

Integral-transform trial functions may be con-
structed by the prescription

Fix) = fD So(DF (1) du(t). 2.1)

In Eq. (2.1) Fi(x) is an approximation to F(x), the
exact solution to the eigenvalue equation HF(x) =
EF(x), Fy(x) is the known exact solution of a model
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Hamiltonian Hy = H — V, D, is a suitable 1ntegra—
tion domain of the nonphysical t-space, u(z) is its
measure, and S,(?) is the unknown shape function to
be determined. In fact, Eq. (2.1) may be considered
the (formal) continuous analog of a conventional
expansion of F(x) in eigenvectors Fy(x; n) of Ho(x):
N
F(x) &~ Fy(x; N) = X C,Fo(x; n). (2.2)
n=1
If {Fy(x;n)} forms a complete set, lim F,(x; N) =
F(x) as N — co. Similarly, if Fy(zx) were complete
in D, with respect to the continuous index ¢, Fi(x)
would become F(x) for the exact S(z).
In practice, Fy(x; N)is usually replaced by the more
flexible G,(x; N, a):

N
Gy(x; N, &) = Y D, Fy(a,x; n). 2.3)
n=1

For fixed N, G, is more accurate than F,(x; N)
because of the N additional adjustable parameters
«,. The connection between (2.1) and (2.3) is more
than a formal one: By interpreting (2.1) as a Stieltjes
integral, an appropriate choice of S, and p will result
in G, .

The exact S(t) satisfies a generally difficult integral
equation. Instead of attempting to solve this, one
parametrizes some preselected trial S,y(t; 7) and
optimizes the parameters {7} variationally. The choice
of an appropriate analytical form for Sy(¢; T) is
facilitated by the observation? that as V = H — H,
approaches zero, Sy(t) — 6(¢+ — 1). Thus the chosen
So(¢; T) should become the & function for certain
limiting values of its parameters {T’}. A useful class of
such d-converging sequences is*®

SW(15.T) = ¥TA(TY) / f "f(s) ds,

provided that f(x) is even, f(0) % 0, and the integral
in the denominator exists and is absolutely convergent
with respect to its upper limit. Then lim Sy(#; T) =
é(t)as T— oo.

3. ITERATED INTEGRAL TRANSFORMS
A. Basic Definition
The prescription of Eq. (2.1) is equally valid if
Fy(tx) is replaced by Fy(tx). In general, the nth

iterated IT function is generated from its predecessor,
F,_i(x), by the formula

Fo(x) f SO pr(1) di

_JDH J‘DoFo(xt]lt,)']:[S () dt;. (3.1)
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The n-fold integral in Eq. (3.1) is the result of applying
n times the equivalent of Eq. (2.1) to Fy(x). At each
iteration stage both the domain and the shape function
may be changed. Before we indicate variants of Eq.
(3.1) and their practical usefulness, we shall exhibit
and discuss an important formal relationship between
the integral equation formulation of our eigenvalue
equation H |F) = E|F) and the exact shape function
S@).
B. Integral Equations and S(7)

Assume that Hy(t)|t) = €(¢) |t) holds for all r,
t a continuous index. (Standard Dirac notation is
used.) In the x representation (coordinate representa-
tion) this reads Ho(x,1)(x|t) = e(t)(x | 1), and we
identify Fo(rx) with (x| ) and Hy(x) with Hy(x, 1).
We also assume that {|t)} forms a complete set, i.e.,
§ 1#) (t] dt = 1. Then we may expand the eigenfunction
|F) of the total Hamiltonian H in {|¢)}:

IF) = f dt|n | F, 3.2)
ie.,
(x| Fy = F(x) =fdt(t | Fy¢x | 1)
= f dS(HFo(t). (3.3)

Thus S(¢) is an expansion coefficient, but it is a con-
tinuous function of the state index 7. We can recast
Eq. (3.2) in the form of an integral equation by the
following formal manipulations!!:

I
1Py = [a = [E = ) 1P)

=fdt UAY
E —€(1)

The last step in Eq. (3.4) follows from H = Hy(t) +
V(t) and from the equation {E — Hy()] |F) = V|F).
Introducing the resolution of the identity

fdy ol =1,

{ly)} an arbitrary complete set, we obtain

ool

E—«1)

.—_J‘dy(‘[dtl—zzﬁ—le(%;(ﬂ VF)).

In the x representation the two alternative expressions
of Eq. (3.5) give

|VF). (3.4)

v VF>) It

3.5)

F(x) = J diS(Fo(1x) 3.6)
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and

F(x) = f dyG(x, yi EVOFG),  (3.1)

provided that the following identifications are made:

S(t) fd Fo(ty)V(_V» I)F(Y) , (3.8)
— «(1)

G(x, y; E)V(y) = f dy FDEVG, 1) 4 )
E — €(1)

Equation (3.7) is the conventional integral equation
reformulation of the Schrodinger equation; G(x, y; E)
is the energy-dependent Green’s function, but ex-
panded in the continuous eigenset of Hy(x, t). Equa-
tions (3.6) and (3.3) are identical, and Eq. (3.8) is
the fundamental relationship we sought.

The only unusual feature in the above comparison
is the use of continuous-index sets for the expansions.
These are by no means uncommon [the well-known
plane waves, exp (—itx), form such a complete
continuous set]. Nevertheless, they play a crucial
role in the integral transform method and are instru-
mental in its success.

It is instructive to compare the integral equation
approach with the integral-transform trial function
method. To solve Eq. (3.7), one needs to know the
“perturbation” V(y) as well as the Green’s function
G(x, y; E). The latter is particularly difficult to
calculate analytically, even for the simplest quantum
mechanical systems.!? In contrast, in using Eq. (3.6),
the only unknown quantity is S(r), and neither the
partitioning of H into H, and V nor the eigenvalue
spectrum {e(t)} need be known. Of course, an expres-
sion completely analogous to Eq. (3.8) exists for the
discrete expansion coefficients C,, of Eq. (2.2) [or for
D, of Eq. (2.3)]. However, the advantage of using
Fy(x) instead of Fy(x; N) or even Gy(x; N,a) as a
trial function in variational calculations is that only
the single function Fy(x) has to be known instead of
the N basis functions {Fy(x; n)}. We generate our set
by simply “scaling” the variables in Fy(x). Because of
the smoothing-out effect of integration, one expects
F, to be less sensitive to errors in a trial S(7) than its
counterparts Fy(x; N) and G, are to errors in {C}
and {D, , «,}, respectively.

The integral equation (3.7) may be solved by some
sort of iteration procedure. In the simplest version,
one generates F,(x) by repiacing F(y) in the integrand
by F,,(y), n=1,2," Its equivalent in the
integral transform method arises if the trial Sy(f) is
generated from Eq. (3.8) by replacing F(y) by Fy(y).
Thus, at least formally, the mathematical foundations

R. L. SOMORIJAI

of the iterated IT method are established. However,
we do not need Eq. (3.8) to generate an approximation
to S(1), an important practical advantage. Further-
more, the idea behind Eq. (3.1) is more akin to a
variation-iteration approach, since F,(x) is optimized
variationally [by optimizing S,_,(1)]. This happens at
each iteration, independent of any previous optimiza-
tion, and consequently the convergence to F(x) may
be expected to be faster than in the case of the simple
iteration method.

C. Generalizations

The formal correspondence I have established
between the integral equation approach and the
iterated integral transforms refers to the rotal solution
of the Schrodinger equation, i.e., x in F(x) denotes the
collection of all particle coordinates. However,
because of the variational character of the iterated IT
trial function, this restriction may be relaxed. Thus,
one may choose to iterate on the basic building
blocks, the orbitals, as the other extreme possibility.
In particular, the iteration may be confined to the
radial part of the orbital.

Each iteration introduces a double integration.
This could rapidly lead to an “integration catas-
trophe.”” One may avoid this by eliminating some of
the integrations via an extension of the shape function.
To illustrate, consider Fy(x):

Fylx) = f f dto dtSo(1SH (1) Foltofy). (3.10)
Dy JDy

We eliminate the integration with respect to f, by
replacing S,(t;) with S,(¢,)8(t; — f(¢,)). This gives

i) = L diaSolto) Sl () Foltof )x]. (3.11)

One may consider Fy(x) as a special version of the
generalization G, of Eq. (3.10):

Gy(x) = dty dt,Sei{te, )Fo(tetyx). (3.12)
Dy D

The “generalized second iterate” G, of Fy reduces to
F, if one replaces Sy by S,8;; it becomes F, if the
coupling of 7, and 1, is via the & function. Properly
speaking, G, is not an iterate since it cannot be
generated from some precursor. This is because the
variables #, and , are assumed coupled in Sy (%, #;).
The extension of Fy(x) to an nth-generalized iterate
F.,{x) is in the spirit of the integral transform corre-
lated wavefunction approach introduced elsewhere.”
Thus, F,,(x) is obtained from F,(x) of Eq. (3.1) by
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introducing the generalized function 6(P,, Py, -+,
Pk—l)’ksn— laPi=-Pi(t05t1"" ,tn—l):

FL(x) =J. : 'fé(Po, e P

n-fold
n—1

X Fo(x g ti) :ii Si(t)dt;. (3.13)

The role of the generalized function 6(Py, - - -, P_y)
is to reduce the n-fold integral of Eq. (3.1) to the more
tractable (n — k)-fold integral of Eq. (3.13). The
latter is confined to the manifold Pp=P, =--- =
P, = 0. Fy(x) of Eq. (3.11) is identical to Fy(x)
of Eq. (3.13), with P, =1t — f(f). For detailed
mathematical definitions, Ref. 7 should be consulted.

4. DISCUSSION

I have indicated a formal relationship between the
iterated IT approach and the simplest iterative solu-
tion of the integral equation form of the Schrédinger
equation. It has also been shown how to generalize
iterated IT functions while making them computa-
tionally more tractable. These conclusions are further
indications of the superiority of IT trial functions in
comparison with conventional discrete-set-variational
functions. The latter cannot be improved iteratively
(unless the more difficult integral equation formulation
is used), because that would require that a new
discrete set, of which F,(x; N) is the first member, is
known or can be generated simply. In contrast, the
very flexible prescription of Eq. (3.1) demands only
the formal scaling of the previous iterate and the almost
trivial choice of a new shape function S,(¢) (which
may even be S,_;).1?

Some of the important advantages of the iterated
integral-transform functions approach are listed below.

(i) The approach provides a systematic way of
generating new trial functions that are guaranteed to
be more accurate than previous iterates. Furthermore,
the generation of new, complete sets is equally
feasible'*; by iteration these sets can be improved
systematically.

(i) The number of parameters in the S, may be
kept low, since at each iteration these are optimized
independently of the parameters in previous shape
functions.

(ii) The choice of S;(¢) can be based on computa-
tional convenience, i.e., either rendering F;,,(x) and/
or integrals involving Fy,;(x) analytically tractable
or making the integrands slowly varying, smooth
functions of the integration variables. For example,
when k > 1, the simplest fractional-integral trans-
form* [S, =1, D, = (4, B)] should probably be
sufficient and useful since one expects (4, B) to
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bracket unity quite closely and, therefore, fine details
of shape lose their importance. Furthermore,
numerical integrations over the domain D, ought to
be efficient.

(iv) The special case S,(t; T;) = So(t; T), all k,
corresponds to solving an integral equation by simple
iteration. It has the great computational advantage
that the parameters {T,} need be optimized but once.
Losing the variational character of the energy is
unlikely to be important at this stage. Of course, S,
should already be sufficiently accurate, i.¢., the simple
iterative approach should converge, and at a reason-
able rate.

One disadvantage of the iterated integral transform
method is the multidimensional numerical integrations
one is forced to do in general. However, the advan-
tages more than compensate for this, especially when
(iii} and (iv) are given special consideration. Further-
more, by using the generalized 6 function, we can
reduce the dimensionality of the IT trial function, as
was indicated in Sec. 3C. Numerical integration
techniques that take into account the é-function-like
behavior of S,(¢) are under investigation. In particular,
the Hilbert transform method* appears to be promis-
ing, especially since one has essentially unlimited
freedom in selecting S,(¢). For an appropriately
chosen S,(f) one may, using the above method,
replace a real integration with a sharply peaked
integrand by a complex integration over a much more
smoothly and slowly varying integrand. The “peaked-
ness” of the real integrand is handled analytically.
Since it provides the major contribution to the
numerical value of the integral, the accuracy of the
residual complex integral is much less critical. A more
primitive version of the above approach uses the
special properties of the integrands we may encounter.
Thus, all our integrals are of the form

k
I =J" ' 'f ],—_[Sz(tl)dtzF(tl, t2y T tlc)’
A i=1
which we propose to break up into two integrals:
k
I = CII 4 12 =C H(fsz(t,) dt,')
i=1
+f. ) 'J‘{F(tlx t2) e ] tk) - C}
k
x T1 Si(t) dt,.
1=l
The advantage of evaluating I this way is that [, is,
at worst, a product of k£ 1-dimensional integrals.

Furthermore, the “peakedness’” of the integrand is
caused by the S;, and so the relative contribution of I,
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to 7 is small. The integrand of I, is smoother, and
consequently fewer integrand evaluations are neces-
sary for a given accuracy. The constant C can be
chosen to minimize the contribution of /, to /. The
simplest way of doing this is to first evaluate / approxi-
mately, I ~ I,. I is then computed accurately, and C
is chosen to be C ~ [,//;; then I, ~ 0.

The integral transform trial functions used in
previous calculations may be considered as first
iterates in the iterated IT scheme. Calculations with
higher iterates are now in progress.
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In the theory of turbulence, the random position of a tagged point in a continuous fluid in turbulent
motion, r(t; w), is a vector-valued random function of time 7 > 0, w € 2, where Q is the supporting
set of the underlying probability space (Q, B, P). If u(r, t; w) is the Eulerlan velocity field, then r(#; )

satisfies the stochastic integral equation r(t; w) =

j'(, u@(Y; w), T; w)dY, t > 0. General conditions

under which a random solution of this stochastic integral equation exists are given in the form of a theo-
rem, and the theorem is proved using the concepts of admissibility with respect to an operator on a
Banach space and fixed-point methods of functional analysis.

1. INTRODUCTION

A theoretical approach to the study of a continuous
fluid in turbulent motion is virtually impossible except
in a stochastic framework because the velocity fluc-
tuations are random.

Consider a tagged material point in a continuous
fluid in turbulent motion. The position of the desig-
nated point at time ¢ > O which started at time zero
at some reference point, say, the origin, is a vector-
valued random variable r(¢; w), w € Q, where Q is
the supporting set of the underlying probability space
(Q, B, P). At position r{t; w), the velocity of the point
is given by the Eulerian velocity field u(r(z; w), t; w),
which is a vector-valued random variable for each r
and ¢ > 0. The Eulerian approach to describing flow
in fluid mechanics is that the velocity of a point in a

continuous fluid moving by a fixed position at any
time ¢ > 0 can be given. If the flow is turbulent,
however, then the velocity is random, and the problem
is to determine r(z; w) if the statistical properties of
u(r(s; w), ¢; w) are known.

The position of the designated point is given by the
stochastic integral equation

r(t; w) =ftu(r(T; w), T; w)dY, 1.1

where

(i) wel),

(ii) r(¢; w) is the unknown vector-valued random
function which gives the coordinates of the position
of the tagged point in the fluid for each time ¢ > 0,

(1ii) u(r(s; w), t; w) is the Eulerian velocity field
specified in laboratory coordinates for each ¢ > 0.
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A theoretical approach to the study of a continuous
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tuations are random.
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STOCHASTIC INTEGRAL EQUATION

In Ref. 1, Lumley approached the problem by
considering a discretized version of Eq. (1.1). Let

$r(Y; ), 1, T; 0) = uwm(Y; ), T;0), 0T L,
=0, T >t

Then the discretized version of (1.1) that was con-
sidered by Lumley” is given by

nts ) =3 [ ;o). 1, T; w) dY

b=1 Jitx—1

. n

=3 d@(t; w), t;, t; w)A,
=1

where 0 =7, < £, <+--<t,=1is a partition of
the interval [0,¢], t, € (t;ic1rty), I=1,2,-",
n—1,and A, = 1, — t,_,. An extension of the Rice-
Kac theorem was used to find the probability that the
discretized version of (1.1) has a solution in a small
time interval. However, the convergence of the
sequence r, to a solution r as n — oo, and hence as
the partition of the interval [0, ] becomes finer, was
not considered.

The aim of this paper is to present some conditions
under which an equation of the type (1.1) admits a
random solution for each ¢ > 0. By a random solution
of (1.1) we shall mean the following: The random
vector-valued function r(¢; ) is a random solution of
the stochastic integral equation (1.1) if, for each fixed
t >0, r(t; w) is a vector random variable and satis-
fies Eq. (1.1) almost everywhere. We shall use here
the concept of admissibility and some techniques
similar to those developed by Tsokos.?

2. PRELIMINARIES

We shall consider the nonlinear stochastic integral
equation (1.1) in the form

r(t; o) =Jt¢(r(T; w), t, T; w)dY, 2.1

where r(¢; w) is the unknown vector-valued random
variable, for each # > 0, and ¢((Y; w), 7, T; w) is
the stochastic kernel which equals u(r(Y; w), Y’; w),
for0 < YT < ¢t < o0, and 0, otherwise.

We assume r(¢; w) to be a three-component vector-
valued continuous function from [0, o0) = R, into
the space L,(Q, B, P), 1 < p < oo, that is, for each
teR,,

Ix(t; ), = ( fn It w)!”dP(w))l/p< .

Then, for each r € R, and w € Q, r(¢; w) is a point in
3-dimensional Euclidean space (r,(f; w), ry(f; o),
ry(t; w)), and

x(t; ) = ri(t; ©) + ri(t; ®) + ri(t; w).
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We shall also assume that ¢ is a function such that,
for each fixed pair (#, T) in the set

A={r 0L T Lt < w},

$r(T; w), 1, T; ), w €, is continuous in r, and
for each r, weQ, &(r, 7, I';w) is a continuous
function on A. Then ¢ is of the form (¢,(r, 7, T; w),
o(r, 1, T; ), a(r, t, T; w)), a point in 3-dimen-
sional Euclidean space for each fixed r, (7, ), and
we, and for each fixed r, (¢, Y) €A, we have
$(r, 1, T; w) e L(Q, B, P), with |[d(r(Y; w), 1, T; w)|
defined as for r(¢; w) above.

Let C(R,., L,(Q, B, P)) = C, be the space of all
three-component vector-valued continuous functions
from R, into L,(Q, B, P) with the topology of uni-
form convergence on each compact interval [0, 77,
T > 0. That is, the sequence r,(f; w) € C, converges
to r(t; w) € C, if and only if

lim ( L Ir,(t; ©) — £(t; w)|? dP(w))w= 0

n*

uniformly on every interval [0, T].

Let D and E be a pair of Banach spaces such that
D, E « C,, and suppose that T is a linear operator
from C, into itself.

Definition 2.1: The pair of Banach spaces (E, D)
is said to be admissible with respect to T if and only
if TE < D.

Definition 2.2: The space D is said to be stronger
than the space C, if every convergent sequence in D
with respect to its norm also converges in C,, but
the converse is generally not true.

We state the following lemma with respect to the
Banach spaces D and E and the linear operator T
above.?

Lemma 2.1: Suppose T is a continuous operator
from C, into itself. If the pair of Banach spaces D
and E are stronger than C,, and if (£, D) is admissible
with respect to T, then T is a continuous operator
from E into D.

It is known from a theorem of Banach?® that, since
T is a continuous operator, it is bounded, and we can
find a constant X > 0 such that

1(Tx)(; w)llp < KNIx(2; o).
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We shall now state a well-known theorem which is
used extensively in the existence proofs for solutions
of deterministic nonlinear integral equations.*

Theorem 2.1 (Banach’s Fixed-Point Theorem): If F
is a contraction mapping from a subset W of a Banach
space D into itself, then there exists a unique point
x in W such that F(x) = x, that is, a unique fixed
point of the operator F exists in W,

The norm |r(t; w)|p is defined to be the supremum
of |r(t; w)||, for ¢ > 0.

3. AN EXISTENCE THEOREM

We now consider Eq. (2.1) under the conditions
stated in the following theorem.

Theorem 3.1: If Eq. (2.1) satisfies the following
conditions, then there exists a unique random solu-
tion of (2.1):

(i) D and E are Banach spaces stronger than C,,
and the pair (E, D) is admissible with respect to the
operator T given by

(TH)(t; ) = f *; ) dY;
(ii) °
dr(Y; w), 1, T; 0) = u@(Y; w), T; w),
0<T<Lt< w0,

=0, t<Y < o,

is a mapping from the set
W= {r(t; w):x(t; w) € D, [[r(z; w)llp < p}
into the space E for some p > 0 satisfying

lu(r(t; w), t; ©) — w(s(t; ), t; ©)| g
< Ar(t; w) — st w)lp
for

r(t; w), s(t;w)e W, and 1> 0aconst;

(i) |u(x(t; w), t; w)| g < p/K, where K > 0 is the
norm of T and AK < 1.

Proof: Define the operator U from W into D by
i
(U5 ) = [ w(e (s ), ;) .
0

Since u is continuous in r, U is a continuous mapping
from Wto D.

We must show that U(W) < W (inclusion property)
and that U is a contraction mapping on W. We first
show that U is a contraction mapping. Let r(f; w)
and s(¢; ) be in W. Since the difference of two
elements of a Banach space is in the Banach space,

W. J. PADGETT AND C. P. TSOKOS

we have (Ur)(t; w) — (Us)(¢t; w) € D, Thus,
I(Ur)(t; w) — (Us)(t; )l p
= ftu(r(Y'; o), ¥; w)dY

—ftu(s(T; w), T; w) dT"
0 ’ D

- f TG(r; 0), T; @) — u(s(T; o), T; w)] &Y

D
< K flu((t; w), t; w) — u(s(t; w), t; )| g (3.1)

from the remark following Lemma 2.1. Using con-
dition (ii) of the theorem, we have from inequality
3.1

[(Un)(t; w) — (Us)(t; w)llp

< K (r(t; ) — s(t; )l p.

Since KA < 1 by hypothesis, U is a contraction
mapping on W.

Now we must show
r(t; w) € W. We have

inclusion. Assume that

I(Ur)(t; w)p = MU(r(T; w), T; w) dT”D

<K@t o), ;o) < p

by condition (iii), so that (Ur)(¢; w) € W. Hence,
since r(f; w) is arbitrary, U(W) < W. Therefore, by
Banach’s fixed-point theorem, there exists a unique
element r(¢; w) in W such that

(Un)(t; o) =Ltu(r(T; w), T; 0)dY = r(t; »)

foreach re R, .
Theorem 3.1 applies to any m-component vector-
valued functions as well.

Remarks: The invariance of coordinate systems
implies that the coordinate system used does not
affect the above results.® The random vector function
u(r, t; w) gives the random velocity of a tagged
particle at the random position r(¢; w) at time ¢ > 0.
That is, the components of u record the random rate
of change of the coordinates of the tagged point at
time ¢, or,(t; w)/0t, i =1,2,3, and the length of
u, |u(r, ¢; )|, records the random speed of the tagged
material point at time ¢ > 0.

1 J. L. Lumley,.J. Math. Phys. 3, 309 (1962).

2 C. P. Tsokos, Math. Systems Theory 3, 222 (1969).

3 S. Banach, Théorie des opérations linéaires (Chelsea, New York,
1963), 2nd ed.

¢ P. M. Anselone, Nonlinear Integral Equations (U. of Wisconsin
Press, Madison, 1964).

5 1. S. Sokolnikoff and R. M. Redheffer, Mathematics of Physics
and Modern Engineering (McGraw-Hill, New York, 1966), 2nd ed.
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The Poincaré group is well known to imply a deep connection between the structure of space-time
and particle properties. Searching for the analogous mathematical structure for curved space-time, we
investigate the role of 10-parametric classes of coordinate systems in curved space-times. It is shown
that all coordinate systems can be divided into 10-parametric classes according to the values of gy
and certain nontensorial combinations of its derivatives to an arbitrarily high order at a given point. It
is also shown that 10-parametric classes arise naturally in Riemannian space-time when the maximum
freedom in assigning numerical values to such nontensorial quantities is used. The set of transformations
between members of a given class does not form a group, in general, but a novel mathematical structure
(a ““‘quasigroup’’). New results concerning the transformations between normal coordinates and the
analytic characterization of geodesic Fermi coordinates are derived.

1. INTRODUCTION

The investigation of the representations of the
Poincaré group? indicates a deep connection between
the geometry of space-time and the properties of
particles. The Poincaré group itself is the group of
motion in flat space-time. It is indeed remarkable
that the eigenvalues of its Casimir operators can be
interpreted in terms of the masses and spins of
particles.

Since, however, space-time is only approximately
flat, the following problem naturally arises: Which
mathematical structure forms the generalization of
the Poincaré group to curved space-time?

The Poincaré group is defined as the set of all
transformations between coordinate systems belonging
to a certain 10-parametric class of frames,> namely,
Cartesian frames.® The role of 10-parametric sets of
coordinate systems in flat space-time is well under-
stood and usually connected with the degree of sym-
metry of flat space-time. We begin the present work
by a general investigation of the role of 10-parametric
sets of coordinate systems in Riemannian space-time,
in which no symmetry is assumed.

Section 2 is devoted to classifications of all coordi-
nate systems in Riemannian space-time into 10-
parametric classes. It is shown that, without knowledge
of the geometrical structure and degree of symmetry
of space-time, it is always possible to divide all
coordinate systems into 10-parametric classes accord-
ing to the values of the metric tensor and certain
combinations of its derivatives of an arbitrarily high
order at a given point. The idea behind these divisions
is as follows (Secs. 2 and 3): Combinations of deriva-
tives of the metric tensor can be broken up into two
groups, (1) those that form components of tensor and

(2) all the other independent combinations. Tensor
components cannot, in general, be chosen arbitrarily;
if all components vanish in one frame, they vanish in
all frames. The combinations belonging to group (2),
however, can be specified at will and their values form
a basis for a division of all coordinate systems into
classes. All such classes turn out to be 10 parametric.

Having made the distinction between tensorial
quantities, which describe the geometrical structure,
and the above-mentioned nontensorial expressions,
one can formulate the physical significance of 10-
parametric sets of frames in Riemannian space-time as
follows: 10-parametric classes arise naturally when the
maximum freedom in assigning numerical values to
nontensorial quantities is used.

Section 4 deals with the set of all transformations
between coordinate systems belonging to the same
10-parametric class. Such a set is, of course, a subset
of the Einstein group; however, in general it does not
form a group. For example, if 4, B, C, and D are
four frames belonging to the same class, ¢ (4 — B)
and ¢ (C — D) transformations from A to B and from
C to D, respectively, then, if B = C,

t(A—>B)-t(C—>D)=1t(4— D).

If, however, B 3 C, then, in general, 1 (4 — B) x
t (C— D) is not a transformation between frames
belonging to the same class but transforms A4 into a
different class.

The mathematical structure of these sets of trans-
formations is defined in Sec. 4 as a “quasigroup.” A
quasigroup does not satisfy the closure requirement
of a group. It does satisfy, however, all the other
requirements: An identity element is contained in it;
together with every element it contains its inverse;
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and the associative law is satisfied. In the limit of
flat space-time the closure requirement is met, and the
quasigroup becomes identical with the Poincaré group.

As examples of quasigroups of transformations, the
sets of transformations between normal coordinates
and between geodesic Fermi coordinates are investi-
gated; the general expression for an infinitesimal
transformation between two normal coordinates is
derived (Sec. 4).

In Appendix A we summarize some known results
concerning Riemannian and normal coordinates
which are used in this work. The material contained
in Appendix B is essentially new: It contains an ana-
lytic characterization of geodesic Fermi coordinate
systems in terms of nontensorial combinations of
derivatives of g,, to an arbitrarily high order at the
origin.

Let us.emphasize that all the results of this work
are independent of the theory of general relativity.
No assumptions were made concerning the equations
which determine the curvature of space-time.

All the theorems stated in this work will be subject
to the same restrictions used by Veblen and Thomas
in their classical paper': Only analytic transforma-
tions between coordinate systems will be considered,
and the metric tensor components are assumed to be
analytic functions of the coordinates. These restric-
tions will not be restated in each theorem. For
example, the expression “all coordinate systems,”
whenever used, refers only to coordinate systems
satisfying these restrictions.

The Einstein summation convention is used.
Repeated Greek indices imply summation over
1, 2, 3, 4; repeated Latin indices imply summation
overl, 2, 3.

2. CLASSIFICATION OF COORDINATE SYSTEMS
TO 10-PARAMETRIC CLASSES
In flat space-time a 10-parametric class of coordi-
nate systems can be defined by a definite choice of the
metric tensor at all points, e.g.,

1 0 0 0
0 -1 0

Euy = Ny = 0 0 -1 0 (21)
0 0 0 -1

defines the 10-parametric set of Cartesian coordinates.

In Riemannian space-time, the metric tensor
cannot, in general, be given a priori at all points. g,,
is determined by (a) the geometrical structure and (b)
the choice of coordinate system. Investigation of
derivatives of g,, to an arbitrarily high order at one
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point enables us to single out the dependence on the
choice of frame. A complete determination of those
combinations of derivatives which depend solely on
choice of frame defines classifications of all coordi-
nate systems to 10-parametric sets.

Mathematically, the simplest such classification, to
be introduced in Theorem 1, is based on a set of non-
tensorial expressions introduced by Veblen and
Thomas.* These expressions are defined as foilows:

a a a a V&
Iy = P (a_x,; I'g, — 2I'%, fm) ’
Te — lP i = 3[= FE
Broe — 4 Ox¢ Byd T O gyet pe
and, in general,

-4 1 a x A -4
Fﬂyé"-pv = N P (Ex_‘; Fﬁy&-"u - (N - 1)F§v5"';lF[§iv) N
(2.2)
where I'j, are the Christoffel symbols of the second
kind, P means that all terms obtained by cyclic
permutations of the subscripts should be added
together, and N is the number of subscripts.
These expressions occur naturally if one considers
the standard form of the equation of geodesics:
d®xx*
ds*®
Differentiating Eqs. (2.3) successively with respect to
s,we get, for all n > 3,
drx*
ds"
The following classification utilizes the expressions
(2.2):

B
e 428X (2.3)
N

4T (2.4)

Theorem 1: All coordinate systems can be divided
into 10-parametric classes as follows: Each class is
characterized by a set of constants a,,, u,v=
oo, 4, and O ., p, 04, 0, =14,
n 2> 2, such that, for coordinate systems belonging to
the class

(guv)o = auv’ (25)
(T8.ca)o = bb (2.6)

(a quantity with subscript 0 denotes the value of the
quantity at the origin).

Remarks: (1) From Egs. (2.5) and (2.6) it follows
that the a’s and &’s are completely symmetric in the
subscripts and that

deta,, # 0,

sig a,, # —2.

@.7)
(2.8)
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(2) This theorem and analogous theorems and
statements are not global. They refer to finite but
sufficiently small regions of space-time.

Proof: Let us establish a one-to-one corre-
spondence between the set of all coordinate systems
satisfying Egs. (2.5) and (2.6) and the set of all
Riemannian coordinate systems satisfying Eq. (2.5).

Let x* be a given frame satisfying Eqs. (2.5) and
(2.6). Consider a geodesic through its origin with
directions given by

dx*
e (5]

ds /o
Expanding its Eqs. (2.3) in Taylor series, we get from
Egs.(2.4)

0 N
x”=§“s+z _l_(d X)Sn
0

n=2 n! dS"

(2.9)

o
= E5 = 3 S (Th ol E (210)
n=2N.

Consider now the following transformation between
the given coordinates x* and another set of coordinates
b

< 1 9"x*
xt = H+ —(_—__) L R il
Y gzn! 8y°"---8y“"0y Y
< 1

=3 yu —_— 22;; F;‘l"'an)oyul PR
n= .

ye (2.11)

The Jacobian of the transformation is nonvanishing
at the origin and, therefore, the transformation can be
inverted. The inverse transformation is, in fact, given
explicitly by

Y=t (AR X, (212)
n=2

where the A-symbols are defined by
Agy =Ty,

Ajys = Tys + P(ALDS),

A;ybe = Fsyée + P(AZﬁF%e + AZvF;i‘yF;e + A:ﬁyr‘ge)a
(2.13)
P means that all the terms obtained by cyclic permuta-
tion of the subscripts should be added together.

From Egs. (2.10) and (2.11) it follows that in the

coordinate system y* all geodesics through the origin
have the form

etc.

yE = Ebs. (2.14)

By definition the y* constitutes, therefore, a system of
Riemannian coordinates (see Appendix A). Since the
linear form of Eqs.(2.14) is conserved if and only if
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the coordinates undergo linear transformation, it
follows that, given an arbitrary coordinate system x*,
there exists one and only one Riemannian frame y*
such that the transformation between x* and )*
reduces to the identity transformation in first order.
We have shown, therefore, that corresponding to an
arbitrary coordinate system x* there exists one and
only one Riemannian frame y* having the same origin
and direction of axes. The components of the metric
tensor at the origin are the same in both frames.

The transformation between x* and y* is given by
Eqs.(2.11). From these equations it follows that x*
satisfies Eqgs. (2.5) and (2.6) if and only if it is con-
nected with a Riemannian frame y* satisfying Eqs.
(2.5) by

=gt =3 L bl ..o,y ey (2.15)

n=2n!

Therefore, if numerical values are assigned to all the
a’s and b's [Egs. (2.5) and (2.6)], then Eqs. (2.15)
establish a one-to-one correspondence between all
Riemannian frames that satisfy Eqgs. (2.5) and all
coordinate systems satisfying Eqs. (2.5) and (2.6).
From this one-to-one correspondence and Theorem
A3 of Appendix A it follows that the class of coordi-
nate systems satisfying Eqs. (2.5) and (2.6) is 10
parametric. We have thus established a division of all
coordinate systems into 10-parametric classes accord-
ing to the values of (g,,)o and (I'; ... )o. QED

The particular division thus established will be
called the “normal division,” because normal co-
ordinate systems are obtained from Eqgs. (2.5) and
(2.6) by setting

(2.16)

auv = Ny

b¥ = 0.

aLtran

2.17)

The set of all normal frames is, therefore, one of the

classes defined by this division.
As pointed out in Appendix A, the set of expressions
NS

a1 an’® Mo Xys © 77y B = la'."4’

(2.18)

is not a tensor and does not contain any subset that
forms a tensor. Since the geometrical structure of
space-time remains unspecified, the classification was
achieved by assignment of numerical values to a set of
nontensorial expressions.

The normal division is based on the quantities (2.2).
By different choices of nontensorial expressions it is
possible to introduce different classification. In
particular, “the Fermi division” is introduced in
Theorem 2. This division might prove to be of greater
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physical significance, since it contains as one of its
classes the set of geodesic Fermi coordinates (see
Appendix B).®

Theorem 2: All coordinate systems can be divided
into 10-parametric classes as follows: Each class is
characterized by a set of numbers o,,, b4, and
PR, k2>20,n2>3, u,0,f=1, 4, 0, =
1, 2, 3, such that for coordinate systems belonging to
the class

(guv)o = auvs (219)
(T4p)e = bty”, (2.20)
(Th.ido = b1, (2.21)
T
((_ax4):) = b4", (2.22)
FTE . o
( (ax )k ) = ﬁkT" (223)

Remarks: (1) From Eqgs. (2.19)-(2.23) it follows
that all the ¢’s and &’s are completely symmetric in the
subscripts and the a’s satisfy Eqs. (2.7) and (2.8). (2)
The order of a b symbol is defined as the number
of its subscripts plus k. For example, b%" are
second-order b symbols, b,“l‘,"i-a and b4} are th1rd order
b symbols, etc.

Proof: In analogy with the proof of Theorem 1, the
present theorem will be proven by establishing a
one-to-one correspondence between all coordinate
systems that satisfy Eqs. (2.19)-(2.23) with particular
values of the a’s and the 4’s and Riemannian frames
satisfying Eqs.(2.19) with the same values of g,

In the course of proving Theorem 1 we showed
that any frame x* has one and only one corresponding
Riemannian frame y*, having the same origin and
directions of axes. The transformation between them
is the identity transformation up to terms of the first
order:

xt = yu + z (_&M__) yau. . yan. (2.24)
n=2 n1\Qy* - - - Oy*/,

By Egs. (2.11)

(a2
ayal A ayan
Eqs. (2.20) and (2.21) for n =2 will be satisfied,
therefore, if and only if the second-order b symbols are

(2.25)

— (T

bu(l)) _ (_a2x_u) .

(2.26)
ayaayﬂ ()
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The third-order b symbols will now be determined
by the coefficients of the n = 3 term of Eq. (2.24),
namely (93x*/0y™19y™dy*s),: The b, are obtained

simply from Eqgs. (2.25); Eq. (2. 211)afor n=13is
satisfied if and only if

b“(1°) — — (_—asL)
e dy"dydy*/y
To obtain the 5" symbols, consider the transforma-
tion of the Chrnstoﬂ‘el symbols of the second kind:
0x° ox® ox*  9x*

NP P e

(primed quantities referred to the y* coordinates,
unprimed to the x*). Differentiating Eqs. (2.28) with
respect to y*, we obtain
u  0x%0x” 0x"
7Y ye 8y” oy* 0 dydyt oy

v 0 vy _OXH
=TI x + I35 > 1
dy’oy

aﬁ4a a
()
o

and, using Eq. (A2) and Eq. (2.11), we have

o%x*

0%x°
0= 255 (1)
e P A

93x*

I —. (2.31

= 0= (5555) @3
Thus, Egs. (2.21) and (2.22) will be satisfied for
k = 1if and only if

03x*

bu(l) = _( —
oy*0y*oyt

(2.27)

(2.28)

. 0% Ox*

9°x*

B oy“dy?oy*

(2.29)

at the origin, since

(2.30)

)+<am

*x* \ [ 0°x°
+ 25 (). @3
avarh\ayayt)y %
Proceeding by induction, one can express in this way
all b symbols of the nth order in terms of the

(GFx*[0y*- - - dy*r), for k < n. For the b;‘l‘f’,’.,-n the
result is simply (2.25):
nop
bEY, = —(ﬁ). (2.33)
0

For the b“*), with k > 1 the expression is more
complicated. It is obtained by differentiating Eq.
(2.28) n — 2 times and using the result at the origin.
In analogy with (2.32) we obtain unique expressions.
The one-to-one correspondence between the frames
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x* satisfying Egs. (2.19)-(2.23) and the Riemannian
coordinates satisfying Eqs. (2.19) with the same
numbers a,, is thus established. QED

One difference between normal and Fermi divisions
is apparent by comparing Eqgs. (2.25) and (2.32): For
the normal division the relation between the b symbols
and the coefficients of the transformation is inde-
pendent of the geometrical structure; for the Fermi
division, however, the relation involves terms like
(I'24.4)0 Which will depend on the geometrical structure.
This difference is of no real significance. It follows
from the method of proof of Theorems 1 and 2: In
both cases a one-to-one correspondence with Rie-
mannian frames was established. The above-mentioned
difference stems from the fact that all Riemannian
frames with a given value of (g,,), belong to the same
class according to the normal division but to different
classes according to the Fermi division.

It is shown in Appendix B that geodesic Fermi
coordinates are characterized analytically by the
equations

(8uv)o = Myuvs (2.34)
(T = 0, (2.35)
(Tfido =0, (2.36)
N
—2) =0, 2.37
((ax4)k)o ( )
FTE
— ) =0 2.38
( (3x4)" )0 ( )

The set of all geodesic Fermi coordinates is, therefore,
one of the classes defined by the Fermi division.

In the two divisions considered it was shown that,
without knowledge of the geometrical structure of
space-time, it is possible to divide all coordinate
systems into 10-parametric classes by assigning
numerical values to nontensorial expressions and that
different choices lead to different divisions. Still
different divisions can be constructed, of course, by
other choices of nontensorial expressions.

In both the normal and Fermi divisions the &
symbols were uniquely determined by the coefficients
(0"x*/@y*r « - - @y*=),. The general principle behind
this unique determination can be explained as follows:
Define as an nth-order quantity an expression which
involves derivatives of g,, up to nth order and is
linear in the nth-order derivatives. A set of ath-order
quantities is defined as independent if no lower-order
quantity can be formed from them by a linear combi-
nation. Any set of independent quantities can be
broken up into two sets: (1) those that differ from
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components of tensors only by lower-order quantities
and (2) all the other independent combinations. Tensor
components cannot, in general, be chosen arbitrarily:
If all the components vanish in one frame, they vanish
in all frames. The combinations belonging to set (2),
however, can be specified at will, and their values form
a basis for a division of all coordinate systems into
classes. The b symbols.are such quantities. (It was
pointed out in Appendices A and B that the b symbols
of the normal and Fermi division do not contain
subsets that form tensors.)

The crucial point is this: The number of independent
nth-order quantities of set (2) is equal to the number
of (n + 2)-order derivatives 07"+2x*[gy*: - - - gy*n+s
which is 4-(n 4+ 4)!/6-(n + 1)!. Now, the total
number of nth-order derivatives of g,, is 10(n + 3)!/
6 - n!; and indeed, the difference

10(n+3)! 4(n+4)!
6 n! 6(n+ 1)

=(n=Dn+2)(n +3)

(2.39)

is the number of independent quantities in set (1), i.e.,
the number of components in nth-order tensors.

Examples: i) n=1: (n— D+ 2)(n + 3) = 0:
No tensors can be built from g,, and its first-order
derivatives; (i) n =2: (n — )(n + 2)(n + 3) = 20:
the number of independent components of the
Riemanntensor; (ii)n = 3: (n — 1)(n + 2)(n + 3) =
60: the number of independent covariant derivatives
of the Riemann tensor components (the Bianchi
identities reduce this number from 80 to 60!), etc.

Let us finally note the following feature of the
divisions: In general, if the same transformations
formula is applied to all elements of a given class,
they will be mapped thereby into elements of several
distinct classes. This is a consequence of the fact that
the set of all transformations between elements of any
class do not form a group. Indeed, in nonhomogeneous
spaces application- of the same transformation for-
mulas to two coordinate systems with, say, different
origins have, in general, different geometrical
significance. The mathematical structure of the
transformations between elements of the same class
will be investigated in Sec. 4.

3. THE PHYSICAL SIGNIFICANCE OF 10-
PARAMETRIC CLASSES OF COORDINATE
SYSTEMS IN RIEMANNIAN SPACE-TIME

A coordinate system is a correspondence between
events in space-time and sets of four numbers
(x1, x2, x3, x%). Once such a correspondence is set up,
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the metric tensor at all points of space-time is, in
principle, measurable by a system of measurements
that utilizes clocks and light signals.® Therefore, the
metric tensor and all its derivatives to an arbitrarily
high-order at one point can be determined by an
appropriate-set of measurements. Particular choices
of division, as discussed in the previous section,
correspond, therefore, to particular choices of sets of
measurements.

A particular class of frames of reference as discussed
in the previous section is thus defined according to
preassigned values of the chosen set of expressions.
For example, the class of geodesic Fermi frames is
defined by preassignment of the metric tensor at a
particular point as 7,, and all expressions I'} __; ,
o*T%..; /(9xY* at this point as zero (Appendix B).
We use the term “preassigned” because this assign-
ment is made prior to determination of the geometrical
structure.

The physical significance of the results of the pre-
vious section is now formulated as follows: A complete
knowledge of g,, in a finite region around a chosen
origin requires knowledge of (g,,), and of all its
derivatives to an arbitrarily high order at the origin.
Such knowledge is equivalent to (1) knowing all
the components of all the tensors that can be formed
from these derivatives and (2) knowing all the rest,
i.e., (g.n)o and a complete set of independent “non-
tensorial”” expressions [such as (2.6) or (2.20)-(2.23)].
We realize now that we are free to preassign results of
measurements of all the nontensorial quantities, and
such preassignment of numerical values to all of them
defines a 10-parametric class. In flat space-time the
occurrence of 10-parametric classes is linked with the
degree of symmetry of space-time.- Here we realize
that I10-parametric classes arise naturally when the
maximum freedom in preassigning results of measure-
ments of (g,.)o and of these nontensorial quantities is
used.

It follows now that if g,, and all its derivatives to an
arbitrarily high order are measured at the origin of
a given coordinate system, then a subset of these
measurements, namely, (g,.)o and the nontensorial
quantities, merely determines to which 10-parametric
class of a chosen division the frame belongs.

In the flat space-time of special relativity it is
possible to divide coordinate systems into 10-para-
metric classes by the direct physical significance of the
coordinates. This is a consequence of the homogeneity
of flat space-time. In an inhomogeneous curved
space-txme coordinates do not possess simple metric
meaning.® It is, however, possible to understand the
physical meaning of systems of coordinates as a whole,
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rather than the numerical values of the coordinates,
in terms of the above-mentioned sets of measure-
ments. In the limit of flat space-time the two ways
of characterizing frames of reference are equivalent.
Since, however, the second way makes no reference
to the geometry of space-time, it is directly general-
izable to curved space-time, the geometrical structure
of which remains unspecified.

4. QUASIGROUPS OF TRANSFORMATIONS

Let ¢(P, ) be a Cartesian coordinate system in flat
space-time with origin at P and directions of axes
devoted collectively by 4. Denote by p (P, A — P, 1)
the transformation from c¢(P,4) to c(P', ).
p (P, A—P', ") belongs to the Poincaré group. 4
priori, it depends on the 20 parameters needed to
specify P, A, P, A’. Since, however, the space-time
under consideration is homogeneous, p (P, 1 — P, ')
depends only on the relative positions of the origin
and the relative orientation of the axes. The 20
parameters reduce to 10: The Poincaré group is 10
parametric.

In the general case of transformations between
coordinate systems belonging to the same 10-
parametric class in Riemannian space-time, this
reduction does not occur, or occurs only partially:
In general, the transformations depend on the initial
and final positions and orientations separately, and
the set of transformations does not form a group.

We proceed now to calculate explicitly the trans-
formations belonging to one such set: the set of
transformations between normal coordinate systems.

The general infinitesimal transformation between
two normal coordinate systems will be derived in two
stages:

(1) Let y* and y'* be two normal coordinate
systems with origins at P and P’, such that

(ay’ﬂ) o
oy* o
The transformation between them will be derived as

follows: From the equations of transformation of
Christoffel symbols

(4.1)

, a ma p a H aZy:u
e Tl Vo SR (%)
oy dy oy° ay oy
and from Eqgs. (A2) and (4.1), it follows that
a2ylu
= —(I'Dp. 4.3
(ayaayﬁ)P TH)p 43)
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By differentiating Egs. (4.2) with respect to y’ and
summing over the cyclic permutations of «, f, y, it
likewise follows from Eqs. (A2) that

aay,u
— = ().
(8y“8y”3yy) > (Kl )
[The I" symbols are defined by Egs. (2.2).] Proceeding
by induction, we obtain

a'ﬂy/u ,
T ) = e
ay 1... ay P

Therefore, the transformation y'*(y%) is given by

(4.4)

(4.5)

[eo)

YD =yHP) + = —(I‘al a)py

n=2 N

yan.
(4.6)

Let us now specialize to the case of infinitesimal trans-
formation. Let

y*(P) = b*. 4.7
Then, to first order in 4*, by Egs.(A2) of Appendix A

(Fau l!n = (Fal a,.)P + (Fa1 can, v/ P’ bv
= ( 1 ‘dAn, v)P (4'8)
where » denotes usual differentiation:
, ]
Lolg,y = ——2 (4.9)
aylv
By continuity we have, again up to first order in b*,
(F a1°tan, V)P b = (Fau ‘on, v)va (410)
b* = y’¥(P) = —y*(P") = —a*. 4.11)

Equations(4.6) become, for infinitesimal transforma-
tions,

YRy = y* = a* + DY(y)a’, (4.12)

where

Loe]

1
DiyH =3 ;(F:I.-.a,,,v)oy“" .

n=2

yeo (4.13)

(2) In Appendix A (Theorem Al) we have shown
that the set of transformations between normal
coordinates with a fixed origin is identical with the
homogeneous Lorentz group. An infinitesimal trans-
formation between two normal frames y* and y'* having
the same origin is, therefore, of the form

Y=y 4+ 3w (M, )07, (4.14)

where M,; are the 4 X 4 matrices which correspond
to the infinitesimal transformations of thehomogeneous
Lorentz group and w* are the corresponding
parameters.’

A general infinitesimal transformation is now
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obtained by a direct combination of Eqs. (4.12) and
(4.14):

yr =yt — a' + wh(M,,)5y° + Di(yMa’. (4.15)

We proceed now to discuss the set of all trans-
formations between normal frames. This set N
contains the homogeneous Lorentz group as a subset
(Theorem Al, Appendix A), but X itself is different
from the Poincaré group. In fact, N does not form a
group at all because Eqgs.(4.12) depend not only on
the infinitesimal parameters but also on the geometri-
cal structure [on the values of (T} .., ,)ol-

Let us denote by n(P, 2) a normal coordinate system
with origin at P and directions of axes denoted
collectively by 4 and by n(P,A—P’,2) €N, the
transformation from n(P, 1) to n(P’,A). Let us
define multiplication of transformations in the usual
way: Ifn, = n, (Py, 4, — P}, A;) is the transformation
y* = y*(x*) and ny = ny (Py, Ay — Py, A3) is the trans-
formation Z* = Z%(y*), then

n - ny = ZEYH(x)]. (4.16)

In contradistinction to the case of flat space, it now
follows from (4.12) that for a curved space-time, if
nm,n €N, n-n,eN is not necessarily true. If
P, = P,, thenn, * n, € N. If, however, P] # P,, then,
in general, n, - n, ¢ N. It follows then that the set N
is not a group. We call the mathematical structure
exemplified by N a “quasigroup,” which we define as
follows®:

Definition: A set A = {a,}, where o stands for any
number of discrete or continuous parameters, is a
quasigroup if’:

(1) Correspondingtoeveryelementa,€ 4,3 B, < 4
and 3 B, < 4 such that if b € B,, the multiplication
a,*b is defined and a,-be A and if b e B,, then
b-a,is defined and b-a € 4;

(2) The associative law: for any a, b, ce A ifa- b
and b - ¢ are defined, then (¢-b)-cand a- (b- ¢) are
also defined and

(a-b)y-c=a-(b-0); (4.17)

(3) Existence of unit element: Among the elements
of A there is one and only one element e which has
the property that a-e and e-a are defined for all
a€ A and
(4.18)

(4) Existence of an inverse: Corresponding to
every element ¢ € 4, 3 &’ € B,, B, such that

(4.19)
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Thus a quasigroup is different from a group in that
the product of two elements is not always defined. It
resembles a group in the sense that the associative law
is satisfied whenever the products are defined, and in
having a unit element and an inverse to every element.

The quasigroup of transformation between normal
frames contains the homogeneous Lorentz group.
This is a consequence of the fact that transformations
between normal coordinates with common origin
depend only on the relative orientations of axes, (six
parameters) not on the initial and final orientations
separately. As far as the positions of origins are
concerned, however, they do depend on the initial
and final positions (eight parameters), not only on
the relative positions. The quasigroup N is, therefore,
14 parametric. In the limit of flat space-time, the
separate dependence on initial and final positions
degenerates into a dependence on the relative positions
only, and N becomes identical with the Poincaré
group.

As a second example of a quasigroup, consider the
set G of transformation between geodesic Fermi
coordinate systems g(P, ).

We define a one-to-one correspondence between
the elements of the 10-parametric set of normal
frames and the elements of the 10-parametric set of
geodesic Fermi coordinates as

g(P, 3) <> n(P, ),

where P and 1 are the same for g and n, i.e., the normal
and geodesic Fermi frames that correspond to each
other have the same origin and directions of axes.
The transformation between the corresponding frames
x* (geodesic Fermi) and y* (normal) was derived in
Sec. 2 [Egs. (2.24) and (2.25)]:

(4.20)

o0

xt=yr =3 (Lh oy

n=2
The inverse transformation is given by Eq. (2.12).
The transformation between two geodesic Fermi
frames g(P, A) and g(P’, 1) can now be carried out in
three steps:

g(P, 2)—>n(P, ) > n(P', 1) —>g(P’, 1),

where the first and last steps are given by Eqgs. (4.21)
and (2.12), respectively, and the second step is given
by successive infinitesimal transformations (4.15). It
can be shown that the quasigroup G contains the
1-dimensional group of time displacements and the
rotation group, i.e., the transformation of time
displacements of the origin depends only on the
magnitude of displacement and the transformations
corresponding to pure rotations depend only on the

ye (4.21)
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relative orientations of the axes. The quasigroup G
is, therefore, 16 parametric. In the limit of flat space-
time it, too, becomes identical with the Poincaré group.
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APPENDIX A: RIEMANNIAN AND NORMAL
COORDINATES

A coordinate system is called Riemannian if all
the geodesics through the origin can be written in the
form

= &, (A1)

where the £ are constants. It follows from Eqs.(2.10)
that a coordinate system is Riemannian if and only if
forallm>2, 4,00, ,a,=1,---,4,

(T%.....)o = O. (A2)

The T' symbols were defined in Sec. 2.
It follows from Eqs. (A2) that for any # > 2 the set
of combinations of derivatives of the metric tensor

(T4 oy, yay=1,7+,4,

does not form a tensor and does not contain any
subset that forms a tensor. Indeed, a tensor that
vanishes in one frame vanishes in all frames. None
of the expressions I'; ., is identically zero (ie.,
vanishes irrespective of the geometrical structure and
choice of coordinate system), and yet they all vanish
in Riemannian frames.

Consider an arbitrary Riemannian frame and denote
its metric tensor at the origin by (g,,)s. Consider the
quadratic form (g,,)ey*y". According to Sylvester’s
law of inertia there exists a linear transformation with
real coefficients
det |c4]| £ 0, (A3)

y" =y’
such that in the primed system of coordinates the
coefficients of the quadratic form are +4,,; the differ-
ence between the number of 4+ and — along the diag-
onal being equal to the signature, i.e., —2:

(gpv)oy"yv = nuvy,"y,v’ (A4)

where 7, is defined in Eq. (2.1).

The transformation (A3) does not effect the form
of Eq. (Al). The y* coordinates are, therefore,
Riemannian.
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Riemannian coordinates that satisfy, in addition to
Eqgs. (A2), also

(guv)o = 77!“' (AS)

are called normal coordinates.

Theorem Al: The set of all normal coordinate
systems having the same origin is six parametric, and
the set of transformations between them is identical
with the homogeneous Lorentz group.

Proof: Let y* be normal coordinates. The most
general transformation from y* to another system of
Riemannian coordinates y'# with the same origin is
given by Eqs. (A3). This is a consequence of the fact
that the form of Eq. (A1) is conserved if and only if
the coordinates undergo linear transformation. The
coordinates y'* are normal if and only if

oy* oyP oy* oyf ,
Do = = — = —. (A6
(guv)o "];tv (gaﬂ)() ay," ay,v naﬁ ay,” ay,v ( )
These equations are equivalent to
' ay,¢ aylﬁ a B
(gpv)() = n”v == (gaﬂ) ay“ ayv = naﬂcucv- (A?)

The set of 4 x 4 matrices C with elements Cj satis-
fying Eqs.(A7) is precisely the homogeneous Lorentz
group. This group is six parametric, and each matrix C
corresponds, according to Egs. (A3), to one transfor-
mation between the given normal coordinates *
and another normal frame y'* having the same origin.

QED

Theorem Al dealt with the set of normal coordinates
having the same origin. Since any point in space can
be chosen as origin, the choice of the four coordinates
of the origin allows for four additional parameters.
We thus have the following theorem:

Theorem A2: The set of all normal coordinates in
space-time is 10 parametric.

Geometrically, after a choice of origin (four param-
eters) has been made, the choice of the metric tensor
at the origin specifies the relative directions of the
four unit vectors in the directions of the coordinate
axes. Equations (A5), for example, mean that this
tetrad of unit vectors should be orthogonal (i.e., the
directions of the coordinate axes in a normal coordi-
nate system are mutually perpendicular). The choice
of (g,)o does not specify, however, the absolute
orientation of the tetrad in space: A rotation of the
tetrad as a whole does not effect (g,,),. Since the
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group of rotations in 4 dimensions is six parametric
(considering Lorentz transformations as complex
rotations), the total number of parameters is 10.
Theorem A2 is, therefore, readily generalized as
follows:

Theorem A3: Corresponding to any symmetric
matrix a,, with signature —2 and nonvanishing
determinant, there exists a 10-parametric set of
Riemannian coordinate systems such that

(gw)o = - (A8)

Proof: We have previously seen that, corresponding
to any set of coefficients of a quadratic form with
signature —2 and nonvanishing determinant, there
exists a transformation (A3) to a quadratic form with
coefficients 7,,,. Since the Jacobian of the transforma-
tion is nonvanishing, the inverse transformation
exists, and, when applied to normal coordinates, it
transforms the metric tensor at the origin from 7,
to a,,.

In analogy with (A7), the transformations (A3)
that conserve (g,,), satisfy

(A9)

This is a set of 10 equations for 16 unknowns. There-
fore, its real solutions are at most six parametric.
Choose one particular transformation, ¢4 between
normal coordinates and Riemannian coordinates
satisfying Eqs. (A8). By successive application of an
arbitrary homogeneous Lorentz transformation and
the transformation ¢4, a correspondence between all
normal frames and all Riemannian frames satisfying
Eqs. (A8) is established. Since the former is six para-
metric (Theorem A1), so is the latter. Allowance of four
parameters for choice of origin completes the proof.

In Appendix B we shall make use of 3-dimensional
normal coordinates in a spacelike hypersurface.
In particular, we need the following:

— a.p
Auy = AugCuCh.

Theorem A4: The set of all normal frames in a
3-dimensional hypersurface is six parametric. A normal
frame is uniquely defined once an origin (three param-
eters) and three mutually perpendicular directions
of axes (three parameters) have been chosen.

This is the analog of Theorem A2 for 3- instead of
4-dimensional space.

APPENDIX B: GEODESIC FERMI COORDINATES

Mathematically, the simplest 10-parametric set of
coordinate systems is the set of all 4-dimensional
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normal frames of reference. As Synge® points out,
however, 4-dimensional normal coordinates are
unsatisfactory from a physical standpoint. The
difficulty can be stated as follows: The time axis of a
normal frame of reference is a timelike geodesic
which satisfies

(gyv)o = nuv ’ (Bl)

[a8, udy = (Tgp)e = 0, (B2)
where (g,,,)s[2f8, pland (I'45), are the values of the metric
tensor and the Christoffel symbols of the first and
second kind at the origin (0, 0, 0, 0). The correspond-
ing equations are not satisfied, however, at the
spatial origin at times other than ¢ = 0, i.e., in general,
fort #0,

2,/(0,0,0, 1) # 7,,, (B3)
I'%(0, 0, 0, 1) 5 0. (B4)

Thus, in general, a normal coordinate system is not
locally Cartesian at the spatial origin (except at time
t = 0), and, more important, its properties around
the spatial origin change with time. Physically, it
corresponds, therefore, to an observer whose system
of measurement changes continuously as time goes by.

This difficulty comes about because time and space
coordinates are treated in the same way in the defini-
tion of normal coordinates: Equations (A2) and (AS5)
are completely symmetrical in time and space variables.
In reality, however, the nature of our measurements
is such that the time axis is distinguished : The observer
is constrained to move along it as he takes his measure-
ments.

In contradistinction to normal coordinates, geo-
desic Fermi coordinates® take this special role of the
physical observer into consideration. They are
defined as follows:

Definition: A geodesic Fermi frame is a coordinate
system: (i) It is locally Cartesian along all points of
its time axis, i.e.,

£(0,0,0,xY) =7,,, —owo <x'< w0, (BS)

['%(0,0,0,x) =0, —oo<x*< . (B6)

(ii) All its hypersurfaces x* = ¢ (for all real numbers c)
are geodesic hypersurfaces'® perpendicular to the time
axis, and the coordinates induced on them by setting
x* = ¢ are 3-dimensional normal coordinates.

Theorem Bl: A geodesic Fermi frame is uniquely
determined by choice of a point for its origin and of
four mutually perpendicular directions at this point
(three spacelike and one timelike) for directions of
its axes.
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Proof: The following properties follow from the
definition of quasi-Lorentz frames:

(a) Its time axis is a geodesic because of Egs. (B6);
the time axis

xX=0, xt=s (B7)
satisfies the equations of geodesics (2.3).

(b) The 3-dimensional .normal coordinates of any
hypersurface x* = c¢ are such that their x?, x2, and x?
directions at (0, 0, 0, c) are parallel to the x, x%, and
x® directions at (0, 0, 0, 0) in Levi-Civita’s sense of
parallelism.

Indeed, by the definition of parallel transfer, the
change in the components of any vector R*, when
displaced parallel to itself along an elementary path
dx*, is given by

dR* = —T%R* dx”. (B8)

It follows, therefore, from Eq. (B6) that the com-
ponents of the unit vectors in the x!, x%, and x3
directions do not change by a parallel displacement
along the elementary path (0, 0, 0, dx*).

Given an origin and four mutually perpendicular
directions, it follows from (a) that the time axis is
uniquely determined as the timelike geodesic in the
given timelike direction. By requirement (ii) of the
definition all the spacelike hypersurfaces x* = ¢ are
uniquely determined. From Theorem A4, the three
given spacelike directions uniquely determine a
normal frame of reference on the geodesic hyper-
surface x! = 0 and,by (b) and Theorem A4, once the
normal coordinates on x* = 0 are fixed, the normal
coordinates on all surfaces x* = c are uniquely
determined. QED

Corollary: The set of geodesic Fermi frames in
space-time is 10 parametric.

The following theorem amounts to an alternative
definition of geodesic Fermi frames. It exhibits the
similarities and differences between geodesic Fermi
and normal coordinates.

Theorem B2: A coordinate system is a geodesic
frame if and only if it is locally Cartesian at all points
of the time axis and for all real values of the num-
bers ct, c2, 3, and c the lines

i=1,2,3, x*=0, (B9)

xt = cls,
where s is the invariant distance, are geodesics.

Proof: We have to show that requirement (ii) of
the definition of geodesic Fermi frames is satisfied if
and only if all lines of the form (B9) are geodesics.
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If (i) is satisfied, then the hypersurface x* = c is
geodesic, and the 3-dimensional coordinate systems
x1, x%, x® induced on it by the geodesic Fermi system
by setting x* = ¢ are normal. By definition of 3-
dimensional normal frame all lines of the form

xt=cls, i=1,2,3, (B10)

are geodesics in the hypersurface. The additional
requirement x* = ¢ insures that the lines belong to
the hypersurface, and from the definition of geodesic
hypersurface it follows that (B9) are geodesics in the
4-dimensional space-time.

Conversely, if in a given surface all lines satisfying
Eqs.(B10) are geodesics, the coordinate system on that
surface is normal. By Egs.(B9) all the lines generating
any hypersurface x* = ¢ are geodesics, and all such
hypersurfaces are, therefore, geodesics. QED

The following theorem gives an analytic character-
ization of geodesic Fermi frames in terms of the metric
tensor and certain combinations of its derivatives at
the origin,

Theorem B3: A system of coordinates is a geodesic
Fermi frame if and only if the following conditions

aremetforalln >2, k>1,u,v,a=1,---,4and
] i, =1,2,3:
(8o = Ty (B11)
(Taado = 0, (B12)
TE i e=0, (B13)
(E‘i) = 0, (B14)
(9x**
(akpf‘ ) =0. (B15)
(Ox*y*

Proof: We divide the proof into two parts. In part
(1) we show that a system of coordinates is locally
Cartesian at all points of the time axis if and only if

(g,w)o = nuv’ (B16)
(Fﬁﬁ)o =0, (B17)
OTes\ _
(( 3x4)")0 =0, (B18)

forallk > 1, u, %, 8 =1, -, 4. In part (2) we show
that, for all real values of ¢, ¢2, ¢3, and c, the lines (B9)
are geodesics if and only if Eqs. (B13) and (B15) are
satisfied forall k > 1, n > 2, u=1,--+,4;i;, -,
i, = 1,2, 3. Because of Theorem B2 this will complete
the proof.
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(1) By definition a system is locally Cartesian at
all points of the time axis if for all x*

g:(0,0,0,x*) =1,

I'%4(0,0,0, x*) = 0. (B20)
Let us show that Eqgs. (B19) and (B20) are equiva-
lent to Egs. (B6)—(B8). First, expanding I'4;(0, 0, 0, x*)

around the origin,
kl‘w
alG)o @
we see that Egs.(B20) are equivalent to Egs. (B17)

and (B18). In the continuation we use the equivalence
of Egs. (B17) and (B18) to

(B19)
and

T25(0,0,0,x") = (Tiy)o + 2 o

[oB, ulo = 0, (B22)
ak[‘xﬂ’ ,u] _
(__(ax")k )0 = 0. (B23)

This equivalence is proved as follows: At any point
P all Christoffel symbols of the second kind vanish if
and only if all Christoffel symbols of the first hand
vanish (since any of these sets of symbols vanish if
and only if all first-order derivatives of the metric
tensor vanish at the point). Therefore, Eqs. (B20)
hold if and only if

[28, #1(0, 0, 0, x*)

0", p]
= o +3 i
and Eqs. (B7) and (B8) are equivalent to Eqgs. (B22)
and (B23), respectively.
We are now ready to show that Egs. (B19) and
(B20) follow from (B16)-(B18) and vice versa: Ex-
panding g,,(0, 0, 0, x*) around the origin, we get

8u(0, 0,0, x%)

= G+ (F2)5+ 3, G ey
= mv + ([H4 ] + [v4, pox*

+3 LTS Wt + b o
0

(a )n —1

(B25)
If Egs. (B16)~(B18) are satisfied, it follows from Egs.
(B21), (B25), and the equivalence of (B22), (B23) to
(B17), (B18) that Eqgs. (B19) and (B20) are satisfied.
Conversely, if Eqs. (B19), (B20) hold, it follows from
Eqs.(B21) that Eqs. (B17) and (BI8) are true; Egs.
(B16) too follow now because of the above-mentioned
equivalence and Egs. (B25).

)( =0 (B24)
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(2) Consider the equations of geodesics (2.3).
From these equations it follows that all lines (B9) are
gcodesics if and only if I'%¢ic’ vanish along them for
p=1,--+, 4 Expanding [jc’ ‘¢’ around the point
0,0,0,0) along a given line, we have

[4(s)c'e? = T%(0, 0, 0, e)c’c?
= 1d"T% ;
2 o (000, e)c'c’s". (B26)
Now,
]_"Il
d ds” =T% ", (B27)
” .
dF”(O 0,0, c)c’e’ =T (0, 0,0, c)c'c’c". (B28)

i, j, and k are dummy indices, and so we can permute
them and add up all the permutations to get'*

dF:‘:r id g 1 k
0,0,0, c)c’c’ =T}(0,0,0,¢)c'e (B29)
]

Thus a necessary and sufficient condition for the first
term in the sum to vanish is

I'f;#0,0,0,c) = 0. (B30)
Similarly, for any other term
arly, :
= Do @D

d”F" l:lk kn
—Jd”(OOOC)c =TI} 432 (0,0, 0, ©)c'c’c™ - - - ¢

= Tl (0, 0,0, c)c’cic® - - - ¢,
(B32)

Thus all terms in the expression vanish if and only if,
for all real valuesof c, u =1,---,4,n 2> 2,4, ",
i,=12,3,

I%..:(0,0,0,¢) =0. (B33)

Expanding I%..; (0,0,0,c) around the origin, we
have

&L
T%..0,(0,0,0, ) = (T%...)o +z k'( . Z)k") &

(B34)
Thus, Egs. (B33)areequivalent to Egs. (B13)and (B15).
QED

Corollary 1: For any n > 2, the set of combinations
of derivations of the metric tensor,

ot
* ”_w}, =1,---,4,
{51 n (a4)k lu
By, ,i,=1,2,3, k=1, ,n—2,
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does-not form a tensor and does not contain any
subset that forms a tensor.

This assertion is proved in complete analogy with
a similar assertion following Egs. (A2).

Corollary 2: If x* are geodesic Fermi coordinates,
then x'# defined by

Xt=x i=1,2,3 x%=xt+c¢

(B35) .

( ¢ any real constant) are also geodesic Fermi
coordinates.

In the course of proving Theorem B3, we showed
Egs.. (B11)-(B13) to be equivalent to (B19), (B20),
and (B23). If these equations are true for x*, they are
also true for x'* defined by (B35).

Corollary.3: In the limit of flat space-time, geodesic
Fermi coordinates reduce to Cartesian frames.

Since Cartesian frames are defined by Egs. (2.1) at
all points, Egs. (B11)-(B15) are satisfied.

An alternative analytic characterization of quasi-
Lorentz frames is given in the following.

Theorem B4: Equations (B13) and (B15) are satis-
fied if and only if at all points
T4, %% %% xHx'%' =0, u=1,---,4. (B36)
Proof: Expand (B36) around (0, 0, 0, x%):

Te(xh, x2 x3 x¥)x'x?

= Fl fyeeed (0 0, 0, x4)xixjxi1 [ xik
o k) R

© 1
_,?_:2 (n —2)!

The last step follows from the definition of the T
symbols [Eqs(2.2)], in analogy with the derivation of
Eqs.(B31). Thus,Eqs. (B36) are satisfied if and only if
for allz > 2 and all values of x*,

I4..00,0,0,x)=0, u=1,---,4,
i, e, i, =1,2,3. (B38)

Expanding now I'..; (0,0, 0, x*) in Taylor’s series
around the origin,Eqs.(B38) are equivalent to

T£..:(0,0,0, x)x- - - x*n. (B37)

(Th...i)o = 0, (B39)
o*TE..
a0, B40
( (ax4)k )o ( )
foralk >1, u=1,---,4,i--+i,=1,2,3.

QED
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The method used by Carmeli to obtain another form for the principal series of representations of the

group SL(2, C) is extended to the complementary series of representations of that

group. As a result,

a new form for the complementary series of representations of SL(2, C) is obtained which describes
the transformation law of an infinite set of numbers under the group translation in a way which is very
similar, but as a generalization, to the way spinors appear in the finite-dimensional case.

1. INTRODUCTION

Recently, Carmeli! has introduced an infinite set of
quantities which are associated with the principal
series of representations of the group SL(2, C) in a
way which is very similar, but as a generalization, to
the way spinors? appear in describing the finite-
dimensional representations. The transformation law
of these quantities,® at the same time, defines a
new form of the principal series of representations
of SL(2, C).

The principal series of representations, however,
do not realize all irreducible unitary representations of
the group SL(2, C). Rather, every irreducible unitary
representation of the group SL(2, C) is unitarily
equivalent to a representation of the principal series
or the complementary series of representations.*

In this paper we extend Carmeli’s result to the
complementary series of representations, thus estab-
lishing new forms for all irreducible unitary represen-
tations (to within unitary equivalence) of the group
SL(2, O).

In Sec. 2 we summarize the method used for the
principal series of representations. In Sec. 3 we
generalize the method to the complementary series of
representations. The Appendix is devoted to detailed
calculation of a normalization factor introduced in
the text.

2. SUMMARY OF PREVIOUS WORK

In this section we discuss Carmeli’s! form for the
principal series of representations.
We denote by L2*(SU,) the set of all functions ¢(u),
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where u € SU,, which are measurable and satisfy
the conditions
$lyu) = €*(u), @n
f | () du < oo, 22)
where y € SU, is given by
-ty
3
y = ( 0 e’ﬁ"’)' (2.3)

L%(SU,) provides a Hilbert space’-> where the scalar
product is defined by®

(b1s do) = f () Bt du.

The principal series of representations is then given
by the formula*’

Va¢(u) =

(2.4)

[ (ug)/a(ug)]b(ug), 2.5)

— ( 11 gm)
821 822
is an element of the group SL(2, C) and a(g) is a
function given by

where

a(g) = gos |gaal P> (2.6)

Here p is a real number and 2s is an integer.

Consider now all possible systems of numbers ¢),,
where m = —j, —j+1,--+, jand j=|s|, |s] + 1,
Is| + 2, - -+, with the condition

® ) .
2@+ Y 14l < oo @7
i=]s} m=—j
The aggregate of all such systems ¢}, forms a Hilbert
space, which we denote by ;°, where the scalar
product is defined by
* R
Q@+ 3 $nvh
=|s] m=—4j
for any two vectors ¢4, and vy, of I3°. With each vector
#, € IF* we associate the function

(2.8)

s =30+ D3 4TI0. @9

where T7,(u) is the matrix element T:,.(u) of irreduc-
ible representation of SU,. Since!

Ti(yu) = e**Tr(u),
the function given by Eq. (2.9) belongs to the space
L2(SU,). On the other hand, every function in
L¥(SU,) can be written in the form (2.9) since T}, (1)

provide a complete orthogonal set.®® The two spaces
L¥(SU,) and /3 are, in fact, isometric where the
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transition from one space to the other can be made by
means of the generalized Fourier transform

f ()T 1(u) du.

Similarly to spinors which appear as coefficients in
the polynomials of the space of representation, we
see that the numbers ¢, appear as coefficients in the
expansion given by Eq. (2.9) of the functions ¢(u) of
the space L2(SU,). By means of the mapping (2.10),
the operator ¥, of the representation (2.5) may also
be regarded as an operator in the space /£, whose
explicit expression we find below. This expression
also defines another form of the principal series of
representations.

Applying the operator ¥, to the function ¢(u) as
given by Eq. (2.9), we obtain

V) = S+ DT 445 (s g; Tiug) (2.11)

2(21' + 1)Z¢Z}LZ(2J" +1)
X 2 Vi (g,s, )T’ (1),

(2.10)

or
Vob(u) =
(2.12)

where
Vil (g: s, p) = f “(“g)T’< HTL(w) du. (2.13)

Accordingly, we obtam
Vibw) = 3 Q2 + DS T,
3 m
where, using Eq. (2.12), we have
o x . E P N
$o=2 (2 +1) X Viu(8s ppn. (215)

i=|s| m=—j

Thus the operator V; of the principal series of
representations of SL(2, C) in the space 1% is the
linear transformation determined by Eq. (2.15) de-
scribing the law of transformation of the quantities
éi,, where j = s, |s| + 1, |s| + 2, - - and m = —j,
—j+ 1, -, j. The matrices V2, .(g; s, p) are func-
tions of g € SL(2, C) and of p and s, where p is a real
number and 2s is an integer.

(2.14)

3. GENERALIZATION TO COMPLEMENTARY
SERIES

A. Complementary Series of Representations
of SL(2, C)

We denote by H the set of all bounded measurable
functions ¢(u) satisfying the condition
(yu) = $(), @&.1)

where again u is an element of SU, and y is given by
(2.3). We, furthermore, introduce in H the scalar
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product
(bur o) = f f K)oy du’ du”  (3.2)

for ¢, and ¢, belonging to H. Here K(u'u") is a
function given by

K(u) = [uzn (3.3)

where 0 < ¢ < 2 and the integral on the right-hand
side of (3.2) converges absolutely. The space H can
be shown! to be a Euclidean space whose completion
(which is a Hilbert space) we denote by H, .

The operators ¥, of a representation of the com-
plementary series in the Hilbert space H, are then
defined by the formula®?

"2,

Vod(u) = [alug)/a(ug)b(ug), (3.4)
where ¢ € H and «(g) is given by
o(g) = |gaol ™" (3.5)

0<ao<2
B. Orthogonal Set in the Space H

We now define a set of functions which provides an
orthogonal basis in the space H. It is given by

tn(u) =

where T3, () are matrix elements of the irreducible
representations of the group SU, and ¥, is a real
normalization factor (see Appendix) whose value is
given by

N, Tin(w), (3.6)

N, = (1r f K()To(u) du)_i. G.7)

Herem = —j, —j+1,---,jandj=0,1,2,3, -
To show that 7}, indeed provide an orthogonal
basis in H, we calculate the scalar product

(th i)

=n f f K(w'u" ) (u') 2 (u”) du’ du”

= NN, f f Kwuw=YT3, (o) du' T3 (u") du".
(3.8)

By making the transition «' — u's” in the above

integral,® one obtains
<tjmll , th )
= wN;,N;, f K@w)Td, (w'u")y du'T S (u") du”.

Using the relation
71
Timu) = 3 TE@)T 1"

m=—7jy
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in the last integral, we obtain
(e , 62y = «N,N;, % K@)T ") du’
me— i1
f T4, )T (W) du’. (3.9)

Using now the orthogonality relation® that the
matrices T7 satisfy, we obtain

; N , 6:‘1526m1mz
(t,,,l, )= wN,-lN,-z(fK(u YT 33" du) i1 .
(3.10)
which, by virtue of Eq. (3.7), gives
J1ig §mim
@ gy = L2 G.11)

C. New Form for the Complementary
Series of Representations
Consider now all possible systems of numbers
¥, where m = —j, —j+1,---,jand j=0,1,2,
3, .-+, with the condition

2(21 + DN;® Z lppl® < co.

Mm=—j

(3.12)

The aggregate of all such systems of numbers forms a
Euclidean space which we denote by h, where the
scalar product is defined by

2(21 + 1)N;® g_ i,

for any two vectors ¢7, and y?, of h. With each vector
¢?, of h we associate the function

(3.13)

$(u) = ;(21' + DN 3 dntn@),  (3.14)
where 23, () is given by Eq. (3.6). Since
tnlyu) = th(w), (3.15)

it follows that the function (3.14) belongs to the space
H. On the other hand, every function in H can be
written in the form (3.14) since, as we have seen, 77,
provide a complete® orthogonal set in H. In fact, the
two spaces H and 4 are isometric, where the transition
from one space to the other is made by means of

¢ = Ni($, 1) (3.16)
A simple calculation also shows that!®
$,9) =3 (% + DN S $hvhn.  (317)
H m

If we denote now by 4, the completion!! of the
Euclidean space #, then the isometric mapping (3.16)
of H on & can be extended in a unique way by conti-
nuity to an isometric mapping of H, on h,. The
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operators V, of a representation of the complementary
series in the space H, pass over into operators in the
space h,, which are also denoted by ¥V, and whose
explicit expression we find below. This expression will
also define a new form for the complementary series
of representations.

Applying the operator V, to the function ¢(v)
written in the form (3.14), we obtain

V,d(u) = 2(21+1)N;“2¢m°‘(“g) g (3.18)

2
or
Vb)) =3 2j + D2 $n. 2 (3 + DN
X 2 Viln(g: )t Au), (3.19)
where "
ii r =1 a(“ g)
|4 ;0)=7— || K
(g 0) ﬂ WIS
X t2(u'®ii (") du’ du”. (3.20)
Accordingly, Eq. (3.19) has the form
Vo(u) = Z(ZJ + l)N'IZ $atn(@), (3.21)
where
2(21 +1 Z Vini(g; o)gh. (3.22)

m=—j

Hence we see that the operator V, of the comple-
mentary series of representations of the group
SL(2, C) in the space A, is the linear transformation
determined by Eq. (3.22), describing the law of
transformation of the quantities ¢?,, where m = —j,
—j+1,---,jand j=0,1, 2, 3, -. The matrices
Vi .(g; o) are functions of g€ SL(2, C) and of o,
where 0 < ¢ < 2.12

APPENDIX: THE NORMALIZATION
FACTOR N;

The normalization factor N; was defined in Sec. 3
by

NP=n f K(u)Tiy(u) du, (A1)
where K(u) is a function of u € SU, given-by
K(u) = |uy|"? (A2)

and 0 < o < 2. .
By calculating the scalar product of T3, () with
itself, we find

(Tly, Th) = —— J K@) Ti(u) du.  (A3)
Hence we have

N?z =(2j + 1XT3o, Téo)- (A4)

M. CARMELI AND S. MALIN

Now, the right-hand side of Eq. (A4) is positive.
Hence N;? > 0, and therefore N, is real.

The evaluation of the integral in Eq. (A1) is straight-
forward. We have?

i) = (—pypemen (LG m
Tiha(u) = (=1) ((j_n)!(jﬂ)!)

min{j—m,ji—n) i—n :
N G [ RN
r=max(0,—m—n) r _] - m-—r

X uf iy Ui g, (AS5)
where
1
('") =7 (A6)
\n (m —n)!n!

Accordingly, we have
ine
Toou) = (—1)¥ Zo(i) (unrtize) (usgtee)) ™" (AT)

Writing now the unitary matrix # in the form

v ( a b)
\=b a)l’
jal? + 1612 = 1,
we obtain for the integral in (A1)
i 2
z (_1)3:’—1’(.’) flal2r|b|2(j—r—1)+a du. (AIO)
r=0 r

We now express du in terms of some three real
parameters. We take

t = lal%,

(A8)

with
(A9)

6 =arga, A=argh. (All)

Then
du = Ym2dt df dA,

and the integral in Eq. (A10) becomes
1 27 27
1 f dt f do f (1 — " di (A13)
472 Jo Jo ()
We therefore obtain
i a2 r1
Niti==n3y (——l)“"_’(J)f (1 — £y~ gr (A14)
r=0 r/ Jo

This last integral can easily be evaluated by parts. One
obtains

1
f (11— t):i—r—1+§a dt
0

(A12)

r!

T G+to—n(Gt+ie—1)
X f 1(1 — pyithe—1 gy

r!
Tt
_plltio—n

TG +ie+1)

(J+ o)
(A15)
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Using (A15) in (A14), we finally obtain

o by (i LU 0= T)
Nt=n2 (—1) ()r!l’(j+%a+1)' (A16)

r=0 r

* Supported in part by the Colgate Research Council and the
Sloan Foundation.

1 M. Carmeli, J. Math. Phys. 11, 1917 {1970).

2 The term spinor is used to mean symmetrical spinor.

3 Just as in the spinor case, these quantities become functions of
space-time when applied in physics.

4 M. A. Naimark, Linear Representations of the Lorentz Group
(Pergamon, New York, 1964),

5 M, Carmeli, J. Math. Phys. 10, 569 (1969).

¢ The integrals in Eqgs. (2.2) and (2.4) and throughout this paper
are invariant integrals over the group SU,. We recall that the
invariant integral satisfies the conditions

ff("ul) du =ff(u1u) du =ff(u) du,

for any u; € SU,, and
f F du = f £ du;
f fydu=1.

The concept of invariant integral is discussed in Ref. 4. It is also
discussed in detail in J. D. Talman, Special Functions: A Group
Theoretic Approach (Benjamin, New York, 1968),based on lectures
by E. P. Wigner.

7 We use the notation of Naimark according to which ug, appear-
ing in the representation formula {2.5) and throughout this paper,
denotes an arbitrary matrix from the right coset %g (for details see
Ref. 4). The explicit calculation of the unitary matrix ug is straight-
forward. If we denote #Z by ', then »” can be expressed in terms of
the two matrices # and g. Denoting &’ by

i B raigp=
v=(35 %) wr+r=

and u and g by
o= (25 0 tepior=t

_ (811 gw)
. £ (g21 Zae)’
one then obtains

o = (~fig1y + 0gaa) 1|71 1A,
B = (Bg1 — «Ban) |47 234,
|21 = 16811 — a@nl® + [ —B81a + 0Busl®
Accordingly, 4% is determined by means of # and g up to an arbitrary

phase factor exp (iA), where A is real.
8 The functions T},,(u) satisfy the orthogonality relation

detg=1,

f T3, T8 AW du = (2] 4 17720 S Ouns .

? The orthogonal set of functions # («) is also complete in H. This
can be seen by considering the irreducible unitary representation
(3.4) of SL(2, C) in the Hilbert space H, as an infinite-dimensional
unitary representation for the subgroup SU, and by decomposing
it into its orthogonal sum of the finite-dimensional irreducible
representations. If v is an element of SU,, then Eq. (3.4) gives for
the representation of SU,

V() = luv),
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since one can put uz = uv in this case (see Ref. 4). Applying the
last formula to ] (u), we obtain

Vi (u) = £ (uv)
= N;T}(u0)

w'm

j
=N, 3 T8, T,
m

#

= é Tr’n'm(u)’:n’(”)‘

mi=mj

Hence the operator V, realizes a representation of SU, in the space
R; of the (2j + 1) functions #, with —j < m < j, where the matrix
elements of V, are T3, (v). The representation v — ¥, in the space
of functions £ (w), m = —j, —j 4 1, <+, j, is irreducible and the
t;, form a canonical basis in this space. Accordingly, the infinite-
dimensional representation of SU; in the space H, is decomposed
into irreducible parts defined in the subspaces R; of i, where
m= —j, —j4+1,-++,jand j=0, 1, 2, 3,-++. In other words,
every function of Hy, and hence of H, can be represented in the
form given by Eq. (3.14).

18 If p is taken to be equal to ¢, then Eq. (3.17) gives Plancherel’s
formula

GhH=S+0N 3 Bl
) m=—}

11 Since & is a Euclidean space, then one can complete it, namely
include it in a Hilbert space #,. See, for example, Ref. 4; for a
detailed proof, see L. A. Lyusternik and V. L. Sobolov, Elements of
Functional Analysis (Moscow, 1951), and M. A. Naimark, Normed
Rings (Noordhoff, Groningen, The Netherlands, 1959).

12 1t is worthwhile to recall that the complementary series should
be formally obtained from the principal series when one takes
s = 0 and p == ig in the latter (see Naimark in Refs. 4 and 11). This
fact can also be seen for the new forms of representations of the
series. By making the transition " — u"u’ in Eq. (3.20), one obtains
for our matrices for the complementary series

4 Ny olu’y) reveed? 1w g
Vi (g; [ Ael) 2 8) 1, )
(g 0)=m vaUK(u )a(u'g) BB’ du’ du”

Using Egs. (3.6) and

, i, "
Tgmr(l{”lf) = 2 . Tgn u”)?gm'(“‘)a
Ramee JO
we obtain
Vi Ag; 0)

«(e'e)

=N}y f KO DT400) it | S T T, ')

By Eq. (3.4) the expression [a(u'g)/o(e'®ITL, (#'8) is an element
of the space H. Hence the second integral vanishes unless == 0,
in which case we obtain, by Eqgs. (2.13) and (2.6),

Viin(g:0) = wN,ﬁK(u’“*ﬁ&(a”} ATV 35085 52 PMlymo, pmi
where Vi(g; 5, p) are Carmeli’s matrices for the principal series.

Using the fact that Tha(#) = T3, (+*) and the invariance property
of our integrals, we obtain

ViinAg; 0) = -n-Nf. fK(u”)Tgf,(t/’) (Vi s, Plsms, pmic
== [Vzr{;n’(g; £y p)]s-o,p.fa 3
by Eq. (3.7).
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The lattice Green’s function for the body-centered cubic (bec) lattice

dx dy dz

I(t)—1 T
-n’f,!ftiie—cosxcosycosz

is considered. With the use of the analytic continuation to complex value of # from Maradudin’s result for
t > 1, the value of the real and imaginary parts of the integral /(s + ie)for0 < ¢ < 1, ¢ — 0, is obtained.
The expressions valid for 1 -~ 0, £ > 1,1 < 1, and # ~ 0 are given. They are useful for analyzing the
nature of the singularity and for carrying out numerical calculations in all regions of ¢.

The lattice Green’s function'2 for the body-centered
cubic (bee) lattice

I(t)=_1_J‘ﬁ‘ dxdyd:z 0
° ) t + ie — COS X COs y €OS Z

is considered. It is real for # > 1 and complex for
0 <t <1, e = 0. Tables of the integral (1) are given
in the literature.®-® Most of the methods of calculation
are tedious or of slow convergence (except for t — o0),
and the analytic properties of the integral are not yet
sufficiently clear. In the present paper, it is shown that
the principle of the analytic continuation to the
complex value of ¢ from Maradudin’s result® for # > 1
gives the value of the real and the imaginary parts of
I(t & ie) for 0 <7 <1, e —0. The integral (1) is
transformed into several forms in terms of hyper-
geometric functions. These expressions are transparent
for analyzing the nature of the singularities at ¢t = 0
and ¢ = 1, and are very simple for carrying out the
numerical calculations in all regions of ¢, i.e., 2 0,
t<1,t»1,and t - co.

For ¢ > 1, the integral (1) is expressed as a power
series in 1/¢2:

=3 ST

t n=0L7 n!

1 111 1)
==F-.2,5: 115}
t? 2(2 2’2 tz
Equation (2) is expressed®1? in terms of the complete
elliptic integral of the first kind K(k) in the case ¢ > 1:

I(t) = t~4n2K2(k), 3)
k=3[ — (1 — 12} (3"

In this paper the case ¢ < 1 is considered. The proof of
(3) shows that (3) is valid for |z] > 1 for complex

)]

value of ¢. Hence, by the principle of analytic continua-
tion, (3) is also valid when 7 approaches the real axis
for 0 < ¢ < 1 by indenting t = 1 from upper or lower
part. For practical use, the following transformation
is useful.

Expressing the complete elliptic integral in terms of
Gauss’ hypergeometric function ,F, and using the
quadratic transformations!! for ,F, , we have,

I = r'[,F,(3, 4 1; 3 — 30 — YR,
Fih 3153 — 31 — o)

4)

=W_2F1 1 -rt
T@T 43 ™)
- 2! - FREEHL—1) (5
@

Both terms are real for £ > 1. The first term is real,
and the second term is imaginary for ¢+ < 1. The
expression (5) is useful for ¢+ > 1. The expressions
useful for ¢ < 1 and ¢ > 0 will be obtained by trans-
forming (5):

For0<t<1,e—>0,

[l =@ xie)2} = Li(t2 - L
Hereafter we consider the case of lower sign.

Transforming ,F,( ; ; 2) into Fy( ;
z[(1 — z)), we have

1hs of (5)
11* 3 2
= [I‘(i)]z t 2F1(i, i’ %’ 1—1 )
3
* i[I?(;)]z - ARG EEL-0. (6)

The expression (6) is useful for ¢ < 1.
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Taking the fact a 4+ b = ¢ into consideration, we
transform ,F,(a, b; ¢; z) into

Eq. (6) = g—[% (@—)

=0\ n!

X £2p(n + 1) — 29(n + 1) — log £’]
+i =S (@2)2

n=0\ 1!
x £ 29(n + 1) — 2y9(n + 3) — log tz]].

M

The expression (7) is useful for ¢ = 0. Substituting

(7) into (4), we obtain the leading term for 1 — 0 from
the term of n = 0. Inserting

y() = —§7 —y — 3log2, ®
p(@) =37 —y —3log2 9)
into (7), we have
Re I(t) = (2/m)(—log t 4+ 3log2) + O(t?), (10)
Im I(t) = 2/z")[(—log t + 3 log 2)* — (}m)’]
+ 013, (1

where the terms O(r%) contain those of t*(logt)? and
t*(log ).

Equation (10) shows that the state density for bee
diverges at the center of the band.2

By using (5) and (6), the leading term at ¢t ~ 1 is
shown to be

Re I(1) ~ TP + 2/m(1 — -9}, (12)
Re I(t) = 0Q1), 13
Im I(t) ~ 2fm)(1 — 2. (14)

The combined subroutine including Eqs. (2), (4),
(5), (6), and (7) is very convenient and rapid for the
calculation of the values of the real and the imaginary
parts of the integral (1) for all values of .

The lattice Green’s function to the antiferromagnet
for bee lattice was calculated by Walker ef al.® It is to
be noted that the Green’s function for the antiferro-
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magnet for bee is directly related to that for ferro-
magnet, since

z eik-r _
€ — ¢

where r = (I, m, n). For all even [, m, and »n, the lhs
is equal to

1 ikt

=3 ¢

2¢ T e—¢

(1 +eiw(!+m+n))’ (15)

1 ez‘k~r

[}
€ € — €,

and, for odd !/ 4+ m + n, both hand sides of (15) are
equal to zero.

Recently Iwata® expressed Iy, (f > 3)and I, (f <
—1), the lattice Green’s function for the face-centered
cubic (fcc) lattice, in terms of elliptic integrals. The
method of the present paper can be applied to his
results and Re I, (—1 <t < 3) and Im [, (—1 <
t < 3) can be obtained. In particular, the singularity
at t ~ —1 (at the edge of the band) is shown to be of
the similar nature as that of bce at 1 ~ 0 (logarithmic
divergence).
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This paper deals with the class of conformally flat universes satisfying Einstein’s field equations from
a new point of view. It is shown that this class involves a scalar or pseudoscalar field that necessarily
satisfies a meson-type field equation. This scalar gravity does not act at a distance, so to say, but supplies
cohesive forces inside the source structure. Furthermore, the scalar field may involve spin-zero, massive
quanta if quantized. Three exact solutions of this class are furnished here.

1. INTRODUCTION

“The general theory of relativity is bedevilled by
the large number of unknown functions—the ten
components of g;;. There is little hope of getting
physically interesting results without making drastic
reduction in their number.”* The usual way of
reducing this number is to study some special uni-
verses admitting certain groups of motions. To
minimize the number of unknown functions, one has
to revert to the conformally flat universes, either
subjected to Einstein’s equations or otherwise con-
strained. The non-Einstein scalar theories® lack
aestheticism as well as experimental validity. On the
other hand, Einstein’s equations of vacuum imposed
on a conformally flat universe turn it just flat® or
destroy any gravity content. This very reason makes
the scalar gravity act only inside the source structures,
where it need not be trivial. Moreover, this scalar
field satisfies a mesonlike equation which follows
from the contraction of Einstein’s equations. The
pseudoscalar field may be produced from the scalar
by multiplying the factor (—g)?. The quantization of
the scalar gravity should be easier because the field
equations can be expressed essentially in the
Minkowskian metric.

But the sailing is not smooth all the way. The price
of the drastic reduction of unknown functions is paid
by encountering the highly overdetermined systems
of equations. Moreover, in the gravity interpretation
of mesons, a crude estimate shows that meson mass
turns out to be about 10¢ times the acceptable value.

In this paper we propose a modified field equation
in terms of a Riemann tensor, which boils down to
Einstein’s equation in a conformally flat universe.
Three examples of exact solutions of the modified
equations are supplied here. The first example is
essentially the de Sitter universe. The second one is
an exact wave solution of the modified field equations
where energy~momentum-stress tensor is borrowed
from another scalar field. In the third example a
static solution of the modified equations coupled with
electromagnetism is derived.

The author believes that gravity is structurally
important in the very large or in the very small
dimensions. He has especially been working on the
application of gravity in the elementary particles.*
This present attempt is towards isolating that com-
ponent in the ingredients of Einstein’s theory which
may be the most relevant in the formation of elemen-
tary structures.

2. THE MODIFIED FIELD EQUATIONS

First, the notations and definitions will be clarified.
V, denotes the 4-dimensional Riemannian manifold of
events. An event x € ¥, has the real coordinates x*
(Latin indices take the values 1, 2, 3, 4). The summa-
tion convention is followed. ¥, has the index of
inertia —2, i.e., the metric form ® = g, dx*dx’ is
reducible at a regular point to

D = p,, dxt dxd = —(dx1)2 — (dx®)* — (dx®)? + (dx)2.

Units are chosen so that c = G = 1.

Now the modified field equations are stated, and
the immediate consequences thereof are derived in
the following theorem.

Theorem 1: Let the Riemann tensor satisfy in a
regular domain D of ¥V, the following field equation:

Ry = —4m(guuTin + 8uts Ty + %Tgh[jgk]i)’ 2.1

where T; is a differentiable tensor field with contrac-
tion T and square brackets denote antisymmetrization.
Then the following implications are true:
(i) Einstein’s equations

R;; — %g, ;R = 8=T; 2.2)
hold in D.
(ii) The domain D is conformally flat, ie.,
8ii = 4.
(iii) The D is flat if, furthermore, T;; = 0.
(iv) (@ T;=Ty (b) Tjj=0, 2.3)

©) Ty — 38Ty =0,
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where the stroke and comma denote covariant and of the following:

partial derivatives.
V) O¢ + 4nTed = 0,

where [ is the usual d’Alembertian and

24

To=n"Ty, Ty=Ty— bgiT

Proof: (i) First and second contractions of (2.1) give

R;; = —8=T,,, (2.5)
and

R = 8xT. (2.6)

From the above, (2.2) follows immediately.
(ii) The conformal curvature tensor

Crise = Ry + G8uiRiy + &xRim)

+ %Rgh[kgj]i =0, (2.7)
in D by (2.1), (2.5), and (2.6). Therefore, the domain
is conformally fat.®

(iii) This consequence is obvious from (2.1). The
physical implication is that this type of gravity dies
outside the sources.

(iv) By (2.2) the equations (a) and (b) are obvious.
Now, from (2.7), one has

C?ik/h = 0.
The above equation implies (2.3) by (2.1) and (2.7).
It should be noted that by (iv) all the identities of

Riemann tensor are consistent with (2.1).
(v) From (ii) one is allowed to put

gii = ™15 (2.8)

Plugging (2.8) into (2.6), one obtains (2.4). It should
be noted that (2.4) is a meson-type equation where
meson mass is related to the source mass.

Theorem 2: The field equations
.5+ 30,06 — 267, — Ini™ b b))
= —4"ﬁj¢s (2.9)
together with (2.8) hold iff (2.1) does.
Proof: Assume (2.9) and (2.8). By (2.8)
Crin=0. (2.10)

Now by (2.8) and (2.9), Eq. (2.5) is a consequence and,
when (2.5) is substituted in (2.10), the field equation
(2.1) immediately follows. The converse is obvious.

Theorem 3: The most general coordinate transfor-
mations under which the field equations (2.9) together
with (2.8) are covariant are arbitrary compositions

(i) the inhomogeneous Lorentz group
xt=at+ 11X,
(ii) the scale transformations
x' = Ax¢,
(iii) the inversions with respect to a hypersphere
X't = x| (xx).
The proof follows from Bianchi’s theorem.®
Comment: The field equations (2.9) together with
the constraints (2.3) are an overdetermined system of
equations. Because the number of unknown functions

are
1(¢) + 10(T;)) = 11,

whereas the number of equations are
10(2.9) + 20(2.3) = 30.

Note that no coordinate conditions are allowable.
In spite of this overdeterminism, some exact solutions
are derived in the next section.

3. EXACT SOLUTIONS OF THE MODIFIED
FIELD EQUATIONS

In the first example the following choice is made:

T;; = (—3K/8mg,;, 3.
where K is a scalar, not necessarily constant.
Substituting (3.1) into (2.1), one has
Ry = Kgng;8xyi- (3.2)

From the above it is evident that K must be a constant
and V, is a space of constant curvature. The Rieman-
nian metric form of V, is

O = ¢, dx dx? = (1 + 1K x*x") ,; dx dx’.
3.3)
The above form together with (3.1) satisfy all the Egs.
(2.1)~(2.9) and can be recognized as the classical
de Sitter universe.

For the second case, a real massless scalar field X
is chosen and coupled to the modified gravity equa-
tions (2.9). So one has the following system of equa-
tions:

89X, = ¢HOX + 267X b ) =0, (3.4)

é.i; + %%D¢ - 249_1("{’.1'45.1' - %;ﬂia"’)kl¢,k¢,t)
= —4nX X ;4. (3.5)
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A special class of solutions is investigated by im-
posing a relationship

X = K(¢). (3.6)
With the above, (3.4) becomes
0¢ + [n K'Y + 267" ", =0, (3.7

where the prime denotes differentiation with respect

to ¢.

But the contraction of (3.5) yields

0¢ + 3m(K)n™$ x.c4 = 0. (3.8)
Comparing (3.7) and (3.8), one has
(In K" + 2¢71 — 4m(K)2¢ =0, (3.9

where 7*¢ ¢ , is not necessarily zero.
The general solution of (3.9) is

X =K@ =20 n [l + (I £ a%»¥é + b,

(3.10)
a and b being constants of integration.
Substituting (3.10) into (3.5), one gets
¢+ (1 £ 22 £ a*¢)$679:9,,
+ Wi(0d + ¢7bad ) = 0. (3.11)
Introducing another function
[F@F = a*(1 £ a®¢"), (3.12)

where a # 0, we reduce the equation

F i+ i (OF = 3F"F,F ) = 0. (3.13)
Solving above for i 3 j, one gets
F=fi(x) + £(x*) + f3(*) + fux*), (3.14)

where the f;(x) are arbitrary functions of integration.
Substituting (3.14) into (3.13) and solving for i = j

case, one finally obtains
F = any(x" + &) + &),

where « and &' are constants of integration.
In case the constant g in (3.10) and (3.11) is zero,
one obtains the following solution:

X = +(@mtin|pl, F= 3= ax’,

(3.15)

(3.16)

where the «; are constants of integration.

Therefore, Egs. (3.10), (3.12), and (3.15) or else
Egs. (3.16) furnish two exact wave solutions of the
system (3.4) and (3.5).

In the third example the combined scalar gravity
and electromagnetic field equations are considered in
a static setting. Now ¥, denotes a time-constant

A. DAS

hypersurface of V;. A space point x € V; has co-
ordinates x* (Greek indices take the values 1, 2, 3).
Static conditions on electro-gravity are the following:

95 = ¢(x), Fap =0, F,,=—F,= [A(X)],a-
(3.17)

The modified field equations (2.9) and electrostatic
equations are given by

b ap — 24’—1(‘75.::9",/3 — 16,49,,9.,)
= 4ﬂ’(A,aA,ﬂ - %6uﬂA,yA,),)¢_l, (3.18)
<,'[>_,,95_a =4mA A,, 3.19)
Ap=0. (3.20)

Note that both A(x) and ¢(x) are harmonic in E,.
Now a functional relationship will be imposed as

¢ = D[A(X)]. (3.21)
From (3.19), the linear relationship?
$ = a + (4m)i4, (3.22)

where a is a constant, follows immediately.
Plugging (3.22) into (3.18), one obtains

bap — 367G udb g + OpdT'b, 4, =0. (3.23)

First solving for o 5 8, then for « = §, one gets the
general solution

= —m[[(3 = &) + (o — ) + (& ~ PR,
(3.24)

where m and &* are constants of integration. Equa-
tions (3.24) and (3.22) furnish a static solution of the
system (3.18), (3.19), and (3.20).
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The Lee-Yang theorem for the zeros of the partition function of a ferromagnetic Ising model with real
pair spin interactions is extended to general Ising models with complex many-spin interactions (satisfying
appropriate “‘ferromagnetic” and spin inversion symmetry conditions). When many-spin interactions are
present, all zeros lie on the imaginary H?axis for sufficiently low (but fixed) T, but, in general, some
leave the imaginary axis as T — co. The extended Ising theorem is used to prove the same result for a
Heisenberg system of arbitrary spin with the real anisotropic pair interaction Hamiltonian

Ky = —(TSIS; + JESIST + JUSISY)
in an arbitrary transverse field (#*, H") under the “ferromagnetic” condition J/; > |J;j| and J}, > |J}].
The analyticity of the limiting free energy of such a Heisenberg ferromagnet and the absence of a phase
transition are thereby established for all (real) nonzero magnetic fields H=. The Ising theorem is also
applied to hydrogen-bonded ferroelectric models to prove, in particular, that the zeros for the KDP

1971

model lie on the imaginary electric field axis for all T below the transition temperature 7.

1. INTRODUCTION AND SUMMARY

In connection with their theory of phase transitions,
Lee and Yang! discussed the zeros of the partition
function Zy(z) of an Ising model of N spins as a
function of the “activity’’ variable

z = exp (—H*kgT), (1.1)

where H?is the external magnetic field (in energy units).
Under the condition that the Ising spins (o, = £1)
interact only through pairwise terms, —J;;0,0;, which
are ferromagnetic (J;; > 0), they proved that all zeros
lie on the circle |z| =1 (or, equivalently, on the
imaginary H*-axis, Re {H*} = 0). This result has been
enormously useful in studying the existence and
location of phase transitions in the Ising model and in
discussing the analyticity of the limiting thermo-
dynamic free energy and its derivatives. The “circle”
theorem has been extended by Asano,? Suzuki,? and,
most completely, by Griffiths? to ferromagnetic Ising
models of arbitrarily high spin. Existing proofs,
however, do not cover many-body spin interactions
such as —J,;,0,0,0,0,.

Recently Heilmann and Lieb® have proved a
corresponding theorem for the monomer-dimer
problem,® which has, equally, led to many valuable
conclusions. As a by-product of their proof, Heilmann
and Lieb were able to prove the circle theorem for a
ferromagnetically coupled Heisenberg spin system at
high enough temperatures. Earlier Suzuki” had given a
complementary proof for the Heisenberg model valid
for low enough temperatures. In both of these cases
the range of temperature (or 7*) for which the proofs
are valid shrinks to zero in the thermodynamic limit.

However, numerical studies by Kawabata and Suzuki®
for several small Heisenberg systems indicated that
the circle theorem was probably valid for all T.
Indeed, very recently Asano® has considered the general
Heisenberg Hamiltonian

Yy = —3 (553 +

(%3)

N N
~ 23 (HISI+ HISY) — 2H'S 83, (1.2)
g=1 j=1

J1; 84Sy + Ji;S3S5)

in the uniform cylindrically symmetric case, u; = 1,
J;=J;, and HY = H!=0. In this case M} =
m Y, S? commutes with JCy, and so the partition
function Zy(z) is, as for an Ising model, still a poly-
nomial in z and z1. Asano then proves that all the

zeros of Zy(z) lie on the circle |z| = I provided that
Ji 2 105 =14 > 0. (13)

The purpose of the present note is, first, to extend
the circle theorem to Ising models with many-spin
interactions; for a given set of many-spin interactions
of finite order, our results (see Theorem 1 below)
establish the circle theorem for all temperatures below
a certain fixed temperature (independent of the total
number of spins N); we also present counterexamples
to show that the theorem should not apply at suffi-
ciently high temperatures. Secondly, we extend the
circle theorem to the nonuniform, fully anisotropic
general-spin Heisenberg model (u; ## const, J7; # JY;,
HY £ H! # 0) under the “ferromagnetic” conditions

20, J5 25 TG 2 W) (1.4)

(see Theorem 2 below). We remark that in the fully
anisotropic case the partition function is not merely a
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polynomial in z and z=%. (Our methods can also pro-
vide some rather limited results for Heisenberg models
with many-spin interactions.) Lastly, we discuss the
zeros of the partition function of a general class of
hydrogen-bonded ferroelectric models in the variable
z = exp (—&/kgT), where & is the imposed electric
field. In particular, for the KDP model and its exten-
sion allowing “doubly ionized” vertices, we prove
that the zeros lie on the circle |z| =1 for T < T,,
where T, is the transition temperature of the model.
(We also make an observation on the class of exactly
soluble extended ferroelectric models.)

The techniques of analysis we use owe some
important elements to Asano’s recent work, but we
believe our methods are simpler and more transparent
(as well as leading to stronger results). The over-all
strategy is as follows. First (from Asano) we intro-
duce a class of multivariable functions F(z,,- - -, z,)
which satisfy a certain “Lee-Yang condition” regard-
ing the location of their zeros.!® Ising spin functions
f(oy,° -, 0,) belong to the Lee-Yang class if their
“transforms” (i.e., corresponding many-field parti-
tion functions) do. A sequence of lemmas establishes
that products of spin functions of Lee-Yang type
still belong to the class, so that, ultimately, the total
Ising partition function is of Lee~Yang type provided
that the partial spin interaction Hamiltonians, or
corresponding individual Boltzmann factors, satisfy
an appropriate condition. The condition (see Theorem
1) essentially states that the Boltzmann factor for the
fully aligned states dominates the sum of factors for
the other “disordered’ states.

To handle the Heisenberg model, the first step is to
reduce its partition function, for the case S = }, to
that of a suitable generalized Ising model. This is
accomplished by using matrix identities of the type

exp (A + B) =lim [| + n (A + B) + n*C]",

n—aw
=1lim[(| + n7'A)(1 + n7'B)]*. (1.5)

n—w
The utility of such expressions was observed a little
while ago by Ginibre,'* who, however, made principal
use of Trotter’s formula,!? which retains A and B as
exponents. Asano® also used Trotter’s formula, but
the linear forms (1.5) offer some distinct advantages.
On inserting intermediate states of definite ST,
Sz,+--, S into the finite n products in (1.5), one
obtains a partition function for an Ising lattice of
more elaborate structure which contains explicit 4-
spin and 2-spin interactions (arising, respectively,
from the Heisenberg coupling and the transverse
fields). For large enough # the equivalent Ising models
satisfy the conditions of Theorem 1 for all T provided
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that (1.4) holds. On taking the limit » — co, one
concludes that all the zeros of the partition function
Z y(H?) of the general Heisenberg model described by
(1.2) lie on the imaginary axis, Re {H?*} = 0. [See
Theorem 2 below.] The case of S > 1 is then discussed
by Suzuki’s method.”

Finally, the ferroelectric models may be dealt with
by formulating them in terms of Ising spin variables
(in place of arrows drawn on bonds) and applying
Theorem 1 directly. Theorem 1 is stated, discussed,
and used to prove Theorem 2 and to discuss the
ferroelectric models in the next section. The proof of
Theorem 1 is postponed to Sec. 3.

2. STATEMENTS AND DISCUSSION

We first state Theorem 1 and discuss its significance
for Ising models. We then prove Theorem 2 for
Heisenberg models. Ferroelectric models are con-
sidered at the end of this section.

Theorem 1: Lee-Yang Theorem for Generalized
Ising Models
Let o; = £1,j=1,---, N, be a set of Ising spin
variables, and let

4y (Citr.1)s Ojtr.2)s " * " 5 Titr.)s

r=1,2,---,Rs(N),
v

be a set of (in general, complex-valued) ‘‘partial
Boltzmann factors” for the subset of » (> 2) spin
variables {0} 4)}s=1,...,, Satisfying (for all » and r)

(A) gqy.(—0w), —0@, s —0)

= qy(0a), Gzy, " " "5 Owy)  (2.1)

and

(B) qu,r(L 1,---, 1)

21 z e z |qv,r(o'(l)’”

oy=%1  o(y)=%1

Lol (22)

Then any zero z = { of the “total partition function”

Zy(2)
=2 2 2Tl 49.4051>" "

g1=+1 on=11 j=1

H Uj(r,v))’
2.3)

in which the u; are real, nonnegative coefficients,
satisfies

¢l = 1.
Remarks on Theorem 1

(a) The partial Boltzmann factors may be written

s oj(r,v))] (24)

(2.5)

qy,r = €Xp [_ﬂJev.r(Gi(r,l) st
with
g = 1/kgT,
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where X, , is a partial Hamiltonian for the rth subset
of » spins. A partial Hamiltonian may, however, take
the value + o or, more generally, may be complex.
Condition (A) represents a generalized spin inversion
symmetry of the (zero field) Hamiltonians. When the
X, , are real, (A) implies that they may be expressed
as sums of products of even numbers of spin variables;
the g, ,, when real, can be expressed similarly.
(b) With z = exp (—fH?), as in (l1.1), the total
Ising Hamiltonian in field H* may be written
N
(o, -, on) = —H’jZI Hio; + VZJeV.r- (2.6)
Evidently the u, (> 0) can be interpreted as local
magnetic moments; alternatively, one may regard
H} = p,H* as a local (inhomogeneous) magnetic
field.
(c) To explore the significance of condition (B), we
may write

Eg_,= Re {Jev.r(la la T 1)}
=Re{¥#, (=1, =1, -, =1} Q27

and define AE,, such that for all other, nonfully
aligned, spin configurations we have

Re {Jev.r(a(l) T O'(v))} 2 Eg.r + AEv,r . (28)

Then it is easy to see that condition (B) is satisfied if,
for all » and r, we have

kpT < kgT,,=AE, /In (27" —1). (29)

When only pair interactions are present (v = 2,
¥, , = —J,0,.10,.), this observation shows that the
circle theorem is valid for all finite T provided
Re {J,} > 0 (so that AE, , > 0). The theorem remains
valid for T = oo or for Re {J,} = 0, by the continuity
of the roots of Zy(z) = 0. This result, of course,
includes the original Lee-Yang theorem for ferro-
magnetic Ising models.!

(d) When many-spin interactions (» > 2) are
present, it is evident from (B) [or (2.9)] that the roots
have been proved to lie on the unit circle only for
sufficiently low T. However, investigation of the
simplest case, namely,

364(019 Tt 04)

1
= —J(Zaa + y0'1020'30'4) — H*Yo;, (2.10)
=1

(47)
for J real and positive, reveals that the roots can
indeed leave the unit circle when y £ 0 and T is
sufficiently large. Specifically, in the special case y = 1,
the roots will lie on the circle if and only if

kT < 8J/In 2. @.11)
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The sufficiency condition (B) yields In 7 in place of
In2. Similarly, when y = —1, the necessary and
sufficient condition is

kyT < 4J)In 3, (2.12)

whereas condition (B) gives sufficiency, In (2 + \/7)
replacing In 3. More generally, one can prove there
are roots off the unit circle whenever

kT > 4J(1 + »)/In (1 + ¥y) for y>0
220+ |yDin (1 —}iyI™) for y <O0.
(2.13)

Furthermore, if y < —3, there are roots off the
circle for all T, this borderline is also indicated by
condition (B) or (2.9), in which we find AE =
6J(1 — % |y for y ~ —3.

(e) The theorem may be extended directly to Ising
models of higher spin with many-spin interactions by
the method of Griffiths.*

Heisenberg Model

We turn now to the fully anisotropic Heisenberg
model described by the Hamiltonian J€y(H?) given in
(1.2), which for S = § will be explicitly interpreted
as a 2V x 2¥ matrix glven in the representation of
states, [0y, 03, * * * , 0, in Which each S is diagonal
with eigenvalues %ai = £4. The partition function
is defined by

Zn(H?) = tr {exp [-BENHI]} = 3 - --

g1=+1
Zﬂ(ﬂl, s oyl exp [~ BXn(H)] oy, - - -, o).
gN=

(2.14)

The exponential of a bounded operator A is usually
defined by

5' (2.15)

exp (A) =
but it is straightforward to show that this is equivalent
to
exp (A) =71,1_1330 (I+n'A+n2C)" (2.16)
provided that C, remains uniformly bounded as
n — oo. It follows from this that, if

U 14
A(w) = §1Au+ wle.,, U,V < o, (217

then
E,(w) = (H A + n'Ay Hexp (wn‘lB,,)) (2.18)

converges uniformly to exp A(w) on all compact sets
in the complex w plane.
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To utilize this formula, we rewrite the total Heisenberg Hamiltonian as

N N
Ky =(Z)J€ij + 2 8, —2H* 3 u,S5, (2.19)
i,5 i=1 =
where ’ =
8oy = —(J5STST + JiSIST + Ji;Si8H, (2.20)
J, = —2(H?S? + H'SY). (2.21)
From (2.14) and (2.18) we then obtain
Z(H*) =1lim®y (H?), (2.22)
where e
N
(DN,n(Hz) = Z—tl. o zi1<61’ T, GNl ]___li- exp [(25]1z 7S:)] H Qz ]___[ Qij Ial y T, O'N>9 (223)
g1 oN= = i=1 ij
in which " ’ '
Q) =1—&X,, (2.24)
Q;(n)=1— X, (2.25)
with
€ = e(n) = fin = 1/nkyT. (2.26)

(The implicit interchange of limit and summation is, of course, justified since the sum contains only finitely
many terms; equally, the convergence to the limit remains uniform on compact sets in the complex

H?* plane.)

Now, by inserting sets of states [{o,;}) ({0,4}[, £=0,1,---, between each factor in the full product

in (2.23), we obtain the expansion
(I)N,H(Hz)

N
= E H zukao'k<{00,k}| Ql I{Gl,k}> <{Gl,k}| Q. I{GZ,R‘}> oy Quel{oni1)) <{0'N+1,k}| Qs |{0'N+2,k}>

{o¢,1)==%1 k=1

N N
X X ;Cl:Il ZHow 'k<{o'N”,k}| Q |{0N"+1,/c}> t }H ZHRON n=1)ek <{UN”(n—-1).k}I Q |{UN"(n—1)+1,k}> e, (2.27)

where now
z = exp (eH?) (2.28)
and

N"=N+ N, (2.29)

in which N’ is the number of (i, j) pairs for which J,;
does not vanish. The matrix elements of Q, and Q;
simplify as follows:

<{Ut,k}| Q, |{0'u,k}> = q3,{04,: O'u,t)k];[ (01> au,k)a
(2.30)

o, 2} Qi |{Gu.k}>
= q4,4{(0155 01,5 > Ou.i> Gu.:i)k];_[jé(at.ka Our)s (2.31)

where (o, ¢’) = 3(1 + o0’)is a Kronecker d function.
Because of the é functions a substantial reduction of
(2.27) occurs until, finally, @y , is expressed as a sum
over at most N(N + Dn Ising spins, which can be
regarded as forming a lattice with periodic boundary
conditions in the “n direction.”” (The exact structure
of this lattice depends on the ordering chosen for the
Q,;, which do not, of course, commute; however,

the structure does not matter for our purposes.) The
magnetic fields H* act only on n “layers” of N spins
each, but can be formally extended to all spins o,
merely by defining coefficients y, , > 0 which vanish
when appropriate. In addition to the Ising magnetic
field, there are evidently pair interactions with partial
Boltzmann factors which, by (2.24) and (2.30), can be
written in an obvious matrix notation as

1 «(H? + iHY)

{o,0") =
4240, ) L(Hf— iH?) 1

]. (2.32)

Lastly, there are also four-spin interactions with
partial Boltzmann factors

q4.i,j(dl s O3, G{ 3 Gé)

1+eJ 0 0 (J5—J3
_ 0 1—el?  e(J5+TY) 0
- 0 S+ 1—elf, 0
(JE—J2, 0 0 1+ J%
(2.33)
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In order to apply Theorem 1 to this Ising model, we
must check conditions (A) and (B). Provided that
Hf, H! and Jj, J%, and J; are real, the spin
inversion symmetry condition (A) is easily seen to be
satisfied by (2.32) and (2.33). (Note that g, will
generally be complex.) For ¢, ;, condition (B) yields

1> 3+ del(HD + (1. (239)
Provided that T 7 0 (and |Hj|, |H?| < ), this will
always be valid for large enough n [see (2.26)]. With
the same proviso (and |J| < o), condition (B) with
(2.33) yields

252 U5+ I5l+ 05— Tl (235)
which is easily seen to be equwalent to
Ji 2151 and Jg 2 (G- (2.36)

This condition is the most natural characterization of a
ferromagnetic Heisenberg model with dominant z—z
coupling. It now follows from Theorem 1 that all the
zeros of @ ,(H?) lie on the imaginary axis Re {H*} =
0 whenever (2.36) is satisfied and all the y; are real and
nonnegative.

Finally, in order to take the limit n — o0, we note
that, by (2.27) and (2.28), the function CDN.,L(H ) is
entire analytic in H” for all n, and recall that @, ,(H*)
converges uniformly to Zy(H?). An appeal to Hur-
witz’s theorem'® then ensures that any zeros -of
Z»(H") lie on the imaginary H* axis. For § = { we
have therefore proved Theorem 2.

Theorem 2: Lee~Yang Theorem for Heisenberg
Models
All zeros of the partition function Zy(H*) [defined
in (2.14)], for the real Heisenberg Hamiltonian Jy
defined in (2.19)-(2.21), lie on the imaginary H* axis
(Re {H*} = 0) provided that

© T>0, p;20, Ji>1J5, and J5> |4

To prove the theorem for general S, we may use the
method of Suzuki’ to reduce a general spin Hamil-
tonian to one for spin §. For completeness, we outline
the procedure here. Suppose, generally, that for spin §
we have

By=F{S3}), a=x,y,z, i=12,---,N.
(2.37)
Let 5* denote spin operators for S = 4 and then extend

¥ to a spin-} Hamiltonian of 2SN spins, namely

-+(34))

= 2_‘1 (Els?',f

P
Now the operator

(2.38)

(2.39)
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clearly commutes with J¢'¥'. Hence the eigenvectors of
J'# can be classified by the set {S;} which specifies the
eigenvalues S;(S; + 1) of the 8} . If § is a projection
operator onto the subspace- specified by S; = S for
all i, we then have

Zy =t [exp (—fRp)] = trV (8 exp (— pREP)),
(2.40)

where tr'd’ denotes a trace in the full spin-} space.
Now a convenient form for the projection operator is

Ty = hmII exp {—3BEIS(S + 1) — 811},

-0 t=1

= hm exp (— ﬁf@‘%’), (2.41)
where e
N
8P =3 SG—ss (242

=1(f u}
in which the second sum is over distinct pairs (7, u).
Finally, we have

Zy =2 = lim ® {exp [~ A(3P + £},
1 3add

(2.43)

which represents a spin-} Heisenberg Hamiltonian
with additional pair interaction terms given by (2.42).
To apply Theorem 1 to this Hamiltonian, we may
include the additional terms in the exponential, or B
factors in (2.18). The corresponding partial Boltzmann
factors corresponding to (2.33) are then easily found
to be

44&; 0y, 02, 01, 03)
1 0 0 )
0 1+ 31 —e

Tlo - 4 ol (2.44)

0 0 0 1

This expression clearly satisfies the spin-inversion
symmetry condition (A) of Theorem 1; it also satisfies
condition (B) (as an equality) for all &, so that the
limit £ — oo in (2.43) may be taken when convenient.
The pair terms in &’ arising from those in 3¢y still
satisfy (A) and (B) provided that (2.36) holds. This
completes the proof.

Extensions of Theorem 2

(a) The theorem is easily extended to pair interac-
tions of the form

Ry =—~23 T8}, . p=x1y,z
a f

In order that the corresponding (linearized) partial
Boltzmann factor satisfy condition (A) of Theorem 1,

(2.45)
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we must require, dropping the subscripts 7/, that

Jez Jw J* and J®v, Jv®  Dbe real, but
Jes, Jve, Jo==, J*  be pure imaginary. (2.46)
Condition (B) is then satisfied if
275 > [(Jer — JW)? 4 (Jov + Jwe)2Jh
+ [(J== 4 Jwy2 4 (Jov — Jeplt
+ 202 + L)}
+ 201722 + [T, (2.47)

which may be compared with (2.35), to which it
reduces when J*! = 0 for « % f. One should note,
however, that if J=#, J¥#, J« or J* do not vanish but
are imaginary, then the Hamiltonian will not be
Hermitian.

(b) If »-spin interactions are introduced into the
Hamiltonian, they may be handled as above. How-
ever, for » > 2 they lead to difficuities since large n
corresponds essentially to high 7, and it will not, in
general, be possible to satisfy condition (B) as n — oo
at fixed 7. An exception arises if the many-spin in-
teractions involve only .S; operators and commute with
the rest of the Hamiltonian. The many-spin terms
are then diagonal in the Ising interactions, and
bounds valid for sufficiently low T can be obtained
as in the pure Ising model. But this special case
seems of limited interest.

(c) Finally, we remark that, just as in the case of the
Ising model, the restriction of all zeros to the imaginary
H?-axis ensures that the limiting thermodynamic free
energy of any Heisenberg model satisfying the
“ferromagnetic’’ condition (C) is analytic for H* real
and nonzero and hence that a phase transition can
occur only in zero magnetic field. Techniques like
those used in proving the theorems can also be used
to prove Griffiths’!* first inequalities for Heisenberg
spin correlation functions, namely,

(S3S5---SH >0 for H* >0, (2.48)
under condition (C). However, Gallavotti’® has
already given a proof under the more general con-
dition
(D) J% > JEl or Ji > || forall (i,)), (2.49)
which is not expected to be sufficient to ensure that the
zeros lie on the imaginary H* axis.

Ferroelectric Models

Lattice models of ice and hydrogen-bonded
ferroelectrics'® which have recently been the subject of
significant numerical'? and exact analysis'® are usually
represented by drawing arrows on the bonds of an
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appropriate four-coordinated lattice. The “ice rules”
then state that two arrows must point towards and
two point away from each vertex. Different energies
are assigned to the different configurations around a
vertex, and a dipole moment is associated with each
bond. In order to apply Theorem 1 to such models,
we will, however, formulate them, and their generaliza-
tions, directly in terms of Ising spins.!® Specifically, we
associate a spin variable o, with the ith bond according
to the following convention:

“vertical”” bonds:
o = +1<1 upward arrow
= —1<>| downward arrow;
“horizontal” bonds:
¢ = +1<>— rightward arrow
= —1 <>« leftward arrow.

Our discussion will, in fact, apply to an arbitrary
tetrahedrally coordinated lattice so that “vertical”
and “horizontal” have only the local significance of
labeling the two pairs of bonds incident with a
particular vertex. Table I lists all sixteen possible
configurations about a vertex. The first six configura-
tions, with associated energies ¢,, €5, and €3, are the
allowed (“neutral”) ice configurations. We will,
however, consider the most general inversion-
invariant model with eight distinct bond weights
€, ", €g as shown in Table I. This model evidently
reduces to the standard ferroelectric models by letting
€, * ", €g approach + co, in which limit the remain-
ing “‘ionized” configurations cannot occur.

We suppose that the ith bond has an associated
dipole moment j,; and introduce an electric field & with
“direction cosines’’ /, or /, for horizontal or vertical
bonds, respectively. We assume the /; are nonnegative
so that the field direction lies in the “first quadrant.”
The interaction of the system with the field is then
described by the Hamiltonian

N
i=1

The model is now clearly equivalent to an Ising model
in a field H = & with at most four-spin interactions:
Specifically, a partial Hamiltonian
¥, = —Jy — (J1011072 + J20,20,4
+ J30130rs + J4Ora0r1 + 5001005
+ J5020r4) — 7011072073014 (2.51)

is associated with each vertex r of the original ferro-
electric lattice. Here the spins o,, 6,4, 0,5, and o,,
correspond to the four bonds incident at r. After some
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TasLe I. List of all possible vertex configurations and their weights for the general-
ized ferroelectric models. Plus spins correspond to upward and rightward pointing
arrows; minus spins to downward and leftward pointing arrows. Configurations
1-6 are the allowed “ice’’ configurations. Configurations 7 and 8 are “doubly
ionized,”” while 9-16 are the eight “‘singly ionized’’ configurations.

+ -~ + +
a + - + & + -+ & + - - o -+
+ — —_ —_
- + - -
@ - - @ - - ® - -+ ® + - -
- + + +
€ € €3 €2
+ - + +
©® + -+ an + - + a3 + - - as --+
- + + +
—_ + — —
o — - — (12 - - - 4 - -+ e + - -
+ — - -—
€ '5' i €; €3

algebra one finds the explicit relations
8 8 4
8Jo=—J¢;, 8J,=3¢;—2¢; (252)
i=1 i=5 i=1

and, with an obvious notation,
8, =12,4,6,8 —{1,3,5,7},
8J,=14{2,3,6,7 — {1,4,5, 8},
8J,=1{2,4,5,7} — {1, 3,06, 8},
8J,=1{2,3,58 —{1,4,6,7},
8J,=1{3,4,7,8 — {1, 2,5, 6},
8J, ={3,4,5,6} —{1,2,7,8},

(2.53)

where the bonds have been numbered in a clockwise
sense around the vertex starting at the left-hand
horizontal bond (see Table I).

However, in order to apply Theorem 1, we do not
actually need these explicit formulas since condition
(B) is simply expressed by

e fa > %e—ﬁﬂ_

j=2

(2.54)

The inversion-symmetry condition (A) is clearly
satisfied for real ¢; (see Table 1). We will analyze the
following four special cases.

1. KDP Model
In this case we havel®—18
=0, e=¢g=c¢,

and
(2.55)

€= =€ = -+ 0.

Condition (B) is then equivalent to

T< T, (2.56)

where by (2.54) we have

T, = €/kyIn2, (2.57)

which happens to be identical with the exact critical or
phase transition temperature'®~?8 of the model! Thus,
for all temperatures below the critical temperature, the
zeros of the partition function of the KDP model lie
on the imaginary axis in the complex electric field
plane. This interesting result might, perhaps, have
been anticipated in view of the recent numerical
studies by Katsura, Abe, and Ohkouchi®® on small
planar KDP models. The numerical work shows that
the zeros leave the imaginary axis above 7, (and,
indeed, apparently, fill out a 2-dimensional region).

2. Model with Double Ions

Sutherland?! has recently discussed models with the
energies

€ = _%6s

€= —Y, € ="' = ¢ = +00,

€3 = —§€,

(2.58)

in which the “doubly ionized’ configurations 7 and 8
are allowed (all four arrows inwards or all four
outwards). Condition (B) then reduces to T < T;,
where 7} is the root of

2 sinh (48/kpTy) = exp (e/kgTy) + exp (y/ksTy).
(2.59)
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On the other hand, by an argument somewhat similar
to that used originally by Kramers and Wannier for
the Ising model,? Sutherland has argued that the
transition temperature of the model when the original
ferroelectric lattice is the plane square lattice should be
just T, = T.2! Again we conclude that the zeros must
lie on the imaginary &-axis for all 7' < 7,.

3. Reducible Models
When J; = 0, that is, by (2.52), when

gt ateagteg=c+e+ e+, (2.60)

the general model reduces to an Ising model with only
pair interactions. The zeros of the partition function
will then lie only on the imaginary &-axis at all
temperatures provided thatJ;, > Ofori = 1,2,---, 6.
By Eqs. (2.53) these conditions reduce to

L&+ <L g+ ¢,
R PR
@l gt e 6+ e,

where. € is given by (2.60) and, with no loss of gener-
ality, we have set ¢, = 0. These inequalities are not
empty, for suppose ¢,, €5, and ¢, are the lengths of the
sides of a triangle P,P;P, opposite the vertices P,, Pj,
and P, respectively. Then, if Q is any interior point
of the triangle and ¢;, ¢, and e, are identified as the
lengths of QP,, QP,, and QP,, respectively, it is
easy to check that the inequalities (2.61) are satisfied.
(In fact, there are many more solutions than these.)

4. Exactly Soluble Models

It is worthwhile pointing out that among the
reducible models with J, = O there is a rather large
class of models which are exactly soluble (for zero
field, & = 0) when the original ferroelectric lattice is
planar (i.e., has no crossing bonds when drawn on a
plane). Specifically, suppose that J; = 0 or that J; =
0: In these cases the remaining spin interaction (or
Ising lattice) bonds around a vertex form a square
with one diagonal. This is a planar graph, and hence
the corresponding Ising lattice is planar and its
partition function can be calculated by the Pfaffian or
dimer method.?® The condition J, = J, = 0 implies

(2.61)

6 te=¢+¢€ and e+ ¢ = ¢ + ¢, (2.62)
while Jg = J; = 0 implies
& +eg=¢€ 1€ and e + € =€, + €. (2.63)

When the original ferroelectric or bond lattice is a
plane square lattice, the corresponding Ising spin
lattice will be a triangular lattice with every row of, say,
horizontal bonds missing. This lattice is a degenerate
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form of Utiyama’s general checker board lattice,
and the exact partition function (and hence critical
point) has been given long ago.?*

This class of soluble models includes those discussed
recently by Wu'® as “extended antiferroelectric models’
which were specified generally by

a=€=¢ =0, ¢=be
and

€; == € = €; = €4 = de. (2.64)

When a=1 and b =2, we find J; =J; = J, = 0;
if the ferroelectric (bond) lattice is a plane square
lattice, so is the corresponding Ising lattice, and hence
kgT, = }eln (1 + ,/2) as found by Wu.®

3. CIRCLE THEOREM FOR GENERAL
ISING MODELS

In this section we provide the proof of Theorem 1
which is stated in Sec. 2. As explained, we will intro-
duce a special Lee-Yang class of functions and
proceed to develop their essential properties. To this
end, let F(z,, -+, z,) denote a multinomial (of finite
degree) in the complex variables z; and z;', i =
1,2,+--,n

Definition 1: We say F is of Lee~-Yang type with
respect to the variable z; and write F(z;,- -, z;) < L;,
provided that any root z; = {;({z;},..,) of the equation

(3.1)

F(Zl,...’zi,...,zn).___o
satisfies

(L) 1l <1 whenever |zl > 1 forall i#j

and |z;| > 1 for some k #j.

With this definition we have
Lemma 1: If F(z,---,z,) < L;, then a root
z; = {; of (3.1) satisfies

(L) 161 £1 whenever |z >1 forall i3],
(3.2)

Proof: The lemma follows directly from Definition 1
and the continuity of the roots of a polynomial as
functions of their coefficients, which are here con-
tinuous functions (in fact, multinomials) of the z, for
%]

Lemma 2: The relation F(z,,**, z,) < L; implies
F(z,,"*+,z,)< L, for any & and hence for all
h=1,2,,n

Proof: We may suppose h 7 j. By Definition 1, the
conditions
jz; > 1 foralli
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and

|zl > 1 forsome k#j,h
imply

F(Zl,' N ,zj’. .

"5 2n) # 0. (3.3)

Hence any root z, = {, of

Flzy, 5235005, 2,) =0 34

must satisfy
(Eirw; Gl <1 whenever |z;| > 1 forall i#h
Izl > 1 for some k #j, h.
On the other hand, by Lemma 1, the conditions

lzﬂl >1 foralli,and |z;| > 1,

and

also imply (3.3) above. Hence any root {, of (3.4)
must also satisfy

Lik=s 14l <1
lz;) > 1 i¥h and |z > 1.

The properties (L,);.; and (L,).; together clearly
imply (L) as required to prove the lemma.

whenever

for all

Lee-Yang Class: As a consequence of this lemma,
we may say a multinomial F(z;, -, z,) is of Lee~
Yang type, or belongs to L, if F(z;,* -, z,) < L, for
any j =1, -+, n This then implies F < L; for all j.

Complement of Lee-Yang Class: For later use it is
convenient to state here a characterization of a
function which is not of Lee-Yang type, namely:

If F(z;,--+,z,) € L, then there exists a zero
F = 0 for a set of values z, = zﬁ“’ (alli) and a partition
(s das s sy dypr, 0 75 in} With 1 < u < n of the
set of indices {i} such that

Iz,fg’l >1 for « <u and |z§;’| =1 for 8> u.
(3.5)

The validity of this characterization is evident on a
moment’s reflection.

Now if F(z,, z,, * * * , z,,) belongs to L, it is clear that
the “reduced”’ functions.

F(zul, Z"’, Zy,° T Z"), e

also belong to L provided that the u, are real and
nonnegative since the relations |z;| > 1, |z,] > 1, etc.,
will be preserved. An immediate consequence of
Lemma 1 is then

" Zn)’ F(Zul’ zl‘a, z“as 247 o

Lemma 3 (Lee~Yang zeros): If F(z,, -+ ,z,)< L
and uy, uy, ", 4, are real and nonnegative, then
any root { of the equation

F(Z”l, zhe .. zl‘n) = (36)
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satisfies

1 =1

This, of course, is just the type of result we wish to
prove for the partition function [with z given by (1.1)].
To discuss partitionlike functions, we introduce the
following definition.

(3.7)

Definition 2: Transform of a Spin Function: If
f(oy, -+, 0,)isafunction (in general, complex valued)
of the » spin variables o; = 31, then the (normalized)
trace operation is defined by

Tr{f}=2””z z f(Ul,"

o1=+1 an==%1

"1 0,), (3.8)

and hence the transform F = f by
P 2) = T[] #8050 (9)
i=1

The transform is a multinomial in z; and z;" and hence

when f=F(zl,'--,z,,)C L,
wesay f(oy, -,0,)<

or, in words, that fis a (spin) function of Lee-Yang

type.
We next need

Lemma 4: If f= F(zy,--+,z,) < L, then the
coefficient 4; of z; in the expansion of F cannot vanish
when |z,| > 1 forall i # j.

Proof: Without loss of generality, supposej = 1 and,
by (3.9), write

F = A,z, + B;z7% (3.10)
Suppose, contrary to the lemma, that 4,(z;," - -, z,)
vanishes when z; = {;, j=2,---,n, with |{;| > 1
for all j > 2. Then the equation F(z;) = 0 either has
an infinite root (z7* = 0) or, in the event

Bl(Cm’ Tt Cn) =0,

has an arbitrary root. In either case there is a root {;
with |{;] > 1; but this contradicts the datum F <
L = L,. Hence the hypothesis is false, and the lemma
is proved. (Asano has proved this lemma in a some-
what different way.)

We dignify the next two steps as propositions; they
deal with the composition of spin functions and hence
the building up of an Ising lattice by taking products
and identifying spin variables.

Proposition 1: If
G

©,0,) and g(ogo1, -, 0,)
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belong to /, then so does

h(o; 01, ", Cn, 01,77, 07)

=f(0'; [ PR Gm)g(a; 01,7 Tty G',n)S (3'11)
in which f and g have been linked by the contraction
Gy = Gy = C.

Proof: By definition the transform of & is

H(Z;ZI,"‘,Zm,Z]I_,"',Z;,)
=1}z Tr {H 28 [l 27 (L 04,0 - a;,)}
iZ1 i¥i
4+ 3z7'Tr {H 2Tl 27 m(=1; 060, - -, 6;,);.
iF1 i¥i
(3.12)

But, on using (3.11), the traces factorize, and we
obtain

H = 24,4}z + 2B,Bz™, (3.13)
where
Az, 2 = AT ([ 05 00,0 0,)
(3.14)
is just the coefficient of z, in f = F(zg, 21, " * , Z,),
while
BO(ZI’ T zm) = %TI’ {I_.[ Z:tf(—l’ G15° ", Gm)}
is1
(3.15)
is the coefficient of z;" in f. Similarly Ag(z1, " , 2,

and By(zi,---,z,) are the coefficients of z; and
(zg) ' in g. By Lemma 2, it is sufficient to prove that
H(z;zy,- "+, z,) is of Yang-Lee type with respect to
the first variable z. To this end, we suppose that

5l =21, j=21,
{z3l > 1 for some /.
(3.16)

By Lemma 4 and the data f< [ and g < [, it then
follows that neither 4, nor 4; vanish. Consequently,
by (3.13), any zero z = { of the equation H(z) =0
verifies

|Zi| 2 13 and

jz,] > 1 for some k or

i>1,

[1® = [Bo/ Aol | B/ Aql- (3.17)
In order to bound the ratios involved, consider the
equation
F(zy) = Agzo + Byzg' =0,
with roots {, satisfying
53 = —(BolAo)- (3.19)

Since f < 1, it follows from (3.16) and Lemma 1 that
| <1 and hence that {By/4,| < 1. Similarly, we

(3.18)

M. SUZUKI AND M. E. FISHER

have |By/4g| < 1. In addition, by the second part of
(3.16), at least one of these ratios is strictly less than
unity. Combining these results in (3.17) proves that
[¢I < 1 under condition (3.16) and thereby completes
the proof.

Lastly, we will require:

Proposition 2: If f(0y, "+
does

g({“}i#i.k’ U) = [f(ol’ T Gm)]w=¢k=a’ (320)

in which the spin variables o; and o, have been
contracted.

, 0,,) belongs to [, then so

Proof: Without loss of generality, we may take
j=1and k = 2. The transform § = G can then be
written

G(Z, Zg, 't

,z,) = Az + Dz}, 3.21)

where

A=}Tr {H 2951, 1, 65, -, 0',,)} (3.22)
i3

and
D=}Tr {H (=1, =1, o, <+ o,,)}. (3.23)
i>3

As before, it is sufficient to prove that G is of Lee-
Yang type with respect to z alone. Hence we suppose
that

lzt > 1, forall i> 3,
|zy| > 1, for some A > 3. (3.24)
Now consider
f=FG, . z)
= }Az,;z, + Bz,z7' + Czi'z, + 3Dzi'z;Y, (3.25)

where the coefficients B and C arise from sums over
f@, =1, 05,-+-) and f(—1,1, g5, ). Now since
F c L, the coefficient of z,, namely, 4z, + Bz,
cannot, by Lemma 4, vanish under (3.24) with |z,| >
1. Hence {A| > 2 |B| so that A itself cannot vanish.
Furthermore, under condition (3.24), any root z, =
Lo of the reduced equation (z, = 25)

F(ZO’ZO; 23,'. ) :Z'n)=0 (3.26)
satisfies

[¢o) < 1. (3.27)

From (3.25) we see that the product of all roots {,
is simply D/A, which is, hence, of modulus less than
unity. Finally, under condition (3.24), any root z = {
of the equation G(z) = 0 will by (3.21) hence satisfy

I = |Dj4] < 1. (3.28)
This completes the proof.
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These two propositions yield the following important corollary:

Corollary: If f.({s,;}) < Ifor all r, then any product

|
S1(on, 012, 013, 014, *
|

where variables joined by a line are contracted, will
belong to I provided that all functions are linked by
the contractions.

We are now in a position to complete the proof of
Theorem 1. First, we note that we may assume that
all the partial Boltzmann factors g, ,(0y, ", 0,)
entering the expression (2.3) for the total partition
function Z,(z) are linked. If the circle theorem is
proved for one (linked) factor, it clearly holds for the
total partition function. It thus follows from the
corollary just stated, Definition 2, and Lemma 3
that all zeros of Zy(z) will lie on |z| = 1 provided that
the g, ,(o(y, - * * , 0(,y) belong to I for all » and r. Our
task is thus to prove this under conditions (A) and (B)
of the theorem [see (2.1) and (2.2)].

Our first step (see also Ref. 1) is to prove by using
(A) that

(M) any root z; = {; of the equation

=0z, " ,2)=Azn+ Bz =0, (329
with
lz;l =1, for i>2, and Az, -,z,)#0,
(3.30)

satisfies |§;] = 1.

We write ¢ for a typical factor g,,. If 4, does not
vanish in (3.29), we have

[61]? = |By]/144].

As previously, we may express 4, as

(3.31)

A, =3Tr :I;Iz zlg(l, oy, - ¢, av)}, (3.32)

and, since the ¢; are dummy variables under the trace,
we have

A =} Tr {I; (1, —ay, —av)}. (3.33)

Then if ¢ is spin-inversion invariant, as required by
(A) [see (2.1)], and if (3.30) is satisfied so that z;*' =
z¥, we have

A=A Te[TL GO on, o o) = B

>
(3.34)

.)f2(0‘21 s 022, O3, " *

')f3(¢'731, G325 033, " *) """,
]

It follows directly from (3.32) that |{;] =1, as
asserted in (M).

Next we consider condition (B) of the theorem as a
strict inequality. By using the spin inversion symmetry
(A) and removing the term |g(1, 1, - -, 1)| from the
right-hand side, the condition becomes

(B)x lq(1, 1, -+, 1)
>3 3o o)l (339)

where the primes denote the exclusion of the term
0y = 03 =+ = ¢, = +1. Now from (3.32) we find

s Zy)
= 2""zyz5 " (q(l 1,-

e q(l,az,---,av)).

av_—_i >

AI(ZZ9 P

o‘g=il

(3.36)
If we notice that o; — 1 < 0, it is clear that

(N) under condition (B)_. the coefficient 4, of z, in the
expansion of Q(z;, - - * , z,) cannot vanish if |z;| > 1
foralli > 2.

Finally, we will prove that this nonvanishing of 4,
implies that g belongs to I as required. To achieve this,
we will suppose the contrary and obtain a contra-
diction to statement (M) above. Now if ¢ does not
belong to I, we conclude, from the characterization
(3.5) given before, that there exists a solution of

0,2, "+ ,2,)=0, (3.37)

for a set of values z; = z/* such that, for u (> 1) of
the indices i, we have sz"’l > 1 while for the remaining
(v — p) indices we have |z[”| = 1. If u = 1, we have
an immediate contradiction to (M). Without loss of
generality, we may, in fact, suppose that

IZ(O)I > 1, lzw)l >1, -, lz‘(;ml >1
129 =1 for i> u. (3.38)

We will prove, following the technique of Lee and
Yang, that there is another solution, z; = zf”, of
(2.37) with A4, # 0 such that

201> 1, [z > 1, -, |z > 1
and |zV| =1 for i>u—1.

and

(3.39)
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To see this, hold fixed

0 __ ) .. o __ )
23 =2y, s Zp1 = Zp,y

i>u, (3.40)

and consider a root z, = {, of (3.37) as a function of
z;. When z, = zi”, we have {, = z” with [z”] > 1.
When z, — 0, the root {, must approach continuously
a root {, of 4,(z,) = 0. But we conclude from (N)
above that any such root satisfies |{,| < 1. By con-
tinuity it follows that there is some finite value z; =
zi" such that {, = z{"’ has modulus unity and that
A,(L,) # 0. This establishes the new root set (3.39).
By repeating the process, we ultimately obtain a root
set of (3.37) such that [z{| > 1, [z} =1 (for all
i>2), and 4,({z!"})  0; but this contradicts the
statement (M).

This completes the proof of Theorem 1 under
condition (B)_, that is, condition (B) with a strict
inequality. However, since the roots of Zy(z) are
continuous functions of the ¢, (¢, - -, 6,), we may
relax (B).. to (B).

0 (1)

and z% =z for
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dimensional N-body system interacting by the 2-body
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cerned in this paper with the ground state in the
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an N-body system contained in a weak harmonic well;
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To see this, hold fixed

0 __ ) .. o __ )
23 =2y, s Zp1 = Zp,y

i>u, (3.40)

and consider a root z, = {, of (3.37) as a function of
z;. When z, = zi”, we have {, = z” with [z”] > 1.
When z, — 0, the root {, must approach continuously
a root {, of 4,(z,) = 0. But we conclude from (N)
above that any such root satisfies |{,| < 1. By con-
tinuity it follows that there is some finite value z; =
zi" such that {, = z{"’ has modulus unity and that
A,(L,) # 0. This establishes the new root set (3.39).
By repeating the process, we ultimately obtain a root
set of (3.37) such that [z{| > 1, [z} =1 (for all
i>2), and 4,({z!"})  0; but this contradicts the
statement (M).

This completes the proof of Theorem 1 under
condition (B)_, that is, condition (B) with a strict
inequality. However, since the roots of Zy(z) are
continuous functions of the ¢, (¢, - -, 6,), we may
relax (B).. to (B).

0 (1)

and z% =z for
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I. HISTORY AND PECULIARITIES OF THE
g/rt POTENTIAL

Several recent papers have been concerned with
systems of particles interacting in one dimension by a
two-body potential F(r) = g/r% One line of investiga-
tion proceeds from Dyson’s work® on phase transitions
of classical systems in one dimension, which indicates
that systems with attractive potentials falling off slower
than 1/r? have phase transitions, while attractive
potentials falling off faster than 1/r2 do not. Thus one
is particularly interested in whether an attractive 1/r?
potential has a phase transition. As this paper deals
only with the zero temperature problem, it throws no
light on the occurrence of phase transitions; finite
temperature properties are to be discussed in-a later
paper. Dyson’s work is recalled to emphasize that
g/r* in one dimension is a particularly interesting
choice.

Second, Calogero,2 treating the corresponding
quantum system, solved exactly the 3-body problem
and N-body ground state problem in both free space
and with mutual harmonic interactions. Calogero’s
work does not allow one to determine the behavior of
the g/r? system in the thermodynamic limit. However,
our ground state wavefunction is very similar to that
of Calogero; the difference in this investigation and
Calogero’s is best described as one of viewpoint. It is
this shift in viewpoint which allows us to proceed
further than Calogero, to discuss the particle density,
pair correlation function, and ground state energy at
finite density.

The potential g/r? is very singular at the origin
and requires some care to make physical sense.
Classically, the attractive potential is too strong at the
origin, requiring, for instance, a finite hard core to
prevent “fall to the origin.”” However, for the quantum
system, the zero-point motion acts to keep the particle
from the origin, so that no cutoff is required, provided
that the potential is not too attractive. Thus, for the
2-body Hamiltonian

* 0
oy* (x=)

P 1

we are led to the restriction g > —4. This point is
discussed by Landau and Lifshitz? and is reproduced
as an appendix at the end of this paper. Within this
range of g, there are no bound states. The unnormal-
ized solutions for the 2-body Hamiltonian of Eq. (1)
are

vy = ¢ERAT (kr)

~ e‘KRr*j:a’ r— 0’
~ ¢'KBcos (kr — }w F $ma), r— o,
E =3k + K?) @
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with
a=14(1+2)>0,
x=R-r, k20,
y=R+r, r>0.

J,(x) is a Bessel function. From the considerations of
Landau and Lifshitz and the Appendix, we select the
unique solution ¢ = g, corresponding to the upper
sign in Eq. (2). The wavefunction for r < 0 is given by

p(=Ir) = xp(rD, ©)

corresponding to bosons or fermions, respectively. De-
fining a new parameter A = } + a = [l + (1 + 2g)}],
we see that the “physically reasonable’ solutions are
A > 4. However, as explained in the Appendix, one
can also treat free bosons by including the “unreason-
able” solutions 4 > A > 0, corresponding to the
lower sign in Eq. (2). With this understanding, in the
expressions which follow, we may take 4 to range
from O to + co.

. THE GROUND STATE WAVEFUNCTION
IN A HARMONIC WELL

We shall now consider the ground state of a system
governed by the following Hamiltonian:

H=—SE i T—8 1052 @
- 80x2 i< (x; — x;)° &7

The last term is an external potential to contain the
system, replacing the usual box of volume L. Since
we will be concerned with the limit N — oo, we will
let w — 0 in order to produce a finite density of the
system in the interior.

We write the wavefunction y as y = ¢g. We verify
that the choice

¢ = [Ij Ix: — x,1%, (%)
N
@ = exp (—%w% x%), ©
P—Ad=1g or i=3}+a, M
is a solution, with
E = oN[l + AN — 1)]. 8)

Since, for each ordering of particles, v is nodeless,
it is the ground state. This is very much like Calogero’s
ground state wavefunction; however, our Hamiltonian
contains an external harmonic well instead of mutual
harmonic interactions.

First, let the kinetic term of the Hamiltonian act
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on y:

a2
-—ZZ P (¢9)

= (2~ )y ——

i< (0 — x,)°
1 op g
— 2 X2 _432%,
¢zz (i(gi) X; — x,-)ax,- ¢; ox?

Thus, choosing A according to Eq. (7), we eliminate
the mutual interaction term. We may rewrite the
second term of Eq. (9) to give

0? 1 0 0
A2

i ax? i<j x,' - Xj axi ax,

+ w(z xz)qa = Eg. (10)

&)

Now
2

727 _ [0’x; — ole.
ox?
Substituting into Eq. (10), we verify the eigenvalue
equation with E as in Eq. (8).
Let us rewrite v in terms of the variables

yi = (0/)x;; 11)

then
p=clap (<135 Iin—»t, (12
y* = Cexp (—%ﬁzy“}) Iy =yl (a3

with
B=2i=1+(1+2)k (14)

C is a normalization constant, so that

+ o
C"1=f"'fdy1"'d)’zv'/)2-

I1II. INTERPRETATION OF y?

It is at this point that we recognize the expression
in Eq. (13) to be identical to the joint probability
density function for the eigenvalues of matrices from a
Gaussian ensemble. Choosing § equal to 1, 2, and 4
corresponds to orthogonal, unitary, and symplectic
ensembles, respectively. In our case, the most attrac-
tive situation, g = —4, corresponds to § = 1; free
fermions corresponds to § = 2.

We may immediately go to the literature*® and
find the normalization constant C and the 1- and 2-
particle correlation functions.

First, it is conjectured® that the normalization

BILL SUTHERLAND

constant C is given by

C = (2m)tVg-tv-teniv-n

N
x [[(1 + 48)17Y Hl I'(l + $8). (15)
ke
This conjecture is verified for § =1, 2, 4.
The particle density is given by
+o
a(y>=Nf---fw2dy2~--dyN, (16)
normalized so that
+w
| [Toray=w. (1)
One finds?
712N — y»)Y, 2 < 2N,
= 18
o) {0, 32> 2N. (18

This is true for all §’s. The density of x’s, normalized
in the same wayj, is

2

2 2.4
Lo _ oo 20

A A
0, x> .
[

We plot d(x) in Fig. 1, comparing it with the corre-
sponding density for the é-function interaction problem
of Lieb and Liniger.® Denoting the density at x =0
by d, we find

d = 7 1(2Nw[A)t (20)

dix)
)

+2./2

X

V2N
Fic. 1. Particle density d(x), for 1 = % in a well w = #?/2N, is

shown by the solid curve. For comparison, the density of a boson

system, interacting by V(r) = 28(r) in one dimension at the same
chemical potential in the same well, is shown by the dashed curve.
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F1G. 2. The pair correlation
function is shown for the three
values § =1, 2, 4; we have
taken d = 1.

or
w = m%d?)J2N. (209

Thus, we see that, for fixed d, letting N — oo means
that @ —0 as N7

We may extract from Eq. (19) the ground state
energy for a system at density 4 in the more con-
ventional box of volume L, instead of a harmonic
well. The energy density must be intensive and have
dimensions L~%; thus the only choice is

E/L = d®%(}), 1)

where e(4) is a dimensionless function of the coupling
constant. The chemical potential is then

u = 3d%(4). (22)

Placing this system in a harmonic well, the chemical
potential becomes

u = 3d%(x)e(2) + wix?
or
(1 — 02x?)3e(DP, x2 < plo?,

0, x2 > plod @3)

d(x) = {
Comparing Eq. (23) with the previous equation (19),
we find

e(l) = 3127,

E|L = }d*ient, 24)

Likewise, we may determine the thermodynamic

1.0
r

1.5 2.0

properties at zero temperature. Considering pressure
P as a function of temperature 7, fugacity Z, and
coupling constant 4, we find that P must be of the
form

P = Tip(Z, A). (25)
Thus the energy density is given by
E_T% (L’)
L oT\T
= 1Tz, 1) = 3P. (26)

The equation of state at T = 0 is therefore found to be

P = 12d%/2n%, (27)

We now consider the pair correlation function G(r).
Since the density factors out trivially, we take d = 1
in the following equations. Then G(r) — 1 as r — o,
and we write

Gr)y=1-Y(r (28)
and
+ 0 .

b(k) = f drY(r)e . (29)

Then we find the following:

(a) For g = 2,

Y(r) = [s(r)] = [(sin 7r)/7r T, (30)
o= T ST D
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-_—
—— — e

~0.54

F1G. 3. The negative Fourier transform of the pair correlation
function is shown for the same three values of f§; again d = 1.

(b) For* g =1,

= {{ ds(r) 2
Y(r) = (fr s(2) dZ)( 0 ) + (MNP,  (32)
1— 20kl + [klIn(1 +21kD), [kI<L1,
b(k) = 21kf + 1
— k — .
1+||m(2m_1), k| > 1
(33)
(c) For g = 4, it is conjectured!® that
Y(r) = [sQ2n)F — (J; Ts(Z) dZ) (; id—s‘g—?‘—)), (34)

=3+ kI 0K = DL (K <2,
bk) = {o, I > 2.
(35)

These are the only cases for which the pair correlation
function can be evaluated. We notice the system
becomes more nearly ordered on a lattice as § in-
creases or, equivalently, as the interaction becomes
more repulsive. Figures 2 and 3 show G(r) and b(k)
for these three values of §.

APPENDIX

We wish to cut off the g/r? potential for r < b,
replacing it by a less singular potential. Then, letting
b — 0, we hope for a unique limiting solution y. Two
unbiased choices for the potential ¥ when r < b are:

() V = g/, r < b—Aflattening out the singularity;

(ii) ¥V = 40, r < b—a hard core.

The solution for r > b will be

y =y, + Ay_ (A1)

BILL SUTHERLAND

. are defined in Eq. (2). We take kb to be small, and
assume V = c?/b% r < b, with ¢ real or imaginary.
This includes both cases (i) and (ii).

We match logarithmic derivatives at b, obtaining
the equation

- G+ bk + A — a)p™%k "

T (A2)
k°b* + Ab~°k°
with
tanh (¢), bosons
T . C > b
{c coth (¢), fermions. (A3)

T is simply a number, equal to (g?tanh (g}),
g* coth (g})) for cutoff (i) and (4co, +00) for
cutoff (ii). Solving for 4, we obtain

—%+a—Tb2ak2a.
t—a-T

A= (Ad)

Thus if g > 4, @ > O real, then, as b~ 0, 4 —0,
with the exception of the case

(A5)

T=4%-—a

This is a resonance condition and is not fulfilled for
cutoffs (i) and (ii).

For g < %, a is pure imaginary, and 4 does not
approach a limit. Upon closer examination, one sees
that there is no lowest energy eigenstate for the
Hamiltonian in this case.

There is some precedent! for using the solutions
y_, although as we have seen, this is surely artificial.
For instance, one wishes to have two independent
solutions in the scattering of nonidentical particles
by a g/r? potential. We take the viewpoint that the
mathematical equations are easily extended to the
“unphysical” y-solutions with no extra effort; thus
these cases are included in this paper.

* Work supported in part by National Science Foundation Grant
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We continue our investigation of a system of either fermions or bosons interacting in one dimension
by a 2-body potential V(r) = g/r?. We first present an approximation for the eigenstates of a general 1-
dimensional quantum many-body system. We then apply this approximation to the g/r? potential, allow-
ing complete determination of the thermodynamic properties. Finally, comparing the results with those
properties known exactly, we conjecture that the approximation is, in fact, exact for the g/r? potential.

INTRODUCTION

This paper continues an investigation of the
properties of a 1-dimensional quantum N-body system
interacting by the 2-body potential V(r) = g/r®. As
before, we shall be concerned with the thermodynamic
limit: N — oo and volume L — co, with density d =
N/L kept finite. The first paper® treated the ground
state exactly; this paper will develop an approximation
for the excited states, and hence the thermodynamics.
Thus, the first section of the present paper introduces
this approximation, while the second section applies
it to the g/r? potential. Finally, the third section com-
pares the results with those properties known exactly:
zero temperature thermodynamics, second and third
virial coefficients, and the limit of zero interaction.
It is found that in all cases our approximation
reproduces the exact results. Thus we are finally
led to conjecture that the approximation is, in fact,
exact for the g/r? potential.

I. APPROXIMATE EIGENVALUES OF A
1-DIMENSIONAL N-BODY SYSTEM

We now present an approximation for the energy
eigenvalues and thermodynamics of a system of N
fermions or bosons interacting in one dimension.
Later we shall apply the method specifically to the
g/r? potential, but we expect it to apply much more
generally in one dimension whenever a potential has
a phase shift and no bound states. This restriction to
potentials with no bound states results because the
approximation uses an asymptotic wavefunction
which neglects diffraction effects from the simultaneous
interaction of three or more particles. The results will
then depend on the 2-body Hamiltonian through the
exact 2-body phase shift. The scheme is interesting,
for it gives the thermodynamics in an approximate
but closed form, in contrast to a systematic series
expansion. On the other hand, it is difficult to esti-
mate the error. The approximation is modeled on the
exact solution of the 1-dimensional d-function boson
problem.?3

Consider the 2-body problem governed by a
Hamiltonian:

0° 0*
H = —a_x‘i‘—é';g'l'vqh_le)-

(D

For x; « x,, the asymptotic wavefunction is

,(p(xl, x2) — el(klmrl—kzmz) — eio(kl—kz)e’i(kzwl-l—klwz). (2)

We assume that k; > k,. Then S(k) = —exp [—if(k)]
is the S matrix and 0(k) is the 2-body phase shift; 6(k)
is odd in k. For bosons or fermions, respectively, we
have

YD xp) = =37 (%1 K xp).

The energy is given by E = ki + k3. In the center of
mass coordinates [Eq. (I.2)], the asymptotic wave-
function becomes

v = (2/i)e’EEsin [kr — 36(k)]. 3)

For later reference, we list 6(k) for the following
examples:

d function, V(r) = 2¢é(r): O(k) = —2 tan™ (k/c),

(4a)

hard rod, v(r) = 40, r < b: (k) = kb, (4b)

V(r) = glr: 6(k) = (wk[2 kDI + 29)F — 11, (4c)

free fermions: 6(k) = 0, (4d)

free bosons: 6(k) = —k=/|k|. (de)

Our basic approximation will be to assume that the

asymptotic N-body wavefunction is that given by

2-body scattering alone. Therefore, there is no

diffraction, and momenta are exchanged in pairs. The

asymptotic wavefunction for the region x, « x, «

*++ & xxis a sum of N! terms corresponding to the
N! permutations Pof the NK’s, ky > ky > <+ > ky:

Y= % A(P) exp (i 3 kp;x;). (5)
The coefficients A(P) are related by 2-body scatterings:
AC- kL k- )/A( ck k)= — g P0—R) (6)

251
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For other orderings of the particles, we simply use
either Fermi or Bose statistics. This wavefunction is of
the form known as Bethe’s ansatz.*

We are now ready to apply periodic boundary
conditions to the wavefunction, determining a unique
set of k’s for each quantum state. The energy is given
by

E=Yk;. @)
For a ring of circumference L, we find the following
equation for the k’s:

e = (—1)¥Texp (i > ok’ — k)).
-
Upon taking the logarithm, we obtain
kL = 2=I(k) + 3, 0(k — k).
<

8)

®

The I(k)'s are either integers or half odd integers
which come from log (£1)/27 and, in fact, serve as
quantum numbers for the problem. They may be
taken as free fermion k vectors. Thus, for example,
the ground state is given by the I(k)’s densely packed
about zero.

We now adopt Yang and Yang’s derivation for the
thermodynamics of the J-function Bose gas,? without
rederiving. The pressure is given as a function of
temperature T and chemical potential u by

P(u, T) = 2% f_ dkIn(1 + e<*'T),  (10)

e(k) depends upon u and T and satisfies the integral
equation
(k) = —p+ K* + 21 f dk'6'(k — k')
T J—o

X In(1 + T, (11)
with 6'(k) = db(k)/dk, 6(k) being the 2-body phase
shift. As usual, the density d is given by

_ 0P
ou’
We now consider simple examples.

(12)

(a) o-function potential: As our approximation is
modeled on this problem, substituting the phase shift
(4a) into the above equations gives the exact equations
of Yang and Yang.

(b) Hard rod of radius b: The phase shift is given
by (4b). Equation (9) for the k’s is

KL(1 — db) = 2rI(k) — bK,
K=Sk= %zl(k).

Thus the k’s for K = 0 are like free fermions in a
volume reduced by the hard cores.

(13)
(14)
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We have
e(k) = —p + k* + bP, (15)

T (= — — 12
P=— f dk1n [1 + exp ("—ﬂ)—k)]\. (16)
271' — o0 T

If we write Py(u, T) as the pressure for free fermions,
then P(u, T) = Py(u — bP, T). We may invert to
find u(P) = ue(P) + bP. Differentiating with respect
to P gives the specific volume v = 1/d,

(P, T) = vy(P, T) + b. 17)

This clearly shows that the effect of the potential is
only to create an excluded volume, and the system
otherwise behaves as a system of free fermions. These
results are exact.

II. APPLICATION OF THE APPROXIMATION
TO THE g/r? POTENTIAL

We now apply the approximation of the previous
section to the g/r? potential. Using the phase shift of

Eq. (4c), we find the kernel of the integral equation
(11) to be

6'(k) = 2myd(k), (18)
with the following definitions:
a=3(1+2% A=a+4 y=a-1% (19

Thus the integral equation simply reduces to the
transcendental equation

e=—u+k*+Tyln(1 +¢9T).  (20)

Before proceeding with the finite T results, let us
first investigate the ground state and low lying

excitations.
A. Ground State

In the case of the ground state, we have the k’s
distributed with a density p(k),

1 —2myp(k), k| < ko
27p(k) = { ’ 21
PO =1, K>k, Y
where k, is a Fermi momentum determined by
k
f * o(k) dk = d. (22)
—ko

The ground state energy density Eo/L = u, is given by

ko
Uy = f p(k)K? dk. (23)
~ko
These equations are easily solved to yield
p(k) = 1/272, 1)
d = ko7, (227

up = k3)3md = 3=*Ad> 23)
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Differentiating u, with respect to d gives the chemical

potential
u = (wAd). (24)

We recall that these 7' = 0 results agree with the
exact results of Paper I.

B. Excitations near the Ground State

Excitations near the ground state are finite numbers
of hole-particle pairs obtained by taking particles
from states k, below the Fermi surface to states k,
above the Fermi surface. Then the energy and momen-
tum are given by

E— Ey = 3 [e(k) — e(k,)]

P =3 [p(k;) — p(k,)] (25)
We easily find
k) =
<@ {kz, k> k,, %)
k2, [k| < ko,
k) =
pk) {k — kot kofh k> k. 2D

Defining p, = ko/A = =d, we find the dispersion curve
(p) of the excitations to be

[p + ypol',  1pl > po.
Note that the derivative is continuous across p, and
equal to 24p, = 2k,.
C. Thermodynamics
Let us now return to Eq. (20). In terms of the
following quantities,

Z = fugacity = "7,

o« = exp [(u — kB|T] = Ze*7, (28)
{=e"=1+ 7,
Eq. (20) becomes
x = {* — {? = 2" sinh w, (29)

with pressure given by

T a0 _ I- 0
=5 f_ dkIn{=- f_ _dkw(k). (30)

Writing P as a function of Z, T, and a, we note the
symmetry P(T, —Z, —a) = P(T, Z, a). Further, P
as a function of Z has the following singularities:

(i) 4 > 1, a branch cut along the negative real axis
beginning at the branch point

Z=- (4a22— nt (2: ; i)“ ~ (/1;* G) (312)
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(i) 1 >41>0, two branch cuts extending to
infinity from the following two branch points:

Zo — e:l:irr). 2 (1 — 2a)“
(1 — 4a®*\1 + 24

= gtith 1 (\_ Z)a_
CYVANY

The location of these branch points in the complex Z
plane as a function of A is shown in Fig. 1. 1 =0 is
the case of free bosons. We therefore conclude from
the above that there are no singularities on the posi-
tive real Z axis for A > 0 and hence no phase tran-
sitions in these models.

(31b)

D. Power Series Expansion for P

We wish to find a power series expansion for P
in Z of the form

P_1(T}2

===} 3z"s,. 32

T 2(77) Ex (32)
We first invert Eq. (29) to give

w=In{=>Ya"C,. (33)

n=1

Then we perform the k integration on Eq. (30) to give

B, = C,[n}, (34

independent of T. Therefore, the energy per volume
u is given by the expression u = 4P, as found in Eq.
(I1.26).

0o

L
S S

I
»

I

FiG. 1. Solid curve indicates location of branch points of pressure
in the complex Z plane as a function of A = 41 + (1 + 20)4.
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Upon inverting Eq. (29), we find the coefficients
in the expansion of Eq. (33) to be

=y + 00y 42y 4 m - )
niy + 1) nl(ny)!
Thus

"Ualy 1) nl ()
and the radius of convergence of the power series of
Eq. (32) is
R = [y7[3%, (37
in agreement with Eq. (31). For Z > R, P is given by
the analytic continuation of the power series of Eq.
(32).
E. Classical Limit

The classical limit exists only for the repulsive case,

for which Eq. (32) becomes

(S o

This expression as a function of Z has a branch cut
along the negative real axis beginning at

Zy = —(1/a)/p)*

F. Special Cases

We may now consider as examples the special cases
investigated in Paper I, with § =1, 2, 4. These may
all be expressed in closed form.

(@ f=2,g=0y=0{=1+aq,

(39

P lf“’ —x%T
- =— dikn [l + Ze . 40
=5, ). [ ] (40)

This is the familiar expression for free fermions in
one dimension.
b)y f=1lg=—3y=—%

In{=w=2sinh™ i«,

= 71 f " dk sinh (3Ze ), (41)

(S

& N

al f Tak( + 4z Ty @)

©pf=4g=4y=1
P—l=a or {=31+(+4a)l],
L~ emr[Takinpa + ezt 41, @

d= w—lf dk Ze*T[1 + 4Ze /T
+ (1 + 4z (42
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III. COMPARISON OF RESULTS WITH KNOWN
THERMODYNAMIC PROPERTIES

In this final section, we shall test the approximation
of the first section as applied-to the g/r? potential in
the second section. As has been remarked, this
potential presents a unique opportunity to test, since
the 3-body problem is separable and hence exactly
soluble. This enables us to calculate the third virial
coefficient, or equivalently the third coefficient B,
in the fugacity expansion of Eq. (32).

Preliminary to evaluating B, exactly, let us first
modify Calogero’s solution® for the 3-body Hamil-
tonian

3 2 3

H_—_'-z-—.;.z 8

2106 1 G (x; —~ x,)°

3
+ oYX (43)
i=1

We first transform to the variables
R = §(x; + x, + x3),
X = 2_%(3‘1 — X),
y= 6_%(351 + X2 — 2x3),
r2= x4 )2,
tan ¢ = x/y.
The Schrédinger equation becomes
( ? 10 22
w'r

(44)

M, = — 2, E(L I S
¢ 8¢*  2\sin® ' sin®(¢ + )
1
—}. 47
+ sin® (¢ + %‘n)) “7)
Thus the problem is separable.

Only the operator Hy of Eq. (46) differs from
Calogero’s problem. We seek a solution p =
vs(P)p,(Nyr(R). First we solve My, = my, to find

pe(n) = (sin 3¢)*Cy(cos ¢),
m=pBn+MN?: n=01,2--.

C} is a Gegenbauer polynomial. We then solve for
v, finding

(43)

2
Ln) _ 3044) —Yor L3002

¥r
E,;=20Rn+4+1431+4], n=0,1,2,---.
(49)

Li is a Laguerre polynomial. Finally, the center of
mass equation (46) has a solution
P = e ¥F Hm [(3w)!R],

(50)
Em=20wm+1%), m=0,1,2,---.
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Hm is a Hermite polynomial. The total energy E is
given by

E=En.l+Em

=203+ 2n+m+ 3] + 6wy.  (51)

The first term in this expression is simply the free
fermion expression, while the last term displaces the
entire free fermion spectrum by 6wy. This is a
surprisingly simple result. Generally, Calogero made
a conjecture, equivalent to the conjecture in our case,
that for any N, the spectrum is that of free fermions
in a harmonic well o displaced by ywN(N — 1). This
is verified for N < 3.

We now wish to compare these exact results with
the calculation of the previous section. We do this by
directly calculating a fugacity expansion for a g/r?
system in a macroscopic harmonic well. At the same
time, we may easily place the system of Sec. 2 in the
same harmonic well, so that we may compare the first
three coefficients in the fugacity expansion.

Let us write the grand canonical ensemble as

0(Z, 0, T) = ¢

=N§IZNQN(<», . (%)

Q is an extensive variable. We find the coefficients of
a fugacity expansion

Q= oS B(T)Z",

n=1

(33)
by the usual derivation of cluster expansions, to be

B{ = lim wQ,,

=0

(54)

B; = limo o[Q; — 01/2],

By = lin}, o[Q; — 0,0, + 3Qj], etc.

w—
If gy denotes the partition function for the free
fermions in a harmonic well w, then Calogero’s
conjecture gives

QN — e—ﬁwyN(N—l)qN. (55)
This is correct for N < 3. Using the expressions for
g~ we find it an easy task to evaluate B;, B;, and B,
from Eq. (54). We leave this task for the reader,
quoting the values

B; = 4T, B;=1iTQ2y + 1),

(54')
B; = 3Ty + D3y + 2).
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On the other hand, the expression of Eq. (32) allows
us to calculate € as

Q= f P(")d

— _(I)

Too
o 2
w=

f —maza:Z/T dx

(56)

where B, is given by Eq. (36).

Comparing Eq. (54') and (56), we see that they are
the same; our approximation gives the exact second
and third virial coefficients.

In all instances where exact results exist,
approximation agrees. We collect these cases:

our

(1) free fermions or bosons when g = 0;
(ii) second and third virial coefficients;
(iii) zero temperature thermodynamics.

The last two points indicate agreement in opposite
regimes. We are thus led to the following.

Conjecture: All results of the second section are
exact.

It is very likely, although not proven, that Calogero’s
conjecture implies our conjecture through Egs. (53)
and (56); the converse cannot be true. However, it is
believed that the approach of this paper reveals the
physical basis of the conjecture to be the absence of
diffraction effects in many-body scattering.

We include as an appendix another amusing in-
stance where an approximation applied to the g/r?
potential yields the exact solution.

APPENDIX

In this appendix, we wish to present a very simple
example where again an approximation applied to
the g/r? potential problem yields an exact result.
The example, being a 1-body problem, has little to
do with the more complicated many-body problem,
yet it gives insight into the peculiarities of the g/r2
potential and supports the conjecture made in this
paper.

We consider a single particle interacting with a 1-
dimensional rigid Iattice of g/r? potentials; the lattice
constant is b. However, we first present an approxi-
mation, reminiscent of the approximation in the text
of the paper, valid for any potential in one dimension
which has a phase shift. This approximation is well
known in solid state physics.
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Let the Schrddinger equation be

1 d _
(— 1y U(x))w ~ Ey, (A1)
with
U(x) = +Zw V(x — nb). (A2)

n=-—

¥(x) is the potential between one lattice point and the
particle; we assume it to be symmetrical. U(x) is
periodic with period b.

We now divide the lattice into equal cells, the nth
being (n — 4)bto (n + 4)b. Let b be so large that there
is no overlap of potentials. We write the solution in
the nth cell as

P(x) = p" ¢ (kx) + 3V $5" (k).

#i"(kx) is a solution in the nth cell corresponding to
a plane wave of momentum k, incident from the right
on a scatterer at the origin, with amplitude chosen to
make the amplitude of the outgoing wave on the left
unity. ¢ (kx) is the time reversal of ¢{"(kx). We
may then define a transfer matrix M, acting on the
vector

(A3)

w(n) = ('pin), 1p;'n)), so that Mw(n) = ,'P(n+1)_ (A4)

In terms of the transmission and reflection amplitudes
T and R, we find

T R¥/T*

RIT e&®T*( (AS)

M=

We shall parametrize the transmission amplitude by

T = exp [id(k)] cos G(k). (A6)

To obtain a band structure, we require the solution
to be periodic after N sites. This in turn requires
MY = I, and, with det M = 1, we find

TI‘M=2€OS(27m/N), n=1,2---,N,
or

cos (bk — d)/cos O = cos (2mn|N). (A7)

We solve this transcendental equation for k as a
function of n and a band index, and calculate the
energy by

E =}k

Our approximation consists of assuming Egs. (A7)
and (A8) to hold for all b. Obviously, for the é-
function potential, our results will be exact since
point interactions cannot overlap.

We next apply the previous approximation to the
g/r® potential, when 0 > g > —1. First, we see that

(A8)
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Eq. (A2) gives
Ux)=g 3 (x— nby?

Nn=—a0

= gn*b~?sin~? (=x/b). (A9)

The resulting differential Eq. (Al) is identical with
Eq. (47) of the text; this band problem has been
solved exactly by Scarf.® We shall use Scarf’s matching
condition through the singular potential, where the
most singular solution y_ is taken symmetrical and
the least singular solution ¥, is taken antisymmetrical.
As discussed in Paper I, this is an artificial choice, yet
necessary for a nontrivial band problem. We easily
find the transmission and reflection amplitudes to be
T =sin (ma), R = —icos (ma). (A10)
They are independent of k. Equation (A7) gives
cos (kb) = sin (wa) cos (2mn/N)
or
cos™ [sin (7a) cos (27n/N))]
) .

Thus the allowed bands of k values are of equal width
and equally spaced. The energy is given by Eq. (A8)
to be

k = (A1)

E— {cos™ [sin (a) cos (2mn|N)]}?

26° '

Upon comparing this result with Scarf’s exact solu-

tion, we find them to be identical for all b, whether the

potentials overlap or not. Thus, once again, an

approximation applied to the g/r? potential, where it

would clearly seem to be inappropriate, has in fact
yielded exact results.

(A12)

Addendum: After this paper was submitted, two
preprints have appeared which may be used to supply
a proof of our final conjecture. In the first preprint,
F. Calogero’ proves his own conjecture, our Eq. (55).
One may then easily evaluate the grand canonical
ensemble of Egs. (52) and (53) by saddle point methods,
as done by C. Marchioro and E. Presutti® in the second
preprint. The result is then seen to be identical to our
Eq. (56); actually it is easiest to compare the average
number of particles N = 9Q/d In Z.
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Some properties of static cylindrically symmetric universes consisting of gravitational and electro-
magnetic fields with a central axial mass, charge, or current density are discussed. Of three permissible
distinct configurations, general solutions of the appropriate equations are given for two. The properties
of the solutions of these two are then examined in greater detail. The equations of motion of test particles
(both charged and uncharged) are described for some simple trajectories. The qualitative effect of the
magnetic field on uncharged test particle behavior in some instances is noted as well as the qualitative
distinction in the behavior of charged and uncharged test particles. The algebraically independent
invariants of the Riemann tensor are calculated. A stability analysis is carried out for the two solutions
when the system is subjected to radial perturbations. It turns out that both solutions are stable. The
stability analysis is carried out by using the equations of the already unified field theory of Rainich,

Misner, and Wheeler.

1. INTRODUCTION

This paper reviews some aspects of static cylindri-
cally symmetric solutions of the combined Einstein-
Maxwell gravitational and electromagnetic fields.
When there is a central axial mass density and no
electromagnetic field, Einstein’s theory introduces
two integration constants into the solutions. One is
related to the mass density; the other quite possibly
arises from the fact that a central mass density is a
limiting case of a mass distribution of finite extent in
the plane perpendicular to the central axis. Hence the
second constant is related to the radius over which the
mass’ distribution extends. This paper shows that
the solutions for the situation with vanishing electro-
magnetic field is implicitly contained in the solutions
with electromagnetic fields present in the limit that
the latter fields vanish. The existence of electromagnetic
fields introduces a third constant of integration.

When a central mass density and an electromagnetic
field are both permitted to be present, three possible
configurations exist. The first is the central mass
together with an axial current producing a magnetic
field whose field lines are circles in the plane per-
pendicular to the axis and centered about the axis. The
second configuration is described by a central mass
density together with magnetic and electric fields
parallel to the axis and no currents or charges any-
where. A special case of this permits the central mass
density to vanish and leave only the magnetic and
electric fields as sources of the gravitational fields.
The magnetic field is held together by its own gravita-
tional attraction. It has been said that the same possi-
bility exists in the Newton-Maxwell theory also—
namely, that the repulsion due to the gradient of the
magnetic pressure (assuming the case of no electric

field as well as no central mass density) is balanced by
the gravitational attraction of the different parts of the
field for each other. However, if, in addition, the
magnetic field must have vanishing curl, it must be a
constant in the Newton-Maxwell theory since it is
always in the axial direction. This is not the same
type of possibility that is permitted by the Einstein—
Maxwell field, where the field has different values for
different distances from the axis.

The third configuration possible is when there is a
central mass density and a central charge density
existing together with a radial electric field. The most
general solutions possible have been found for the
first two configurations; only a restricted range of
exact solutions have been found for the last. Hence this
paper deals in detail only with the first two con-
figurations.

In the next section the three configurations are
described in somewhat greater detail and the solutions
are explicitly stated. In Sec. 3 the equations of motion
of test charged and uncharged particles are given
together with the first integrals. Some specific geodesic
and charged particle motion is described. It is found
that the electromagnetic field makes some unexpected
qualitative changes in the motion of uncharged test
particles and that charged particle motion differs
unexpectedly from uncharged particle motion.

Section 4 calculates the algebraically independent
invariants that can be formed from the Riemann
tensor. There are three of these corresponding to the
three integration constants that are required by the
equations. In Sec. 5, an analysis is made of the stability
of the solutions of the first two configurations de-
scribed above to radial perturbations. The first config-
uration is stable whether the central mass density is
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positive or negative. The second configuration is
stable whether the central mass density is positive,
zero, or negative. However, when the mass is negative
and large in magnitude, the analysis is not quite clear.
The prediction of stability or not depends on the choice
of boundary condition. Both solutions admit un-
damped, oscillatory behavior as perturbed solutions
to the linearized equations.

2. STATIC CYLINDRICALLY SYMMETRIC
SOLUTIONS OF THE EINSTEIN-
MAXWELL FIELD

The Einstein-Maxwell equations for a combined
gravitatibnal and electromagnetic field in the absence
of electromagnetic sources are!

Ruv - %gpvR = _%Tuv = _kwuaa-):’ (21)
Wapy + Opya T Dpap =0, (2.2
Wy Efuv + %("g)%euvaﬂfaﬁ' (23)

Ju is the antisymmetric electromagnetic field which in
a local Minkowski frame is determined by f, = E,,
fiz = H,, etc.; e is the completely antisymmetric
Levi-Civita tensor density and g is det g,,. In the
presence of an electromagnetic charge-current vector
j*, Eq. (2.2) can be written in the integral form

ffw”d(x(u)’ x(v))

u<v
—i f f f (— ) epanid(x, X, x7). (2.4)
p<a<r
The left-hand integral is a surface integral taken over a
closed 2-dimensional surface. If the surface is described
by the parameters u, and u,, we have

dx™, x") = w
a(lﬁ s U2)

The right-hand integral of (2.4) is the volume integral
over the 3-dimensional volume enclosed by the surface
over which the left side was integrated.

The theory described by (2.1), (2.2), and (2.3) is
equivalent to a purely geometrical theory for which
the following equations are valid?:

duyy dpts. (2.5)

R=R/}=0, (2.6)

R,°R,” = }R4R5,", 2.7

Oy — %, =0, (2.8)

@, = (— ) e R7RRR?,  (29)
R, v > 0. (2.10)

Equation (2.10) must be true for any timelike vector v*.
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Actually, the geometrical theory (2.6)-(2.10) is
equivalent to the usual theory (2.1)-(2.3) only for
nonnull fields, i.e., fields for which R,z,R** do not
vanish. We shall only be dealing with nonnull fields
in this paper.

If Eqs. (2.6) and (2.7) are valid, it can be shown that
there are two null eigenvectors, k, and /, of R,,
normalized such that k,/* = }R,R*. w,, can be
determined from k, and /, as follows:

Rk, = 3R 4R%k,, R,l, = 3R ,R¥I,, (2.11)
4

= (R.RH) - i(—g)h 41,67,i0
= (RaBRaﬂ)% [lukv k}llv + l( g) eﬂl\'crk k ]e j

®,,
(2.12)

With o chosen in this way and 6 an arbitrary
function of the coordinates, (2.1) is satisfied. If and
only if (2.8) is satisfied, 6 can be chosen up to a
constant by a line integral® of «, so that the resultant w
satisfies (2.2). Our paper is concerned with a coordinate
system in which «, vanishes identically; hence (2.8)
is certainly true, and 6.is an arbitrary constant.

The most general metric with cylindrical symmetry
can be written in the form?

ds® = 77 2(—df* + dp®) + ple T dd® + T 4,
—0o<t=x"< w0, 0L¢=x*<2n7,
—0<z=x*<w, 0<p=x'< o0, (2.13)

where y, y, and p are functions of p alone. We shall

review the solutions to the Einstein-Maxwell field
equations for this metric.* The components of the

Ricci tensor for the metric are written in Refs. 2-4.

When g = 0 and y and y depend on both p and =, the

components are given in Eqs. (5.3)—(5.6). For u # 0

and all variables dependent on p alone, Ry, to which

we often refer, is

Ro0 = _ezw—zy[ypp = Yoo — ('/’p/P)

+ ('}’p/P) + Voltp — 1/),,,“,,]. (2.14)

Equation (2.8) is satisfied for the metric since «, = 0.

Equations (2.6) and (2.7) become

Roo + R11 + R22 + Rss =0,
(R’ = (R))* = (R)? = (RJ).

It is easy to see that there are three qualitatively

different possibilities:

CaSC I: ,Roo = —Rll = R22 = —R33;
Case II: R, = —R,! = —R,®2 = R;*;
Case IIl: R’ = R, = —R,;? = —RS3.

For both Cases I and I, R® + R;! = 0. Under these

conditions, one can consider® 4 = 0. In Case III the

(2.15)
(2.16)

(2.16")
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character of the electromagnetic field is completely
determined by u. Let us consider each case in turn.
Case I: R =

In this case the most general solution® can be
described by the line element

ds? = — ch%zc(l + kp%)2e2®(dt? — dpz)
+ p¥r2(l 4 kp2)2dg? 4+ p (1 + kp )2 dz2.
(2.17)

_Rll _ R22 = _Raa

Also

Roo = —4C2k/g22. (2.18)

¢, k, and a are integration constants, with k > 0 to
satisfy (2.10). w,, is found by the prescription given.
Its phase is chosen so that an integration of (2.4) over a
cylinder of unit length including the central axis yields
a real value for the current / along the axis. The axial
current and the field are

I = 4me(k)},
fre = 2c(k)gus/p.

All other components of the electromagnetic field
vanish. In the terminology of flat space, a current in
the z direction is producing a magnetic field in the ¢

(2.19)
(2.20)

direction. If k£ =0, we recover the most general

solution for an Einstein space with cylindrical sym-
metry.

To comment for a moment on the solution with
k =0, we see that the line element contains two
arbitrary constants ¢ and a. We shall show later that
for weak fields }c can be identified as the mass per
unit length of the Newtonian theory under certain
conditions. Whereas the linear mass density is the
only parameter in the Newtonian theory, it is not so
in the Einstein theory. The parameter a plays a role.
We shall later show that the values of the scalar
invariants that can be constructed from the Riemann
tensor in the Einstein and Einstein-Maxwell cases
depend on both ¢ and a in the former case and on c, £,
and a in the latter. If k and ¢ both vanish, the space is
not Euclidean unless a = 0; the limit (p — 0) of the
ratio of the circumference to radius of a small circle
perpendicular to the axis is 27 exp (—a). Marder® has
discussed several possible physical reasons why a
second parameter is necessary in the purely gravita-
tional case. A real physical situation has mass distrib-
uted from the axis to a distance p,; a is needed
to match the line elements properly at p,. Also, a is
needed as a measure of some parameter of a physical
system which is stationary, undergoes radial motions
of some kind, and then is stationary again; a is thus
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somehow related to the fact that gravitational radia-
tion occurred. Demanding that space becomes flat if
¢=0 (no mass and no current) requires that a
vanishes whenever ¢ does.

It is interesting that if k vanishes, the electro-
magnetic field vanishes, but that the mass density and
the gravitational field do not. However, if ¢ vanishes,
the mass density and the electromagnetic field both
disappear. Of course, we know that nature permits
masses without currents but not currents without
masses, consistent with the results obtained in this
case. This result may be contrasted with the situation
in Case II, where the solution will permit an electro-
magnetic field without masses. However, for Case II,
there will be no currents either; presumably both
currents and masses have been moved to infinite
values of z, and the solution cannot elucidate the
limiting physical situation regarding the sources
present there.

Let 2%, be an orthonormal tetrad with A*, timelike
and pointing to the future. From f,; we can form the
invariants

fupy = Fu¥ ) - (2.:21)
Sometimes invariants formed in this way are called the
“physical”’ components of the corresponding tensor.
If we choose

Aoy = ((—g™?,0,0,0), (2.22)
Ay = (0, (g™M1,0,0), (2.23)
da = (0,0, (g%, 0), (2.24)
2w =(0,0,0, g*)}), (2.25)

the physical component of the electromagnetic field
foe [EQ. 220)] is

23
2c(k)*e®
B, = z( . 33)1} =z . (2.26
s = (88 p° +Zc+1(1 + kp_.gc)z ( )
Case II: R® = —R! = —R,2 = R

The most general solution for this case is described
by the line element

ds? = — p2*+2e(] 4 kp=20)2e20(dt? — dp?)
+ p®(1 + kp )2 dgt + (L + kp) dz,
(2.27)
with

Roo = —4c?k[gss. (2.28)

As before, ¢, k, and a are integration constants with
k > 0. The space becomes flat for ¢ = —1, k =0,
and a = 0. We shall show later that d = —(1 + ¢)
can, under certain conditions, be interpreted as twice
the mass m per unit length along the axis, ¢ = —1
corresponding to vanishing mass density. For ¢ = —1
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and k = 0, the limit p — 0 of the ratio of circumfer-
ence to the radius of a circular perpendicular to the
axis is again 2w exp (—a). When k 3 0, the line
element (2.7) is invariant to the following transforma-
tion of constants and coordinates:

k=1Jk,
¢=¢k, p=1¢,
Of course, the range of ¢’ should be readjusted such
that 0 < ¢’ < 27. It can be shown that such a
readjustment is equivalent to a change in the constant
a’. Because of the invariance, we shall henceforth, if
k # 0, discuss (2.27) only under the consideration
¢c<L0.

Finding f,, from «,, by the prescription given
yields

= —c, e = k'2e%%

z=k'?2, t=1t'.

(2.29)

Ju = 2¢(k)} cos 6,
Joo = —2¢ (k)%gzz(sm 0)/p,

where 0 is the arbitrary phase factor of w,,. There are
no charges or currents along the axis. Using the tetrad
(2.22)-(2.25), we see that the physical components of
the field are

(2.30)
(2.31)

2c(k)'}e“‘ cos 0
E, = fu(—g"g™ = — et a——, (2.32)
1o
1 2.} 2¢(k)*e " sin 6
B,=/fg g") = e 1 kgt (2.33)
For ¢ = —1 and a = 0, the mass density vanishes,

and the metric and electromagnetic field intensities
are everywhere regular. This special choice with
0 = 4 gives a purely magnetic universe and has been
studied in detail by Melvin™® and Thorne.?'® If
6= —(14c¢)=2m (central mass density) and
¢ = —1 corresponds to flat space, a small positive
mass density requires that ¢ be somewhat less than —1.
Suppose § = 47 and a@ = 0; then

B, =201 + K (1 + ko). (2.34)

It is remarkable that, when there is no axial mass,
d = 0, the magnetic field is regular along the axis;
when there is a central mass, 26 = m, no matter how
small, the magnetic field is infinite along the axis—
even though there is no charge or current distribution
there as determined by Eq. (2.4). Again as in Case I,
there is an intimate and surprising relationship
between the existence of an electrically neutral mass
density and the behavior of the electromagnetic field.
In Case I, an electromagnetic field is impossible
without an axial mass; in Case II, an axial mass leads
to an infinite axial field.
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Case III: R = R! = —R,2 = —R;3

Since R, + R,' # 0, we must retain g in the
general metric. Equations (2.7) to be solved in this
case reduce to

2
29, + Bop + :“pz + 29,1, + % =0, (2.35)

2
/‘pz + top — 2y, + Ay, + 2'/’:22 - _% =0,

(2.36)

29, Vo My
2wpp — Yop 7’, - ;p - -Pg + pr/“p = Volbp = 0.
2.37)

It can be shown® that the general solution to these
equations can be found provided that a single integro—
differential equation can be solved. We have not
succeeded in finding the general solution to these
equations. We can, however, determine some char-
acteristic of the general situation without an explicit
solution. Since Case I involved a ¢ component of the
electromagnetic field and Case II a z component, we
would expect Case III to involve a p component.
This is indeed the case:

Ry = —[(.up/P) + %(,upz + .upp)]' (2'38)

Finding w,,, using (2.4), and defining the real-valued
expression

p 27
Q=1n f f (= (enge)? dpdd  (2.39)
yields
Q = 2m(—Roo) p2e*,

Jao= (_Roo)éey_w-
All other components of f,, vanish. We have

E, = fo(—g¥g = (—Ry)te"" = Qevp~ 2.
(2.42)

As expected, there is in this case a central charge
density together with a p component of the electric
field. In spite of the appearance of (2.40), Q is inde-
pendent of p, as follows from its definition and Max-
well’s equations (2.2) and (2.4).

Because of our inability to produce the general
expression for the metric in Case III, we shall restrict
the discussion in the remainder of the paper to Cases I
and II. A discussion of approximate solutions for
Case III has been given by Safko.!

(2.40)
(2.41)

3. MOTION OF TEST PARTICLES

In this section the first integrals of the equation of
motion of test particles for both charged and neutral
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test particles are derived. In the case of neutral test
particles, the motion is along geodesics. Of course,
the test particles are considered as passive objects—
ignored are radiation and other electromagnetic and
gravitational effects produced by the charge and mass
of the test particles. The equations of motion of test
particles of charge e and mass m are given by

Dx*  dx’
m = ie

Ds* ds

The right-hand side is purely imaginary since (ds)? =
—(d7)?, where 7 is the proper time of the particle.

£ 3.1

Case It R
For Case 1, the equations of motion (3.1) become

—Rll = Rzz = _Rss

4t | g, dtdp _

=0, 3.2
ds® gy dsds 2
2
¢ tmpdvde_ (3.3)
ds®> g, ds ds
Pz Bngddp e 2Wledp
ds 8as ds ds m p ds
CRCILT I ST
ds? 2 gy \ds/] 2 g, \ds] 2 g, \ds
Lomedey_, e 2l gudz o
2 g ds) m p  gods

The first three of these equations can be integrated
to give (E, L, and J being integration constants)

dt
Zoo Z = iE, (3.6)
d

gos Y = iJ, (3.7)
ds

g =i L42(2) )] = 56e)

® ds m KA+ kp2ey 1T

(3.8)

v is a function which is equal to zero when either k
or ¢ equals zero and is equal to one otherwise. A first
integral of Eq. (3.5) is given by the line element

1= ‘—iz)2+ d_p 2+ ‘i‘é 2-l- _‘E ’ (3.9
= goo(ds gll(ds) gzz(ds) gaa(ds)- .

For timelike motion, E2, J2, and £* must all be positive
quantities or zero so that E, J, and € are all real. For
spacelike motion, E?, J2, and £2 must all be negative
quantities. The motion is geodesic if e = 0. The
geodesic motion is null if, in addition, the left-hand
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side of (3.9) vanishes; s is then interpreted as a
parameter not related to the proper line interval, and
E%, J?, and £? are either all positive or all negative.

The physical significance of E, J, and L can be
deduced in a “weak-field, low-velocity” limit for a
neutral particle. Define the velocity v by

ds? = goo dr?(1 — v%). (3.10)
This together with (3.6) yields
E2 _ oo _ p2¢i+2c(1 + kp—zc)zeza (3 11)
(1 — 0% (1 — 0% C

for small ¢, k, a, and 12, to first order in these quan-
tities,

E=14clnp+ 3 +a+k (3.12)

Compare this with the total energy U of a particle of
mass M and velocity » moving in the gravitational
field of an axial distribution of mass m, the velocity
of light and the gravitational constant G being taken
equal to unity:

U=M+2Mminp + }Mr2.  (3.13)

Clearly this suggests the interpretation to first order,

UM=E — (a + k), (3.14)

2m =c, (3.15)

for the constant of integration E and for the identifica-
tion with the linear mass density. The interpretation
can only be made for p sufficiently small that second-
order terms are ignorable compared to first-order
terms. For large p (say, In p > 1) the interpretation
can no longer be made. In ordinary units it turns out
that (3.15) gives M = 2.2 x 10%¢ kg/m.
To interpret J,

(d_95)2= (fiji éf)2___. _JZ_gi

dt ds dt (g22)°
= p—2cs——6c—4 e2a

(1 + kp7®)?

yields, to zeroth order in ¢, @, k, and 12,

¢ _
dt

which identifies J as the ¢ component of angular
momentum of the test particle divided by its mass.
Similarly,

(@)=~

(1~

JA(1 — %) (3.16)

o J, (3.17)

8oo
(gss)2

1 -dF (3.18)
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yields, to zeroth order,

4)-
dt

which identifies L as the z component of linear momen-
tum divided by the mass of the test particle.

A complete qualitative discussion of the motion of
charged, or even of neutral, particles for a large range
of values of ¢ and k is a big task, which we do not
undertake at this time. Instead, we shall deal with only
a few special cases and consider that the central mass
density is positive. The primary purpose of the
discussion is to point out that the electromagnetic
field can make qualitative changes in behavior of the
motion of test particles, even of neutral test particles.

Consider first motion of neutral test particles for
which p and ¢ are fixed. In this case J =0, £ = L,
and Eq. (3.5) yields

(3.19)

B gnp (800"
£ 8o0.p (g3
_ P2c’e2a cp®(1 + kp~*)
o (829’ (2k — (¢ + DA + kp2)p* )
(3.20)

For the motion to be consistently spacelike or time-
like, E? and £2 must have the same sign. Hence

‘ k — p2c
k(1 —¢) — p*(c+ 1)

Suppose first that no electromagnetic field exists;
then & = 0. Equation (3.21) reduces to

e +1)<0

which cannot be satisfied for positive c. This gives the
entirely expected result that, for a small central mass
density (positive or negative), no motion parallel to
the z axis is possible because of the gravitational
attraction of the central mass. Inequality (3.22) does
not have to be satisfied if the central mass disappears
(¢ = 0), for then Eq. (2.5) is satisfied directly because
833., and goo,, both vanish.

Suppose now there is a current flowing along the
axis, k > 0, in addition to a mass, ¢ > 0. Inequality
(3.21) is now satisfied in the range of p given by

<0. (3.21)

(3.22)

kl=o/(l+)=p*<Lp*<p¥=k <],
0< p¥ <k, e> 1.
(3.23)

This range shows where geodesic motion is possible;
to see whether it is timelike, spacelike, or null,
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use (3.9):
1
- (&ﬂ’ Lo _ —) £, (3.24)
8u.o (833)° 8
For timelike motion, £2 > 0; for spacelike motion,

£2 < 0; for null motion, £2 can have either sign, but its
coefficient must be equal to zero. Hence

> 0 timelike,

Bssp Boo 1§ < 0 spacelike, (3.25)
oo (=0 nu,
k — 2
Bano B0 p— . (3.26)
8o, 833 (¢ + Dp* ~ (1 — o)k
The analysis shows that
2¢ 2¢ 2¢ (2 — C)
< < pt=kT—,
Prospose 2+ 0 timelike,
Ospzcsp"w’ C>1
3.27)
p=p, null
pn < p < p2 spacelike. (3.28)

All three types of geodesics are possible. The some-
what surprising result is that a circular magnetic
field produced by an axial current apparently exerts a
gravitational repulsion on a particle traveling along
the Z axis.

Table I summarizes the results for the various
simple trajectories discussed here for neutral test
particles for Cases I and II. Table II summarizes the
possibilities for charged test particles.

Consider now motion of neutral test particles for
which p and z are fixed: £ = 0, and Eq. (3.5) yields

J? 8o0.p (822)2
- p“'—z(zc(c 1) +ke—1
c e(c+1)+k(c—1)

This ratio must be positive. For k = 0,

). (3.29)

1> 0. (3.30)

All motion is allowed for positive ¢; motion is
impossible for negative ¢ (negative mass density).
From Eq. (3.32) below we deduce that for positive
¢ < 1 all the motion is timelike; for ¢ > 1, all motion
is spacelike. We are not surprised at the fact that all
circular geodesic motion is possible in the absence of a
magnetic field. The centrifugal and gravitational
influences are in equilibrium.
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TaBLE I. Summary of permissible motion (geodesics) for uncharged test particles for positive central mass density.

Case I: R® = —R;! = R,* = —R;® (c ~ positive central mass density)

p> ¢ fixed

p, Z fixed ¢, z fixed

k =0, ¢ < 0: all trajectories forbidden

k =0, ¢ > 0: all trajectories allowed,
timelike if ¢ < 1 and

k =0, ¢ > 0: all trajectories
are allowed

k>0,c>0: d—o spacelike if ¢ > 1 and may be
. - c : : timelike, nuli,
0<p* <k 070 forbiddenifc <1 g 0,c>0: w ) or spacelike
2¢ —¢ H H
a-9 < p < k 2—c timelike if ¢ < 1 0<p< c+1 forbidden if ¢ < 1 k > 0, ¢ > 0: all trajectories
A+ro="° 24+¢ ke — 1) allowed and
2—c¢ 0 < p? < ———— forbidden if ¢ > 1 may be time-
0<p¥ <k SRS timelike if ¢ > 1 ct+1 like, n.ull, or
te . k(l _ C) . . . spacehke
2—¢ pte 2> timelike if ¢ < 1
p =k m null c+1
e ke=D L
2—c . 23T spacelike if ¢ > 1
k 3T < p*<Lk spacelike
P>k forbidden
Case II: R = —R,' = —R,* = R;* (§ = —1 — ¢ ~ positive central mass density)

k = 0,8 > 0: all trajectories forbidden

k =0, 6 > 0: all trajectories allowed and

k > 0,6 > 0: all trajectories

5 timelike are allowed
k#0 8 - 0 2(1+3) idd k>0,62>0: and may be
#0,0>0:0 <, < fm g forbidden s timelike, null,
P s —_  timeli or spacelike
PR+ > ) spacelike 0 < ptd L TEET) timelike D!
k # 0,6 = 0: all trajectories are allowed and 040 = 1- oull
null k(3 + 6)
1—8 5 .
BT < p*+d) < k- spacelike
k7t < pPed forbidden

For k 5 0, E?[J? > 0 requires

k(1 — o)1 + o),
k(e — Df(c + 1),

c<1,

31
c> 1. (3.31)

p* 2 pu’ = {

There is a region near the axis which is not allowed.

From
(g_zz'_" (I i) J?
80,0 (g22)2 822
R
clp™c+ 1D + k(c — 1]

we deduce that all motion allowed by (3.30) and (3.31)
is timelike for ¢ < 1 and spacelike for ¢ > 1. At
p = p,, the bracket of (3.32) is infinite and J2 vanishes.
Apparently the presence of the magnetic field pro-
duced by the axial current inhibits the gravitational
attraction of a circularly moving neutral test particle

J, (332

to the point that at p = p,, it takes no centrifugal
force to maintain a balanced motion (stationary) of
the test particle. Closer circular motion is impossible.

Suppose that now ¢ and z are fixed. We then have
J=0and £ = 0. From £ = 0, we must conclude that
if an axial mass and current are both present and the
test particle is charged, no radial motion is possible.
The conclusion follows from the p dependence of £
for e £ 0. This was expected; in the presence of the
magnetic field, radial motion of a charged particle
would produce an acceleration in the z direction.

Radial motion is possible only for a neutral particle.
Equations (3.5), (3.6), and (3.9) imply

1/E ¥
el )

8\8uo
Timelike motion is possible if E? is positive and
dp/ds is purely imaginary, E%> —g,,. Spacelike

dp _

s (3.33)
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TabLE II. Summary of permissible motion for charged test particles (e/m) for positive central mass density.

Case I: R," = —R,* = Rs® = —R;® (c ~ positive central mass density)

ps ¢ fixed

p, z fixed

¢, z fixed

k =0, ¢ > 0: all trajectories forbidden

k =0, ¢ > 0: no spacelike motion is

k =0,12> c > 0:all trajectories allowed
and timelike

k = 0, ¢ > 1: all trajectories allowed and

k =0, ¢ > 0: all trajectories are
allowed and may be
timelike, null, or

t ) spacelike
possible; for any p, a value spacelike
of e/m can be found for k>0,¢>0 k > 0, ¢ > 0: all trajectories
hich timelik tion i k(1 — . forbidden
possible Toron 0<pm <X — lc) forbidden if ¢ < 1
k(c—1
0< p¥ < (:+ l)forbidden ife>1
k1 — .
P> (c y lc) timelike if ¢ < 1
-1
P> c+ i ) spacelike if ¢ > 1
Case II: R," = —R,' = —R;* = Ry* (6 = —1 — ¢ ~ positive central mass density)

k = 0,6 > 0: all trajectories forbidden

k =0, 6 > 0: all trajectories allowed and
timelike

k =0, > 0: all trajectories are
allowed and may be

k#£0,6>0: timelike, null, or
) . k > 0,4 > 0: all trajectories forbidden if spacelike
0 < pti+d < k2 1 9) forbidden electric field is present; if field 4 . 0.5 > 0:all trajectories
s is purely magnetic, only time- T T 7 forbidden
. like motion is permissible; for
8 S e p >
P> T D) spacelike any p, a value of e/m can be

found for which timelike

k # 0; 6 = 0: all trajectories forbidden if
electric field is present; if
field is purely magnetic, all
trajectories are allowed and
null

motion is possible

motion prevails whenever E? is negative. Null geo-
desics are characterized by
dp

—=1 3.34
5 (3.34)
To see the possibilities for modification of the
motion for charged test particles, look again at the
situation of fixed p and ¢ for such particles. Instead of
Eq. (3.20), Eq. (3.5) yields
1 2

P 8oo,p

This shows immediately (c, k, and e all being nonzero)
that spacelike motion is always impossible; the left-
hand side and the first term on the right-hand side are
real, and the second term on the right-hand side
cannot be purely imaginary as it must be for spacelike
motion (£ purely imaginary). In addition to (3.35),

—_—— . 2832 +

(3.35)
£ £00.p (833)2 m

motion is allowed if (3.9) is satisfied:

2
i = (— E_ i)t{
£%00  8as

(3.36)

for positive £2. Equations (3.36) and (3.35) must be
solved for £2 and £2 and must yield positive quantities
for both. It is clear that for any p such a solution is
possible by a judicious choice of the sign and magni-
tude of e/m. Hence motion along the z axis is possible
for any radius depending on the appropriate choice of
e/m. This result is not surprising, since such motion
in the presence of B, produces a radial repulsion which
can balance the gravitational attraction.

As expected, the qualitative nature of the motion
for fixed p and z is independent of whether the particle
is charged or not since it is moving parallel to the field.
It has already been pointed out that motion with ¢
and z fixed is impossible for charged particles.
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Case II: R = —R;! = ~R,? = R
For Case 11, the equations of motion (3.1) become

2 3
at | gwpdtdp _ iid_zw’ (3.37)

ds2 oo ds ds m ds 8oo

. 2e(k)t
d¢ _ mpddpdp e dp2lk) . o 3
ds® 822 ds ds mds  p

2 3
d_z+ 83,042 dp _ iiﬂz_c(ﬂcos 5, (3.39
ds® 8as

+ l&(_d_f’)z_ 1@(5@)“_ l&&e(d_‘f’)z

g3 ds ds m ds

dp

ds® 2 gy \ds 2 gy \ds 2 gy \ds
2 3
_l.gm(flﬁ)= L dB2W o8 (34
2 g, \ds mds p gu

The first integrals of the first three equations are

L i(E + £ 22¢(0)% cos 9) = i8Z), (341)
ds m

d¢ . e sin 0 .
L =ilJ - k, = )
8oz s l( m(k)% a4+ kp_%) ( C)) l‘a'(P)
(3.42)
13 dz _ i(L +£ t2c(k)§ cos 0) = if(1). (3.43)
ds m

Equation (3.9) is also a first integral of the set of
equations. If the test particle is not charged, its motion
will be independent of the phase factar 6. As far as
strictly gravitational effects are concerned, we cannot
distinguish an electric field from a magnetic field.
Again for timelike motion, &, §, and £ are all real; for
spacelike motion, they are all purely imaginary.

To determine the physical significance of E,J, and L,
proceed as before. Expand (3.11) for small values of
the quantities k, a, and ¢? and 6 = —(1 + ¢) with
e=0:

E=1+4+0lnp+kp*+a+ 42 (3.44)

If k=0, the obvious identification to make is
[compare (3.13)]
UM =E — a,

2m = 4.

(3.45)
(3.46)

We can still imagine this interpretation to first order
and consider kp® to be an extra gravitational potential
produced by the electromagnetic field. J and L have
the same interpretation as they had in Case I.

For Case 11, there is the interesting possibility that
0 =0,k 5 0, and @ = 0, which would correspond to
a universe with only electromagnetic and gravitational
fields present. When 6 = }m, the field is purely
magnetic; geodesics for this case have been examined
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by Thorne® and in greater detail by Melvin and
Wallingford.12

Consider now the case of neutral test particles for
which p and ¢ are fixed; §=J=0, L =L, and
§ = E and from (3.40)-(3.43)

8 _ _ gup (e’
£ 800,p (g39)°
- PPl + )+ k(1 — o)
= pi'2ga . (347
e S T ) O

For &2 and £2? to have the same sign, the bracket must
be positive. For k = 0, the magnetic field vanishes;
in terms of ¢ the required inequality is

1= —-(14+01>0.

This is the same as inequality (3.22), as it must be
since we are dealing with the same physical situation.
Equation (3.48) cannot be satisfied for positive 4.
If k 0, the bracket in (3.47) is positive if

PP S §1K(2 + B).

The criterion for timelike, spacelike, or null motion
is given by (3.25):

(1—¢% P+ k
c P+ DH+k(c—1

(3.48)

(3.49)

> 0 timelike,
< 0 spacelike,

=0 null
(3.50)

If mass is present, > 0, all allowed motion is space-
like. If no mass is present, § = 0, all allowed motion is
null, and, from (3.49), all p are possible.

Suppose p and z are fixed (neutral particles). Then
£L=L=0,%3=J,and § = E:

8 8ms(80)
IS 8o0.p (833)2
T S LY (3.51)
(82" k(1 =) — p*(1 +¢)"
The ratio is positive if
p2(1+6) < k. (3.52)

The criterion for timelike, spacelike, or nuil
motion becomes (3.25) and (3.26). (The form of g,
for Case I is the same as g,, for Case I1.) We are, of
course, now interested in ¢ somewhat less than —1.
For small d, the result is

0 < p*M < (1 — 8)/k(3 + 8) timelike,
pP* = (1 — 8)/k(3 + 8) null, (3.53)

(1 — 8/k(3 + 8) < p*0+¥ < k! spacelike.
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Case II seems to contrast dramatically with Case I.
For fixed p and z the effect of the circular magnetic
field in Case I was repulsive; in Case II, the z-directed
magnetic field seems to be attractive. Similarly, for
fixed p and ¢, in Case I the magnetic field seems to give
a repulsive effect, and in Case II it seems to give an
attractive effect.

The possibilities for fixed ¢ and z are the same for
Cases I and II. No motion is possible if the test
particle is charged. Geodesics are given by (3.33) and
(3.41) with E?> —g,, for timelike motion and
E? < gy, for spacelike. Null geodesics satisfy (3.34).

Consider the possibility of charged test particle
motion for fixed p and z. Because of the time-de-
pendent term in £, such motion is impossible unless the
time-dependent term is made to vanish by the choice
cos 6 = 0. Hence the motion is impossible if the field
has an electric component. For a purely magnetic
field it can readily be shown, analogously to Case I,
for fixed p and &, that no spacelike motion is possible.
For any p, a value of e/m can be found for which
timelike motion of the charged test particle with
constant p and z is possible.

A charged test particle moving parallel to the z axis
(fixed p and ¢) has the same type of motion as an
uncharged test particle if the field is purely magnetic.
If the field is partially electric (cos 6 # 0), such
motjon is impossible because of the time dependence
of £. Equation (3.47) cannot be satisfied for all £.
Apparently the charged particle increases energy as it
is accelerated by the electric field, and hence the
gravitational attraction to the axis increases.

4. INVARIANTS

In general, from the Riemann curvature tensor and
the metric tensor, 14 algebraically independent scalar
invariants can be constructed. If the Riemann tensor
is decomposed into what is essentially the conformal
curvature tensor and the Ricci tensor, four invariants
can be constructed from the conformal tensor without
using the Ricci tensor, four can be constructed from the
Ricci tensor without using the conformal tensor, and
six require the use of both the conformal and Ricci
tensors. In this section the invariants of the space-
time under study are calculated. The invariants can be
constructed by taking the physical components of the
Riemann tensor using the orthonormal tetrad given in
(2.22)-(2.25). The only nonvanishing physical com-
ponents are given by the invariants

I = PROlol = eZw—z}'(wpp - Vpp)a (4.1)

12 = PR0202 = ezw—zy(wpyp - wpz - % + %)’ (4-2)
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13 = PR0303 = ezw—27(y)p2 - yp'/’p), (4 3)

I, = PR1212 = e2w—27(ypwp ~ Yop — % — %), 4.4)

15 = PR1313 = e2lp-—2y(,¢pp + 2"/)‘;2 - }’p'ﬂp), (4‘5)

Iy =FRyp, = ezw—zy(“‘}’f + &,) . (4.6)
P
If the calculation of the invariants is made, it turns
out that they can all be expressed in the form

I = ce‘z"[a + ﬂp—zc + yp—4c]/p2cz+2c+2(1 + kp"zc)“,
4.7)

where a, f, and y are suitably chosen constants. It is
obvioys that all invariants vanish for ¢ = 0 and that
exp (—2a) is a factor multiplying all the invariants
and determines a scale of some kind. For Case I, the
constants «, £, and y are given in Table III.

It is perhaps not surprising that there are only three
independent invariants because the metric contains
three arbitrary constants a, ¢, and k. The relations
between the invariants shown in the first column of
Table II comes from direct calculation or by use of
the equations which define R,” together with the
fundamental equation (2.16a). For Case I,

R = —I — I, — I, 4.8)
RP=—Rl=—L+1,+1I, 4.9)
RP=R2=—L+1I,+I, (4.10)
R®= —R3 = —I;+ I, + I,. (4.11)

An easy calculation now yields for the physical
components of the Ricci tensor

PROO = —'PR11 — PR22 — '—PR33
4kczp—-2ce—-2a
- P202+4c+2(1 + kp—zc)4'

If k = 0, the electromagnetic field vanishes and the
invariants become equal to those for the pure Einstein
vacuum case. Equation (4.7) becomes

I= ce—zaa/pzcuch’ Il = —16’ 12 = _15,

I,=—1I, and I+ I, + I, =0. (4.13)

(4.12)

TasLe IIL Constants determining physical components of
Riemann tensor for Case I [see Eq. (4.7)].

* B y
I =—I (c+1) —2ck k¥ —=1)
I —(c + 1)? 0 k¥ — 1)
I, = —1I, clc+1) —2kc¢  ck*(1 — )
Iy =2+ +2I; (c+ 1) —8kc ~k¥c — 1)?
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The last relation shows that only two invariants are
independent. They differ by a constant factor which
can be measured at one space-time point.

The invariants for Case II can be written immedi-
ately. The metric for Cases I and II are the same
except for an interchange of gy, and gs,. Hence

I,(Case I) = I,(Case I), [,(Case IT) = I(Case I),

I(Case II) = I,(Case ), I,(Case II) = I,(Case I),

I(Case II) = I,(Case I), I (Case II) = I,(Case I).
4.19)

For Case II, it is of some interest to look at the
invariants when ¢ = ~1 (no mass density). Equation
(4.7) becomes

I=—e®(B+ypd)/(1 +kp?)t. (419

f and y can both be obtained from Table III and
relations (4.14) with ¢ = —1. It is obvious in this
case that the invariants are all regular, and well
behaved, and vanish when k = 0.

5. STABILITY ANALYSIS

In this section the solutions for Cases I and II will
be analyzed to see if they are stable when the system is
subjected to radial perturbations of a certain type. In
particular the functions ¢ and y will be represented
by

7(p, 1) = y(p) + ex(p, 1), (6.1

v(p, 1) = y(p) + €B(p, 1), (5.2)

where € is a small parameter and the equations will be
considered to the first power of € only. It will turn out
that both cases are stable against perturbations of this
type in that no solutions with positive or zero mass
density exist which grow exponentially with time. For
both cases, undamped, oscillatory solutions exist.
When y and y depend on both p and ¢, the non-
vanishing components of the Ricci tensor are given by

Ry = ew-zr(?’pp — Yoo+ Vi — Vu

2pt Yoy y—) (5.3)
PP

R} = ezw‘zy(’}’pp = Yoo+ Vi — Vi

+2p— Yo 72), (5.4)
PP

R22 =

—R# = e‘“’“’(wu — - "’%) 5.5

Rt = =R = v-(2,, - %) (5.6)
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Of course, R, can be expanded in powers of e:

R.(p, 1) = R (p) + R (p, 1). (5.7)

R, (p) is obtained by substituting y(p) and y(p) into
(5.3) to (5.6). R,” can be calculated:
by )

R-Oo = ezw_zy(a’pp - ﬁpp + ﬁtt - 0Ltt
P P

+ 1+ 28— RS,  (5.8)

= _ B, «
-Rl1 = ezw zy(a'pp - ﬁpp + ﬁtt— 0(tt'l" 4Wpﬁp - f - _p)

14
+ {1+ 208 — IR,  (5.9)

5 5 . g
R22 = —Raa = & 27({3” - ﬁpp - Fp)

+ [+ 208 — 9IRS, (5.10)

— — o
Rol = —Rl0 = 82""27(21})pﬁt - ;t) (5.11)

In the above expressions y and v are the unperturbed
functions of p alone.

R,*(p, t) must satisfy the Rainich equations to the
first order in €. The symmetry of the problem assures
that «, = 0. The vanishing of the trace of the Ricci
tensor requires that

RO = —R.. (5.12)
Equation (2.7) is
(Ro"? — (RN = H(R")? — (RyM)? + (Ry))?
+ (RD? + (RP)?), (5.13)
and to first order
RLOR = R2R.2. (5.14)
Hence for Case I
RO = R;2, (5.15)
and for Case II
RO = —R,%. (5.16)

The linearized equations to be solved become the
following (in terms of « and § after substituting for yp,
from the unperturbed solution):

Case I:

Kyy — o('pp + ﬁpp - ﬁtt
24+ 1  Adkep -t
+ ﬂp( - 1 ko™%
P + kp

) —0, (5.17)

%
o"pp_“tt'l'_ =0;

(5.18)
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Case II:
&y — app + ﬂpp - :Btt
p (2c + 1 dkcp 2t
[ p 1 + kp—2c

) =0, (519

« B
ot”—ocpp—;”—Zﬁ“+2ﬂpp+2-;”=

(5.20)

The boundary conditions must now be specified.!?
It is perhaps a good idea to specify them in terms of
mvariant quantities so that the results will be inde-
pendent of the particular coordinate system being
used. One can choose local invariants and demand
that nowhere does any component of the physical
perturbed Ricci tensor [with tetrad of Egs. (2.22)-
(2.25)] diverge more quickly than the most divergent of
the unperturbed physical components of the Ricci
tensor (actually the nonvanishing components equal
each other). This condition makes sense considering
the physical problem we are dealing with in that the
physically important electromagnetic field is expressed
in terms of the components of the Ricci tensor. In
general, the boundary conditions mean that « and g
are not permitted to diverge faster than y and v,
respectively.

Another sensible invariant to look at is a nonlocal
invariant. It is the ratio of the circumference to the
radius of a circle surrounding the z axis in the (p, ¢)
hyperplane in the limit that the radius goes to zero:

[(emtap

L (gt dp

To first order in e, the change of this ratio for the
perturbed solutions can be characterized by

k(p, D)/r(p, 0) = eV = 1 — ea(0, 7). (5.22)

A reasonable boundary condition would be to

demand that «(0, ¢) vanish for all ¢ in order to assure

that the nature of the singularity along the axis does
not change.

Case I: R® = —R!, R® = R;?
Consider solutions of the first-order equations of the
form

—7(0,¢)

w(p, t) = = 2me (5.21)

a(p, t) = a(p) sinh nt, (5.23)
B(p, t) = B(p) sinh nt. (5.24)

If they exist and the constant » has a positive real part,
the unperturbed solution is an unstable one since the
perturbation vanishes at zero time but grows exponen-
tially with time when the time is small. A small initial
perturbation will grow at an exponential rate.
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The general solution of Eq. (5.18) is
o = FKy(np) sinh nt + HIy(np) sinh nt  (5.25)

when Fand H are constants and K, and J, are modified
Bessel functions. Since /, diverges exponentially for
p — o, the constant H = 0.

Making the substitution

B(p) = [p~/(1 + kp2)]B(p) (5.26)

and considering (5.24) and (5.25) with H = 0, we see
that Eq. (5.17) becomes

2 1 k —2c
<n2p + C—)B = nF -2 K (np).
p p

(5.27)

d
— B —
dP(P )

The general solution of this equation is
B = PK,(np) + QI (np)
© , 1 k 1—2¢
+ Ff G(np,np)(+—-—P——)
0

r—¢

Ki(np') dp’
(5.28)

P, Q, and F are constants, and the Green’s function is
given by

G(np, np"y = I(np")K.(np), p’ < p,
= K, (np).(np), p' > p. (529)

As p — 0, the requirement that 8 diverge no worse
than y (ie., In p) demands P = 0. The analogous
requirement for p — oo demands Q = 0. The integral
in (5.28) diverges; hence F = 0. We conclude that no
unstable solution of the type being sought exists for
Case L.

In considering the general solution the possibility
of nontrivial homogeneous solutions of the homo-
geneous equation existing and of the inhomogeneous
equation existing were considered at the same time.
Usually when a nontrivial solution exists satisfying
the boundary conditions, there is no Green’s function.

It is of some interest to look for the possibility of
undamped oscillatory solutions where

(5.30)
(5.31)

a(p, t) = a(p) sin nt,

Blp, 1) = B(p) sin nr.

The most general solution of Egs. (5.18) and (5.17)

with the substitution (5.26) is

a(p) = FJo(np) + HY(np),
B(p) = PJ (np) + QY (np)

[ , 1 + k r—2¢

+ f G(np, np’) —ch—

0 P

x [FJy(np') + HY,(np"] dp', (5.32)
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where the Green’s function is given by

G(np, np’) = dmJ(np) Yo(mp'), p < ¢,
= 3n Y, (np)(np"), p' <p.

Again this examines the possibility of a nontrivial
solution to the homogeneous problem and a Green’s
function at the same time.

Consider the behavior as p— 0. In this limit,
Y, — p~° and § — p~*. This diverges faster than y;
hence the coefficient of ¥, must vanish. Moreover, F
and H both must vanish since the integrals diverge.
An oscillatory solution is possible where

a(p) =0,

Blp, ) =P

(5.33)

—C

£
1 + k p——2c
It should be observed that this oscillatory solution

does not at any time change the limiting ratio of the
circumference to the radius of a circle [Eq. (5.22)].

Jnp)sinnt. (5.34)

Case II: R;®
With the substitutions

—R/, R = —Ry?

B=1tutf, (5.35)
a = [p~[(1 + kp™)]4, (5.36)
Egs. (5.19) and (5.20) become
fpp “ftt % =0, (5-37)
4,
App hnd A”+ 7 - _PEA
= —4[(c + Dp* + (1 — Ikp™'If,. (5.38)
Solutions of these equations are given by
[ = FKy(np) sinh nt, (5.39)
A= QKM(HP) sinh nt
+ sinh nt Ff G(np, np")
0
X [(c + Dp + (1 — o)kp™IKy(np) dp’. (5.40)
The Green’s function is
G(np, np') = K o(np')M,(np), p<p,
P te te (541)

= Ilc[(nP')Km(”P): pl < p.
Terms in the solutions involving Io(np) and I, (np)
have not been included because they diverge too fast
at infinity. The integral in (5.40) diverges requiring
F = 0 and leaving as a possibly unstable solution

F° .
2 =a=Q ——K,, sinh nt. (542
f=a=0Q =" jef(np) sinh nt.  (5.42)
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o and S are well behaved both at p =0 and p = ©
when c is negative. '

It is necessary to compare the physical components
of the perturbed Ricci tensor with the unperturbed
physical components. If a perturbed physical com-
ponent of the Ricci tensor diverges anywhere, it must
do so more slowly than some component of the
unperturbed Ricci tensor. All physical components
are well behaved in this sense except

PRIO — e2|p—-2y (21ppﬁt _ f“_t)
P

___Qne*cosh nt
- p2c“+2c+1(1 + kp-—2c)4
X (2c + 1 — kep™)p K ,((np). (5.43)

This is to be compared with *R,° [Eq. (4.12)]. For
small p, the ratio

P]_zl()/PROO ~ P1+2c. (544)
The ratio diverges if c < —#% and convergesifc > —4.
Hence, if ¢ < —14, the boundary condition requires Q
to vanish, and the system is stable. For ¢ > —1% the
system is unstable. ¢ > —1% corresponds, of course, to
an enormous negative mass density along the central
axis.

If the demand had been that «(0, ¢) vanish as a
consequence of the requirement that the limiting ratio
of circumference to radius of a small circle not be
changed by the perturbation [Eq. (5.22)], @ would
have to vanish for all ¢, since (0, ¢), although finite,
is not equal to zero. Hence, the system would be stable
for all c. With either boundary condition, all systems
with positive masses and even with small (not huge)
negative mass densities are predicted to be stable. It
has been shown!* for the case of vanishing central
mass density that the stability against radial perturba-
tion guarantees stability against nonradial perturba-
tion as well. This can be generalized in an obvious way
to show that the stability against nonradial perturba-
tion would hold even if mass were present.

The possibility of undamped oscillatory perturbed
solutions for Case II will be demonstrated by exhibit-
ing a solution describing such behavior:

P——c
2ﬂ_a—Q1+kp-2°

This satisfies the appropriate equations and all
boundary conditions including the requirement
«(0, t) = 0. It can, in fact, be shown to be the most
general solution satisfying either the boundary condi-
tions on the physical components of the Ricci tensor
or the condition requiring «(0, ) = 0.

Jicf(np) sin nt.  (5.45)
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1 We use the signature (—, 4, +, +):

I‘Zv = %gar(gur,v + &yrn — guv,r)’
Ruvar' = Fva_ru - Fua,rv + I‘vaprupf - Fuaprvpr’

= B
Ryy= Ry,

A comma denotes ordinary differentiation; a semicolon denotes
covariant differentiation; 167G = 1, ¢ = 1, G is the gravitational
constant, and c is the velocity of light. All other notation is defined
in the text or is standard.

2 For a review of the geometric theory, see Gravitation: An
Introduction to Current Research, edited by L. Witten (Wiley, New
York, 1962), Chap. 9.

3 J. L. Synge, Relativity: The General Theory (Interscience, New
York, 1960), Chap. VIII; K. S. Thorne, Ph.D. thesis, University
Microfilms, Ann Arbor, 1965.
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¢ The general solutions to Cases I and II of the possible field
configurations and a particular solution of Case Il is given in Ref. 2
and also in a paper by L. Witten, Collog. Theor. Relativity, Centre
Belge Rech. Math., Univ. (Louvain, Belgium), p. 59, 1960.

5 This differs slightly from the line element given in Ref. 4.
¢ = 0 requires that we take the limit / — oo in the line elements of
Ref. 4. The necessity that / approach o can be argued for on a va-
riety of grounds, which we shall not present here.

8 L. Marder, Proc. Roy. Soc. (London) A244, 524 (1958).

7 M. A. Melvin, Phys. Letters 8, 65 (1964).

8 M. A. Melvin, Phys. Rev. 139B, 225 (1965).

? K. S. Thorne, Phys. Rev. 138B, 251 (1965).

10 K. S. Thorne, Phys. Rev. 139B, 244 (1965).

113, L. Safko, Ann. Phys. (N.Y.) 58, 352 (1970).

12 M. A. Melvin and J. S. Wallingford, J. Math. Phys. 7, 333
(1966).

13 §. L. Safko, Bull. Am. Phys. Soc. 13, 1725 (1968).

14 J. L. Safko, Phys. Letters 28A, 347 (1968).
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For a generalized hypergeometric function ,F,(z) with positive integral differences between certain
numerator and denominator parameters, a formula expressing the ,F,(z) as a finite sum of lower-order
functions is proved. From this formula, Minton’s two summation theorems forp =g + 1, z =1 are
deduced, one of these under less restrictive conditions than assumed by Minton.

This paper deals with generalized hypergeometric functions ,F,(a,,"**,a,; by, ", b,;z) having the
special property that, with suitable enumeration of parameters, @, = b, + m;, i=1, 2,---, n, where
my, -, m, are positive integers and n < min (p, ). It is assumed that p < ¢ + 1 and that no denominator
parameter b is a negative integer or zero. A function of this type may be expressed as a finite sum of
p—nFq_n functions in the following way:

F[b1+m13...abn+mn’an—kl)”'sag);z]
" q
bl," bq

'sbnabn+1a“.’

iz . . a, Jns' s Jous
=2 ',ZOA(JU sz 1f,_,,Fa_,,I: at 4+ z], 0

1=0  in= bn+1+Jn:“'7bq+Jn
where
b, + . - (b e
AGy, i) = (ml) . (mn)( 2+ mz)Jl(bal"“ mg)y, (b + M)y, (an1)g, " " (d5)s, . Q)
Ja Jn (b)), (b2)ay* * * (b y (brsads, (B,
and
(0, =T(c + nN/I'(o). 4

By the principle of analytical continuation, Eq. (1) is valid whenever the functions involved are all
analytic; restrictions upon the parameters imposed in the proof may thus be removed.

The proof is based upon an Eulerian integral representation given by Erdélyi,! viz.,
Pp)rd — by +ay i

1+)
oF AR p;b,"',bq; = 1 — a1 t,
dan, 0y by )= e Gt L [ - o0 ®)

where

f(t) = tal—l p—lFa—-l(a23 tTt, ap; bz, e, bq; Zt),

(6)
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valid when Re a, > 0, b, is not a negative integer or
zero, and |arg (1 — 2)| < = if p =¢ + 1. Now, as
a; = by, + m,, the branch point of the integrand at
t = 1 disappears, and the integral takes the form
fo f(®)dif(t — 1)y™+1, where C is a closed contour
encircling the point # = 1 counterclockwise and f is
analytic within and on C. From Cauchy’s integral
formula, we then find that Eq. (5) becomes

Fa[bl + my, dg, """ ’ap; Z] = DMIf(l),
? bl’ bz’ Tt bq (bl)m;

D denoting differentiation with respect to ¢. Applica-
tion of Leibniz’s differentiation formula and the well-
known expression for the derivative of a ,F, then

yields
s, ap; Z:I
Yy bG

F [bl + m, 4,
Pt Qq bl’ b2, ..
¥, (ml)(az),- (),
=0 \Jj J(b1);" " (bo);

ag+j, .8, 4752
X D—qu—-l[ byt - byt :| )
This result can itself be applied to each member of its
rths if as = b, + my, etc. It is easily seen that the
general result (1) is obtained in this way.

A special case (p = 3, ¢ = 2) of Eq. (8) has been
derived by Rosler? from the series representation.

From formula (1) we now derive two summation
theorems for p =g + 1, z = 1. These have been
given recently by Minton,?® the first one, however,
under more restrictive conditions than those given
below.

To deduce the first theorem, we takeg =p — 1 =
n+l,a,,=b=>b,,—1,z=1, and for brevity
a,,, =a. The hypergeometric functions in the
multiple sum of Eq. (1) then become ,F;(1)’s, which
all exist provided that

Re(—a)>m+ -+ +m, — 1. )]

By Gauss’ summation theorem we then get, after some
rearrangements,

n+2Fn+1(b1+ml,"',bn.{_m"’b’a;
by, -, b, b+ 1;1)
'+ DI'A —a)m™ ma .
= 3B (j, "
b+ 1 —a) 2 Zo WU1s i)

i1=0 In=

M

where
b 1
Bz, viw) = ZE Daw gy,
(a)J,.

Next, the definition (3) is applied, the binomial
coefficients being written in the form (—1)/(—m),/j!;

2N

this leads to

B,(j1s " sjn) = Bpaljss - sJn-1)
x (bn + mn)Jn-l (_mn)j”(b + Jn-—l)iu
(bn)Jn—l ]nl (bn + Jn—l)jn
The terms containing j, obviously constitute a
terminating ,F;(1), which is summed by Gauss’ theo-
rem. After some rearrangements we obtain (summa-
tion limits understood)

2 Bn(jl’ T ’]n)
100 dn (b + )
n my)_p . .
= Bn— > s Jn— )
(bn)—b 11.';.’1'"—1 l(jl Jnt

Repeating this procedure, we finally arrive at Minton’s
first theorem,

wr2Fupa(by + my, -0, b, + my, b, a;
by, b, b+ 11)
_T+1)rd —a) I (be + M)y (10)
I(b+1—a) (br)-s
valid under the condition (9), i.e., if the lhs of (10)
exists at all. In Minton’s proof,® a was required to be
negative integral.

The particular case n = 1 of Eq. (10) was obtained
by Mitra* by series manipulations.

The second summation theorem may be deduced
from the first® by letting b — co. It may, however, also
be deduced directly from Eq. (1) by taking q =
p—1l=na,,=-—m+ --+m,), and z—~> 1.
The hypergeometric functions in the multiple sum
of Eq. (1) then reduce to power functions (1 — z),
where h = —a,, —J, and A >0 for all terms.
When z — 1, all terms of the multiple sum will thus
tend to zero, except the one for which —a,, = J,,
ie,j,=m;,i=1,2,--, n;the limit of this term is
A(my, -+, m,). After some reductions we find the
summation formula

'n+1Fn(b1 + my, "

k=1

’bn+mn’_'(m1++mn)’
bl,...’bn;l)
—1)muttma . !
— (=1 (m, + + m,) . (1)
(bl)ml e (bn)mn

which is easily transformed to the form given by
Minton 3

It may be of interest to compare Eq. (11) with the
special case of (10) obtained by taking b, = b, m, = 1
and then replacing n — 1 by n, viz.,
wirFn(by + my, -0 by +my 056,00, b,;1) =0,

Re(—=a)>m + -+ m,. (12)

1 A. Erdélyi, Quart. J. Math. Oxford Ser. 8, 267 (1937).
2 R. Rosler, Z. Angew. Math. Mech. 43, 433 (1963).

3 B. M. Minton, J. Math. Phys. 11, 1375 (1970).

4 8. C. Mitra, J. Indian Math. Soc. (N.S.) 6, 84 (1942).
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A generalized master equation of the Van Hove type is derived for inhomogeneous systems with
arbitrary initial conditions in such a way as to display explicitly the renormalized “free” propagation, as
well as the “gain-loss” terms. The corresponding Wigner function formulation of this equation is given
as a representation appropriate for the study of kinetic equations for inhomogeneous systems from the
point of view of master equations. The results are formally exact.

1. INTRODUCTION

The Heisenberg equations of motion for an opera-
tor, or the von Neumann equation for the density
matrix, are seldom the most convenient form in which
to express the time dependence of the quantities of
interest in many-body systems. A number of equations,
formally equivalent to the above, have been derived
on the basis of rearranging a formal solution to the
Heisenberg equations to group relevant terms.® The
‘point of these manipulations is that a rather simple
approximation to this new form yields solutions
which would be difficult to obtain directly otherwise;
they typically have a close similarity to the Pauli
master equation.? The generalized master equation
(GME) of Van Hove? is an exact rate equation for the
spectral decomposition of the matrix elements of the
two time-development operators, [U*(£)1;[U(1))n»
in a representation which diagonalizes the unperturbed
Hamiltonian. It was originally derived for the occupa-
tion density [U*(r)),;[U(D)]);;, and was extended by
Janner* and Swenson® to include the interference
term [U*(#)],;[U(?));,. These latter results are suffi-
cient to determine the time development of an opera-
tor diagonal in the unperturbed representation.

Here, the systems of interest are assumed to be
inhomogeneous, which means the operators whose
time dependence is desired (in particular, the density
matrix) are nondiagonal. The full four-index quantity
U%U,, is required in this case, and certain questions
arise in the derivation of a corresponding GME. The
first concerns uniqueness. Three different GME'’s
were derived by Peterson and Quay,® and it is shown
below (Sec. 4) that there are in fact an infinite number
of GME’s possible. Therefore, as observed in Ref. 6,
additional constraints are needed to fix the most
appropriate form for the problems of statistical
mechanics. The second problem is to obtain a form
which demonstrates explicitly the contribution from
unperturbed propagation or free streaming. This con-
tribution vanishes for the case of diagonal operators,
but is nonzero for inhomogeneous cases (although

the forms obtained in Ref. 6 contain this only
implicitly in the inhomogeneous term). Since all
kinetic equations, for which the GME may be con-
sidered a prototype, have an explicit streaming term,
it is clearly desirable to write a GME in this form.
Finally, the effects of the interaction should be identi-
fied as contributing either to the “gain-loss” term
responsible for damping or to a renormalization of the
energies associated with propagation.

The problem of characterizing the effects of the
interaction has been solved, at least formally, by Van
Hove for systems satisfying his ““‘diagonal singularity”
conditions.® He first considered self-energy, or cloud
effects of field theories with no metastable states,’
and obtained, in addition to an explanation of how
these effects can arise, exact expressions for the
renormalized energies of propagation. The subsequent
derivation of a GME for dissipative systems dealt
predominantly with the damping phenomena, and,
although energy renormalization effects still occur,
consideration of diagonal operators did not give rise
to the renormalized propagation term. Here, a GME
for the four-index quantity U}U,, will be obtained
which explicitly incorporates the renormalized energies
in a streaming term and a generalization of the gain-
loss term. The main difference in the gain-loss term
comes about from the need to extend Van Hove’s
prescription for finding the important terms in the
thermodynamic limit to apply for nondiagonal
operators. The result is a different definition of the
“generalized transition probabilities,” which reduces
to the usual definition for homogeneous systems.
This affects only the gain term. The loss terms arise
from collecting terms in the same U, and the non-
diagonality is unimportant.

In obtaining this form for the GME certain aspects
of the lack of uniqueness become clearer. Peterson and
Quay’s equations differ from that given here in two
important ways. First, the contributions from propaga-
tion are contained only implicitly, at least in part, in
their inhomogeneous terms. Second, their equations
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do not all reduce to those of Van Hove, Janner, and
Swenson, or even to any self-determined equations,
for the homogeneous case. The one that does reduce
to these equations does not have an appropriate
Wigner function (or phase space distribution function)
representation.® These differences are due largely to a
freedom to transfer contributions between an in-
homogeneous term and the gain-loss term. This
freedom is eliminated if one requires the presence of a
free streaming term, an appropriate definition of the
transition probabilities based on an extension of the
diagonal singularity condition, and reduction to
previously obtained equations for the homogeneous
case.

The derivation here is heavily indebted to that of
Peterson and Quay and follows, as closely as possible,
their notation. The Wigner function formulation® of
these equations is given, and various limits are
discussed.

2. INHOMOGENEQOUS SYSTEMS

The expectation value of a given time-dependent
operator may be represented as the trace of a time-
dependent density matrix times the initial value of the
operator, and applies for a pure state as well as for an
ensemble of states.1® Therefore, it is sufficient to obtain
a GME for the density matrix. The many-body
density matrix may be given as a formal solution to the
von Neumann equation

p(t) = U@0)p(O)U*(), @1

where U(t) = ¢ *H* (in units such that % = 1) and the
Hamiltonian H is assumed to have a natural or useful
separation into unperturbed and perturbation parts,

H=H,+V. (2.2)

The usual choice for H, is the free N-particle Hamil-
tonian and is assumed to be the case here.' The
matrix elements of p(7) in the representation which
diagonalizes H, are

p(t; by, p2) = 2 U(t; ps, p2)U(t: p1,s pa)p(0; py, ps),
D01
(2.3)

where F(t; p, p') = {p| F(¢)|p"). Here | p) is a many-
body eigenstate of H,, and p denotes the set of
quantum numbers specifying the state. These quantum
numbers, e.g., sets of single particle momenta, become
continuously distributed in the infinite-volume thermo-
dynamic limit,!* and we consider the system to be large
enough to approximate this limit. The time dependence
of a given operator 4 is calculated from

A(t) = Tr p()4(0) = 3, p(1; py» P2)A(O; ps, py)-

P1s02
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We shall mean by an inhomogeneous system one for
which the operators of interest, 4, do not have vanish-
ing matrix elements for all p, # p,.

The matrix elements U*(z; ps, po) and U(¢; py, p)
may be represented in terms of the resolvent operator
for the Hamiltonian®

UX(t; ps, PDU(L; Py, Pa)
= —(277)—2f le de.rR,IZ(p:;, P2s D1s p4)ei(zl“zz)1’
¢y JC2

(2.4
where

R pss pas prs pa) = R(ps> pIRY 1> Po)s

Ri=(H-—-z)'Y R=(H-z)t. (25
The contours of integration, ¢, and ¢, enclose a
sufficiently large portion of the real axis (H is Her-
mitian, and it will be assumed that the spectrum is
bounded for finite volume). The GME follows from
an identity for R*%(p;, py, p1, pa)-

The resolvent operator may be written as the sum
of its diagonal and nondiagonal parts. This formal
separation is important to the derivation because it
groups terms surviving in the thermodynamic limit
according to the diagonal singularity conditions of
Van Hove discussed below. Here we follow the
method of Swenson to obtain a GME without re-
course to the infinite-order perturbation expansions
of Van Hove. It is important, however, to realize that
the role of the diagonal singularity conditions is
implicit in the following separation into diagonal and
nondiagonal parts:

R =D+ DND. (2.6)

D is defined to be the diagonal part of R. It is con-
venient to introduce another diagonal operator G(z),
by12

D = [H, + G(z) — zI™~ 2.7

Equations for G(z), N(z), and D(z) may be obtained
in terms of Hy and V.¢ The definitions below generalize
those introduced by Peterson and Quay:

d(py, ps) = DY(py) — D*(py),
g2 (py, p2) = G py) — G*(py),
DR(py, ps) = DY p)D¥(po).

In terms of these quantities, we have

(2.8)

5{12(‘”3, P2 P1s P4) = {_[)12([,2’ Pl)Qu(Pss P25 P1s P4),
(2.9)



274

where

O(py, p2s Pry Po) = (05,5, + D pIN'(ps, p2)l
X [8,,,5, + N*(p1, pdD*(p))). (2.10)

Multiply Eq. (2.9) by [D*(p))* — [DYp)] =
[E(p1) — E(p2) — 8% ps, p1) + 21 — 22] to get

{(z1 — zo) — [E(py) — E(p))] — g"%(p2»> p1)}
X :Rm(]’a, st pl’P/l)
= dl2(P2s P1)Ql2(Pa ’ Pz, Pl H P4) (211)

Here E(p) is the eigenvalue of H in state | p). The ma-
trix g**(p,, p1) may be written as

g ps» p1) = §g™(p1, p1) + g3(ps, p))
+ [A¥%(py) — A%(py)],
A(p) = [G*(p) + G*p)]. (2.12)

The reason for this separation is to group terms which
will give rise to real and imaginary contributions in the
time representation (see below). The real terms arise
from A and are closely related to the renormalized
energies of Van Hove. Further, g'* may be expressed
in terms of the generalized transition probabilities of
Van Hove [see Eq. (2.16)] responsible for finite
damping effects, whereas the A’s are not. Thus the
point of the above separation is to pick out the
renormalization terms from the damping terms in g'2.
These comments will be borne out below.

To proceed, it is useful to briefly discuss the
diagonal singularity condition. We wish to obtain an
expression for the quantity R'AR® which collects
terms important in the thermodynamic limit. These
terms are special because they are responsible for
the damping effects and renormalization observed in
large systems,” and we identify them in the following
way. The matrix elements of an operator F, whichisa
function of diagonal operators and the potential V,
are proportional to d(p — p’) due to conservation of
momentum. The argument of this é function may be
zero in many different ways since p and p’ represent
3N variables. In particular, there is a term

N
I:]]_: 6(pa - p;)’

where p, and p, are the single-particle momenta.
Since we are actually considering a very large but
finite system, the notation is

8(pe — P) = [2/(27)"10xce(p: — P2)

with Q being the volume and dy, the Kronecker delta.
Then, each single-particle 6 function contributes a
factor Q. Clearly, the term with T, 6(p, — p,) has
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the most d functions of all those which yield é(p — p),
and therefore dominates in the infinite-volume limit.
If each of the single-particle momenta is the same in
the initial and final states, then the states are the same,
[p) = |p’), and the dominant contribution to (p| F [p")
is the diagonal element. Consider now R'4R2. There
are diagonal singularities coming from each R; these
give rise to the contributions g**(py , p;) and g*3(p,, p,)
in (2.12). If A4 is diagonal, there are also diagonal
singularities coming from products of terms from both
R! and R® These latter are the diagonal singularities
of DIND*'AD*N2D? [see Eq. (2.6)] or, equivalently,
terms with N(p;, p))N%(p;, ps). The generalized
transition probabilities occurring in Van Hove’s gain—
loss terms are defined as the irreducible parts of these
contributions only, since they are precisely the ones
responsible for the damping effects.

Now consider the case at hand, i.e., 4 nondiagonal.
There are still the contributions to R'4R? from the
diagonal singularities of R* and R* since they do not
depend on A. These are again given in the g*%(p,, py),
g%(ps, p) terms. However, the diagonal singularity
condition does not, in general, give the dominant term
from contributions involving terms from both R* and
R?. The reason for this is that

{ps] D'N*DY*ADN2D? | py)

may not be proportional to é(p; — py). Therefore, we
have to find a new prescription for picking out the
dominant term in

NY(ps, p)A(p2, pa + KH)N*(ps + k,py)

[here A(p,, py) has been written A( pg, P + k)L
Since N? and N* individually conserve momentum, we
have

Ni(ps, p)A(pz, p2 + K)N*(p. + k, py)
oc 0(py — P — K)A(ps, ps + k).

However, it is clear that the dominant term is the one
with

H 6(p4<z — Pss — ka)

for the same reasons as discussed above, i.e., it has the
most factors of . This implies |p,) = |ps + k), and
the singularity does not occur on the diagonal. The
relevant contribution is now

N'(ps, p)A(pa, pa + K)N*(p, + k, ps + ).
If the operator 4 conserves momentum, then

A(py, ps + k) o §(k),
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and the diagonal singularity condition is regained
even if A is nondiagonal. (In the following for
simplicity it is assumed A has no part diagonal in the
momentum.) The failure of the diagonal singularity
condition for inhomogeneous systems has been
discussed by Fujita,! who circumvents it by a con-
nected diagram prescription for choosing the proper
terms.

These observations on the dominant terms in the
thermodynamic limit indicate that the generalized
transition probabilities should be defined in terms of
NY(ps, pa)N*(ps + k, ps + k) instead of

NY(ps, p)N*(ps, pa)

as in the homogeneous case. Therefore, by analogy
we define two functions, W and V:

N'(ps» p)N*(p. + k, ps + k)

= le(plh D2, D2 + k’ Dps + k)
+ z le(pla p2’ D2 + k’ Pl + k)ﬂ)lz(p” pl + k)
Py

X Nl(p37 P’)Nz(P' + k: p3 + k)’

VIZ(P:;, P2> P2 + k, pa)
= 0"™(ps, Py, P2 + ks Py)
— > NXp', p)N*(p, + k, p' + K)D*(p’, p’ + k)
po

X V¥(ps, ', p' + k, p). (2.13)

These definitions, with Eq. (2.9), lead to

Q12(P3 s P2» P2 + Kk, Pa)
= V*(ps, P2, po + k., py)
+ 2 WHD', by, pa + K, P+ k)
P

X R%(ps, ', p' + k, p)). (2.14)

The definitions (2.13) are the same as those of
Swenson and Janner, for k = 0. They are the same!®
as Van Hove’s if, in addition, p; = p,. The transition
probability W in (2.13) has been defined in terms of
that part of N'N? which dominates in the thermo-
dynamic limit. This is not an approximation, even for
finite volumes, but rather a specific choice of terms to
be gathered in the gain term [second term on the right
of (2.14)]. While other definitions of W and V are
possible, leading to a form like (2.14), they do not
have the physical significance implied by the singularity
conditions; i.e., it is precisely the singular terms which
are responsible for the existence of damping associated
with the thermodynamic limit, and no others.”
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Combining Egs. (2.11), (2.12), and (2.14) gives
{(z1 — z5) — [E(p2) — E(p, + k)]
— [A™(p2) — A™(p, + K)1}
X R*(ps, pas P2 + k, Pa)
= d"(ps, p2 + K)V'(ps, P2, P2 + K, )
+ ;dlz(l’z, p: + k)

X W', py», P2 + ko p' + k)

X R¥*(py, p', p' + k, ps)

+ %[gm(Pz, p2) + gu(Pz + k, ps + k)]
X R™(py, s> P2 + k, py). (2.15)

It remains to express g'*(p, p) in terms of W. This
may be done in the same way as outlined in the
Appendix of Ref. 6, with the result

g%(p, p) = =2 d"(', PIW™(p, p', P', p). (2.16)
kg
Use has been made of the fact that

We(p, p', p's p) = W*p', p, p, p'),
which follows from the definition of W. The desired
identity for R*? is now
{(z1 = z5) — [E(P2) — E(p, + K)]
— [A*(py) — A™(p, + B)I}
X R%(ps, py» 2 + K, Do)
= d*(ps, p2 + K)V(ps, o, P2 + k, D))
+ ; {dlz(Pza p:+ k)

X Wp', pas b2 + k, p' + k)

x R¥(psp’, p’ + k, po)

— (', PV (D, D', P, D)

+ Wpe + k, p', P, p2 + k)]

X R™(ps, Pas P2 + k, P)}. 2.17)

Before continuing, we note that for k = 0 the equation
of Janner and Swenson results; for ¥ = 0 and p; = p,,
Van Hove’s result is regained.

The contours of integration in (2.4) may be de-
formed to give,® for ¢t > 0,

UX(t; ps, p)U(t; p2 + k, ps + k)
=f dEPg(t; ps, ps, P2 + k, ps + k), (2.18)

Py(t; ps, P2s P + k, ps + k)
w© N .
= %”*2_[ dE,j{’12(p3 ’ p2 ’ p2 + k! p3 + k)ezu(E _"')’

(2.19)
where now z; = E+ E' —in, zy,=E — E'+ iz,
and % is an arbitrarily small positive constant. The
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quantity Py is then shown to satisfy

)
a—tPE(t; P3» P2> P2 + k, py)

~ iw(pe, Py + K)Pg(t; ps, P2, P2 + K, py)
t
. f drAg(t = '3 p3) — Ag(t — '3 pa + 0]

X Py(t'; ps, p2s P2 + k, Py)
= fg(t; Pa, P2, P2 + K, P4)

t
+2n3 ﬁdt'[wE(t —t;p,ps, pat k. p' + k)
<

X Pg(t'; ps, p's o' + k, po)
— 3{wg(t — t'; P2, P’ s Do)
+wg(t—t;pa+k,pip,ps+ k)
X Pg(t'; ps, Pas P2 + k, PJ]-
Here w(p;, ps + k) = E(p;) — E(p, + k) and

(2.20)

Ag(t; p) = w“fw dE'A(p)e™*F =,
Su(t; ps, P2y P2+ K, Po)
= i [ a5+ 1
X V”(pj, P2s P2 + k, pYetttFm,
wg(t, P3» P2 P2 + k, Do)
= ir* [ Aoy, pa+ 10

X W¥(ps, ps, Pz + k, pp)etE-,

Finally, the spectral decomposition of p(f) may be
defined by

pr(t; Do + k, p2) = X Py(t; ps, pas P2 + k, po)
P3P
X P(O; P4, PS)’
p(t; p2 + k, p2) =f dEpg(t; ps + k, ps), (2.22)

and it satisfies the GME

(2.21)

d .
Py pu(t; p2 + k, po) + iw(py + k, pa)pr(t; p2 + k, ps)

t
ny f AV TAg(t — 15 Py + K) — At — 5 po)]
0

X pg(t'; p2 + k, ps)
= pg(t; p2 + k, p»)

¢
+ 27y fdt’{wE(t —t';p, P2, Pe + k, p' + k)
' JO

X pr(t';p" + k, p")
— dwg(t — t'; p2, P, P, Pa)
+ WE(t - t'; p2 + k’ P', p” D2 + k)]

X pg(t's pe + k, po)}. (2.23)
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This is the desired result for the N-particle spectral
density. It incorporates the renormalized energy
differences in the streaming term on the left side and
the proper contributions to the generalized transition
probabilities wy on the right side. It remains to show
that the Az should indeed be grouped with the un-
perturbed motion and represents renormalization of
the unperturbed energies. This requires that Ag(z; p)
be real, and may be shown as follows:

Ag(t; p) = 7 f dEHG(: E + E' — in)
+ G(p, E — E/ + in)]em't(E'—in),

[Ag(t; I = 7 f_ dE'YG*(p; E + E — in)
+ G*(P’ E—E + in)]e—zit(E'+in)

= Tr—lf dE'}{GX(p; E — E' — in)

+ G*p; E + E' + in)]e*"E—in

But since D is Hermitian, G is also, and therefore
G*(p; z) = G(p; z*). Then

[Ax(t:; PI* = "'lf_idE'%[G(p; E—E +in)

+ G(p; E + E' — ip)]e®tE—n,

The function Ag(¢; p) is thus seen to be the real part
of the Fourier inversion of G(p). Van Hove has shown
that the real part of G(p), denoted by K(p), determines
the exact energy of the pth state &(p) as a solution to

E(p) —E+ K(p; E)=0
or

K(p, &(p)) = 8(p) — E(p). (2.24)

Therefore, K(p; E) may be used as the generator of a
perturbation expansion for the exact energy.!* The
function Agz(p; t) is the corresponding real function in
time-dependent form [its time integral is indeed
K(p; E)]. The time dependence represents a non-
Markovian nature of the renormalization which is
familiar from other many-body approaches, e.g.,
Green’s functions. Thus Ag(¢; p) is a renormaliza-
tion suggestive of Van Hove’s description of cloud
effects. Equation (2.24) has been used in nuclear
physics as the basis for a determination of the en-
ergies of the ground state and certain excited states.'

The above discussion can be made explicit in the
weak coupling limit. A coupling constant 4 is intro-
duced in the interaction potential, and the weak
coupling limit is defined by 4 — 0, t — o0, A% finite.
Extensive discussion of the physical meaning of this
limiting process may be found in Refs. 3 and 4. It is
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assumed that there are two time scales, a microscopic
time defined by a parameter 7, independent of 4 and a
longer time scale 7y ~ A-%. The GME may be solved
to first order in 4 to obtain the density matrix at the
upper limit of the microscopic time scale. The GME to
order A2 may then be written for the long time behavior
using the short time result as an initial condition.
Therefore, for short times we consider (to order 1)

0 .
a—t pe(t; P2 + k, po) + iw(ps + k, p2)pg(t; po + k, p2)

= P’Ilg(t, P2 + k’ p2)’
px(t; P2 + k, p2)

= }in~? f_ ZdE'({[E(Pz) —E—E+ i

~[E(p: + k) — E+ E' — in]™}
x p(0; p + k, p;)
~ > {p(0; p2 + k, PW(P', po)

¥4

x [E(p)) — E — E'+ in]™*
— V(p2 + k, P)E() — E+ E' — in]?

x p(0; p', pz)})ezi“E"i"’-

This equation may be integrated to give the result for
short times. The behavior at the upper limit of the
short time scale may be represented by the long time
limit of the solution obtained. This is found to be

pu(t; P2 + k, p2)
- e—iw(m+k.’ba”6(E — %[E(pz + k) + E(py)])

X (P(O; P2+ k, pg) — pE {p(0; p, + k, p")
X V(0', pEP') ~ E(I™ — V(ps + k, )
X pl0; p's POLE) — Eps + k)r‘}). (2.25)

Just as with previous results for the diagonal elements,
pe(f; p: + k, po)is restricted to an energy shell. Here,
however, there are two energies associated with the
nondiagonal elements, and the solution is obtained on
the arithmetic average of E(p,) and E(p, + k).

The GME on the long time scale is obtained by
noting that pg(t; p, + k, p,) varies slowly on this
scale,’ compared with A; and wy, and may be
extracted from the time integrals. For t > 7, the upper
limit on the time integrations may be set to co. The
resulting GME is

d ,
3 PE(t; P2 + k, p2) + iw(pa + k, p)pg(t; po + k, p,)

+ i[Ag(p. + k) — AE(Pz)]PE('§ P2+ Kk, ps)

2n

= {wg(p', P2, P2 + k, p' + k)
<

X PE(t; p, + k’ P’) - %[WE(I]Z’ p,s p's P2)
+ wg(ps + k., ', 0, b2 + Klpg(t; po + k, p2)},
(2.26)

where Ap(p) and wg(py, ps, ps, pa) are the time
integrals of Ag(t; p) and 27wg(t; p1, pas Pss Pa)s
respectively. Equation (2.26) is to be solved subject to
the initial condition given by (2.25). Use of this
initial condition and Eq. (2.22) allows one to write
P(t; p2 + K, po)

= 0(E — HE(p: + k) + E(p)D)p(t; p; + K, po).

Then Eq. (2.26) leads, after integration over E, to

0 -
Py p(t; p2 + k, p3) + iW(py + Kk, p2)p(t; pe + K, ps)
=27 > (W, po. Po + k, P’ + K)o(t; P’ + K, ')
<

— 3w, 0, P+ ke + B
+ WPy, 0+ k 0+ K, p)1p(5 P2 + K, )}
2.27)
Here w'® indicates the transition probabilities to

lowest order in 4, and will be discussed in the next
section. Also,

W(ps + k, po) = w(ps + k, ps)
+ K(p2; 3[E(p: + k) + E(p)]D
— K(p, + k; 3{[E(p: + k) + E(p,))).
(2.28)

To understand this last expression, recall from
(2.24) that E(p,) — E + K(p,; E) = 0 implies E =
&(p). Since there are two states involved, p, + k and
P2, it is convenient to write

E + }[6(ps) + 8(p. + K)] — E(py)
= K(ps; E + 4[8(p; + k) + &(p)]),
= E + 3[8(py) + 8(p: + k)] — E(p, + k)
= K(ps + k; —E + 3{8(p, + k) + &(po)]).

Both of these equations are satisfied by

E = 3[&(py) — &(py + K)),

ie., half the exact energy differences. Subtracting
these equations gives

2E + w(ps + k, p2) = K(py; E + 3[8(p,)
+ 8(ps + K)) — K(ps + k; —E + 3[8(p; + k)
+ &(p)].
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A perturbation expansion for &(p,) — &(p, + k)
results by iterating about £ = 0:
8(pe + k) — 8(p) = w(pz + k, p2)

+ K(p2 + ks 3[E(ps + k) + E(p2)))

— K(pe; $lE(ps + k) + E(p)]) + -+ - .
The terms shown on the right side are the same as
those on the right side of (2.28). Thus #w(p, + k, py)
is the first term in a perturbation expansion of
&(ps + k) — &(p.) about zero. Only the .owest order
in 4 should be used since the weak coupling limit has
been taken. This expansion of the energy differences
about zero probably does not converge for states
ps + k and p, with greatly different energies. This is
because the w(p, + k, p,) term in the GME gives a
rapid oscillation to p(¢; p. + k, p»), which invalidates
the assumption- that it is smoothly varying. This
difficulty can be avoided by considering the GME in
an interaction representation defined by

p(t; ps + k, pa) = e (1 5, 4 k, py).

The p; may now be assumed smooth and the renor-
malized energies are given to second order in 4, i.e., an
expansion of &(p, + k) — &(p,) about w(p, + k, p,),
rather than about zero. Furthermore, the weak
coupling limit must be considered strictly as a model,
since the existence of the two time scales, related in a
simple way to the coupling constant, is unproved.

3. WIGNER FUNCTION FORMULATION

For many purposes, such as investigating the
foundations of kinetic theory, it is convenient to use
the Wigner function rather than the density matrix.%16
The weak coupling, Markovian limit of the corre-
sponding GME is called a master equation. Kac has
discussed? the derivation of kinetic equations for
homogeneous systems from a model master equation.
It has been conjectured'”!® that a master equation
does not exist for inhomogeneous systems, or at least
cannot serve as a basis for the kinetic theory of such
systems. A useful starting point for an investigation of
this question is a GME for the Wigner function. The
Wigner function is related to the density matrix in
momentum representation by

F(r,p; 1) = o~V [dp'é®"p(p 4 p', p — p). (3.1

Here r and p represent the 3N components of position
and momentum, respectively, and N is the number of
particles. The “integral” in (3.1) anticipates the infinite
volume limit and is defined by

- 3N
[wo=2250.
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The Wigner function may be obtained by an “inver-
sion” of the Weyl prescription for quantizing classical
phase functions. Thus the utility of the Wigner func-
tion in quantum mechanics is that it has many of the
properties of the classical distribution functions
defined on phase space. Other functions have been
proposed as well.

To make the connection with the GME, define the
spectral decomposition of the Wigner function by

Fg(r,p; t) = 7N | dp'e® "pp(p + p', p — p'5 1),

F(r, p; 1) = f dEFu(r, p; 1). (3.2)

Equation (2.23) now gives the corresponding GME
for the Wigner function:

0
o Falr,pi0) + LoV Fr p; 1)
1 m

t
+J. dt'fdr’AE(r —r,p;t—t)Fg(r,p;t)
0

t
= Fi(r, p; 1) + 27 f ar f dr’ f dp”
0
X [wg(r —r',p", p;t — t)Fg(r', p"; t')
—wglr— 1, p,p"st — )Fg(r', p; t)], (3.3)
with
Ag(r, p; 1) = in™*N f dp’
x & Ayt p+ p) — A(t; p — P,
wg(r, p", 3 t)
= 77 3N VN fd
(277)3N
X wg(t;p"—pp—p,p+p,0"+p)

r 28

pe

wg(r, p, p"; 1)
= 8N vy jdp,
(277)3N
x & we(t; p— P, p", 0", p — 1)
+ wg(t;p + 0, "% P", p + P}

Filr, p; ) = 7% f dp' & oilts p + P p — P').

3.4

It follows from the discussion following (2.23) that
Ag(r, p; 1) is real. It is also straightforward to show
the transition probabilities,

WE(r, P"a P; t) and w,E(r’ P; P"; t)’

are also real, as they should be.



GENERALIZED MASTER EQUATIONS

Equation (3.3) is nonlocal in both the space and
time variables, reflecting the fact that in general there
are spatial correlations as well as “memory effects.”
To demonstrate that these two features are quite
independent, we consider first the limit of a weakly
inhomogeneous system. In this case pg(t; p + p’,
p — p') is a peaked function of p’ about p’ = 0, and
the integrands in (3.4) may be expanded about p’ = 0
to give, to lowest order,

AR, ps 1) = — 6(r) AE@ P
) VN ,
wg (r,p', py 1) = ™ o(rywg(t; p", p)

= wi"(r, ', p3 ). (3.5)
This gives the weak inhomogeneity approximation to
(3.3):

0
S Fx(rpi0) + 3 <Y, Fy(r, ps 1)

+Jt (aa AE(t—t,p)) Fy(r, p;t')

= FO(r, p; 1) + 2 f dt f dp"

N

Y [we(t — t'; p”, P)FE(r, p"; V')

Q2w
- WE(t -t s Ds p”)FE(r, p; t/)] (36)
The gain-loss term in (3.6) is the same as that obtained
by Van Hove, Janner, and Swenson for the homo-
geneous case. Therefore, the principle difference for
the weakly inhomogeneous system is the presence of
the streaming terms on the left side. The equation is
still non-Markovian in time, although spatially local
in this approximation.
A further simplification occurs if, in addition, the
weak coupling limit is taken. From (2.27) and (3.5)
we obtain

Zrripin+ |2
m

o +2 K(p; E(p))} - V,F(r, p; 1)

dp
= f dp'a(p’, DY E(p") — E(p))

) X [F(r,p";t) — F(r, p; )] (3.7)
with

o(p”, p) = Kp"| V Ip)IP.

(2 )3N
The ““collision integral” on the right of (3.7) is now
just the gain-loss term of the Pauli equation. The
streaming term may be written as p- V,.F(r, p; 1),
where p is the renormalized momentum defined by

Ps = pyand p,
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b =(9/9p)6(p). In (3.7) we have j to first order, as

follows from (2.24):

0 d
P ZK(p; E(p) = = §7(p);
m op

op
§Y(p) = E(p) + K(p; E(p)).

Equivalently, the streaming term may be written in
terms of an effective mass, p/m* - V, F(r, p; t), with
= m[36(p)/OE(p)I.

Equation (3.7) may be considered the simplest
generalization of the usual master equations to
inhomogeneous systems. Its validity, of course,
requires detailed investigation of the two limits taken.
The derivation of the Boltzmann equation from (3.7)
for homogeneous systems has been discussed by
Kac!” and, in the context of a GME, by McLennan
and Swenson.!®

4. DISCUSSION

It was mentioned in the introduction that Peterson
and Quay® found more than one identity for

5{12(P1, P2a Paa P4)

In fact, there are an infinite number of such identities.?®
This can be seen by choosing to define V12 by, for
instance,

0™(ps, P2, P1> Po)
= V*™(ps, P2, P1s Pa)
+ z A(le)pg,m.p’.m"ﬁu(l’a’ P' s P”’ P4),

2’9"

where A is an arbitrary linear function of W'
Expressing g'3(p, p) in terms of W2 requires only that
W2(ps, ps, p1, ps) reduce to Van Hove’s definition for
= p,, and makes no use of the defini-
tion of V12, Therefore, for various choices of 4, one is
merely transferring contributions of the gain term to,
or from, the inhomogeneous term V. Indeed, if V is
defined by

0%(ps, P> P1s Pa)
= V*(ps, p2> P1> P) + 2. 3 d(p’, P')
Z

X (W*¥(p,, P’ P’ p2) + W™(py, 1, P, DY)
X 5{12(17?,, D2»> P1s Pa)s

the gain-loss term vanishes! In the derivation pre-
sented here, V' and W are defined by choosing only
those contributions for the gain-loss term which have
special significance in the thermodynamic limit. The
relevance of this choice is due to the usual meaning of
the gain-loss term as the contribution responsible for
dissipation. Thus, while other GME’s may be obtained,
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their ““gain-loss” terms cannot be interpreted as such,
and it is not clear how one would make a meaningful
approximation to these equations without a reordering
of terms according to the singularity conditions, or
similar criteria. The separation of the resolvent
operator into diagonal and nondiagonal parts is not
sufficient by itself to pick out the important terms, as
the above ambiguity suggests. In addition, one must
choose the dominant terms from the product of
resolvents (since the thermodynamic limit of the
product is generally different from the product of the
limits), and it was this analysis which led to the choice
of definition for W and V here. A similar situation
exists with other methods for obtaining GME’s.
More elegant and direct derivations of general rate
equations may be obtained by using projection
operator techniques. However, there still remains the
justification of a choice of projector, and again it
requires specification of terms dominating the effects
to be described.

Finally, it should be mentioned that, although the
above reordering is based on the behavior of large
systems, the thermodynamic limit has not actually
been taken in Eqgs. (2.23) or (3.3). One must first
multiply by the matrix elements of the operator to be
averaged and sum, before actually carrying out the
thermodynamic limit. Thus, while the density matrix
may not strictly exist in the thermodynamic limit, it is
expected that calculations for a large but finite system
will lead to expectation values whose limit is well
defined. For an example of this, see Ref. 19.

ACKNOWLEDGMENT
The author is pleased to acknowledge a number of
useful conversations with Professor R. J. Swenson.

JAMES W. DUFTY

* Research supported by the National Aeronautics and Space
Administration.

! An early review with references is given by G. Chester, Rept.
Progr. Theoret. Phys. 26, 411 (1963); see also, G. Emch,
Lectures in Theoretical Physics, edited by W. Brittin (U. of Colorado
Press, Boulder, 1966), Vol. VIIla; S. Fujita, Non-Equilibrium
Quantum Statistical Mechanics (Saunders, Philadelphia, 1966);
E. Montroll, in Fundamental Problems in Statistical Mechanics,
edited by E. G. D. Cohen (North-Holland, Amsterdam, 1962); I.
Prigogine, Non-Equilibrium Statistical Mechanics (Interscience, New
York, 1961); R. Zwanzig, Lectures in Theoretical Physics, edited by
W. Brittin and J. Downs (Interscience, New York, 1961), Vol. III.

® W. Pauli, Festschrift zum 60. Geburtstage A. Sommerfelds
(Hirtzel, Leipzig, 1928), p. 30.

3L. Van Hove, Physica 23, 441 (1957); 25, 268 (1959); La
théorie des gaz neutres et ionisés (Hermann, Paris, 1960), p. 149.

4 A. Janner, Helv. Phys. Acta. 35, 1 (1962).

5 R. Swenson, J. Math. Phys. 3, 1017 (1962).

8 R. Peterson and P. Quay, J. Math. Phys. 5, 85 (1964).

7 L. Van Hove, Physica 21, 901 (1955); 22, 343 (1956).

8 This is due to the fact that the equation for the nondiagonal
elements depends on the diagonal elements of the density matrix.

® E. Wigner, Phys. Rev. 40, 749 (1932).

10J, von Neumann, Mathematical Foundations of Quantum
Mechanics (Princeton U.P., Princeton, New Jersey, 1955).

111t is only important that some of the quantum numbers of H
becomes continuous in the infinite volume limit. There may be some,
however, such as spin, which do not.

12 G may be identified as the self-energy—see, e.g., E. P. Gross, in
Mathematical Methods in Solid State and Superfluid Theory, edited
by R. C. Clark and G. H. Derrick (Plenum, New York, 1967).

13 Strictly speaking, Van Hove’s results are only valid in the
thermodynamic limit, while those of Swenson and those here are
valid even for finite volumes. This leads to differences of order 1/Q
in the functions G and N (Ref. 5, p. 1020). It is important to note
also that the diagonal singularity condition has only been used here
on R'4R? and the “irreducibility conditions” of Van Hove have
not been required.

14 K. Kumar, Perturbation Theory and the Nuclear Many-Body
Problem (North-Holland, Amsterdam, 1962).

15 This is true only if w(p, + X, p,) is small; see comments below.

16 H. Mori, 1. Oppenheim, and J. Ross, in Studies in Statistical
Mechanics, Vol. 1, edited by J. de Boer and G. E. Uhlenbeck
(North-Holland, Amsterdam, 1962).

1" M. Kac, Proceedings of the Third Berkeley Symposium on
Mathematical Statistics and Probability, edited by J. Neyman (U. of
California Press, Berkeley, 1956).

18 M. Dresden, in Studies in Statistical Mechanics, Vol. 1, edited
by J. de Boer and G. E. Uhlenbeck (North-Holland, Amsterdam,
1962), p. 310.

19 J. McLennan and R. Swenson, J. Math. Phys. 4, 1527 (1963).

20 This was first pointed out to me by Professor R. Swenson.



JOURNAL OF MATHEMATICAL PHYSICS VOLUME 12, NUMBER 2 FEBRUARY

1971

Crossing Symmetric Expansions of Physical Scattering Amplitudes;
The O(2, 1) Group and Lame Functions

N. W. MACFADYEN* AND P. WINTERNITZ?
Department of Physics, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213

(Received 7 July 1970)

An explicitly symmetric 2-variable expansion, convergent in the physical regions of both the s and ¢
channels, is obtained for 2-body relativistic scattering amplitudes. Use is made of a symnretric mapping
of the variables s and ¢ onto a 2-dimensional hyperboloid, leading to an expansion in terms of Lamé
functions, which are the basis functions for an irreducible representation of the group 0(2, 1) in our

parametrization.

INTRODUCTION

A series of previous publications'=? (for a more
complete list of references see Refs. 6 and 7) was
devoted to the development of a scattering theory
based on 2-variable expansions of relativistic scatter-
ing amplitudes, just as the usual partial wave analysis
is based on a single-variable expansion at a fixed
energy or the Regge scattering theory is based on a
single-variable expansion for a fixed momentum
transfer. The aim of this approach is to make use of
group representation theory to separate out as much
as possible of the kinematics of the reactions involved.
Indeed, all the dependence on kinematic parameters,
such as energy and scattering angle (or the Mandelstam
variables s, t, and u), is separated into known functions
(the basis functions for group representations, the
finite transformation matrix elements, or some
similar objects), whereas the dynamics are transferred
to the expansion coefficients, called the “Lorentz
amplitudes” in Refs. 1-7.

The desire to make as much use as possible of
relativistic invariance, in particular to incorporate the
0(3), 0(2, 1), E,, and O(3, 1) little group expansions
(see Refs. 7-10), leads to expansions based on an
O0(3,1) group, isomorphic to the homogeneous
Lorentz group, which underlies the kinematics of the
special theory of relativity.

Two-variable expansions, based on an 0(3,1)
group, have so far been obtained for the 2-body
scattering of spinless particles with arbitrary (positive)
rest masses, for arbitrary values of s and ¢. The method
used was to consider the scattering amplitude as a
function of the relativistic velocities v = p/m (p =
{po, P} is the energy-momentum, m is the rest mass,
so that v? = 1 on the mass shell) of all four particles
and then to express the components of three of the
velocities in terms of the fourth, by making use of the
conservation laws and choosing a specific frame of
reference. In such a fashion, we obtain a mapping of
a physical region in the Mandelstam plane onto the

hyperboloid v* = 1. The scattering amplitude f{(s, ¢)
can then be considered to be a function f(v) of a single
point v in relativistic velocity space, and, as s, ¢ run
through the physical region of one channel, the point
v runs over the whole upper sheet of the considered
hyperboloid. Having such a function f(v), we find it
a relatively simple matter to expand this function in
terms of the basis functions of the irreducible repre-
sentations of the group of motions of the space v? = 1,
i.e., the group O(3, 1). To make the above considera-
tions explicit, it is necessary to choose a certain frame
of reference, like the center-of-mass system, the
brick-wall system, etc., to choose convenient co-
ordinates on the hyperboloid, and to choose a
convenient basis for the representations of O(3, 1).
All these questions are linked to each other and were
discussed in detail in Refs. 1-7. In particular, it was
shown that different chains of reductions of the
0(3,1) group to its subgroups lead to different
coordinate systems, different bases for the group
representations, and thus to different expansions of
scattering amplitudes.

The group reduction O(3, 1) > 0(3) © 0(2) was
associated with spherical coordinates on a hyperboloid
and was used to consider scattering in the center-of-
mass frame. The O(3) group then figured as the little
group of a timelike vector—the total energy-momen-
tum p; + p,. The 2-variable expansion could be
interpreted as an O(3) little group expansion in terms
of P, (cos &) (Legendre polynomials; & is the c.m.s.
scattering angle), supplemented by an expansion of
the partial wave amplitude a,(s) in terms of certain
Legendre functions.

The reduction O(3,1) > 0(2,1) > 0(2) was as-
sociated with hyperbolic coordinates on the hyper-
boloid and can be conveniently applied to scattering
in the brick-wall frame; and the O(2, 1) subgroup
appears as the little group of a spacelike vector—the
momentum transfer p; — py [for ¢ = (p, — ps)* < 0]
The obtained 2-variable expansion can be interpreted
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as a Regge integral (the background integral of Regge
pole theory or an integral along the path Re/=
const > —4, where / is the complex angular momen-
tum), supplemented by a definite expansion for the
Reggeized partial wave amplitude a(/, t).

Finally, the reduction O(3, 1) © E, © 0(2), where
E, is the group of motions of an Euclidean plane, is
related to so-called horospheric coordinates! and was
used when considering scattering in a “light-velocity”
frame of Ref. 4. The E, group figures as the little
group of a lightlike vector K(s, r), constructed out
of the momenta of the four particles involved,
which for unequal-mass scattering (m; % my and/or
my, # m;) at t = 0 coincides with the momentum
transfer. The obtained 2-variable expansion can be
interpreted as a generalization of the E, little group
expansions for t = 0, again supplemented by a further
expansion for the corresponding partial wave
amplitude.

The O(3, 1) 2-variable expansions thus incorporate
the O(3), 0(2, 1), and E, little group expansions. The
0(3, 1) little group expansion® for equal-mass scatter-
ing at ¢t = 0is also contained as a special limiting case.

In the program described above, and indeed in any
application of harmonic analysis on a group manifold
or a homogeneous space, the choice of a specific basis
for the representations is very important and deter-
mines the properties of the resulting expansion. An
approach commonly used in physics is to choose a
complete set of commuting operators, using operators
in the enveloping algebra and possibly some others,
and then to construct the basis functions as the set of
common eigenfunctions of this complete set of
operators. A standard way to construct such complete
sets of commuting operators is to consider various
possible chains of subgroups of the given group and
to form the set out of the invariant operators of the
group itself and of all the subgroups in the chain.!!-1-2

In the last few years much attention has been
devoted to the representation theory of the Poincaré
group, the Lorentz group O(3, 1), and their subgroups.
Various aspects of the representations of O(3, 1) have
been considered both in the ‘‘canonical basis,”
corresponding to an O(3, 1) @ O0(3) @ 0(2) reduc-
tion,'*15 and in the ‘“‘noncompact” bases, corre-
sponding to reductions to the 0(2, 1) or E, groups!®-2°
(the list of references is by no means complete).

The group 0(2, 1)in a compact basis, corresponding
to the reduction O(2, 1) > O(2), was first investigated
by Bargmann.?! The noncompact reduction 0(2, 1) >
O(1, 1) has been considered by numerous authors
(see, e.g., Refs. 19, 22, and 23).

It should be stressed, however, that reducing a
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group to its subgroups is not the only manner in
which complete sets of operators determining basis
functions of representations can be constructed.
Indeed, all that is necessary is to include the Casimir
operators of the group itself-—the choice of the re-
maining operators is arbitrary. A systematic investi-
gation of possible complete sets was initiated in Refs.
2, 3, and 24 for all the little groups of the Poincaré
group. It was shown that if, for convenience, we
restrict ourselves to second-order operators, then there
exists only a finite number of nonequivalent complete
sets. For the group O(3) there are only two such sets,
for E, there are four, for O(2, 1) there are nine, and
for O(3, 1) there are 34. It was shown®2* that each
independent set corresponds to one system of co-
ordinates, allowing the separation of variables? in
the Laplace-Beltrami equation for the space on which
the corresponding group acts transitively. Those
operators which were obtained as Casimir operators
of subgroups correspond to the simplest types of
coordinates; the other operators correspond to more
complicated ones, of the elliptic type.

From the point of view of group representation
theory, it is of interest to investigate representations in
these new bases, not related to any subgroups. As a
by-product, one might hope to obtain new group-
theoretical properties of the special functions, which
will appear as basis functions, matrix elements, or in
some similar role (for the connection between special
function theory and group representations, see, e.g.,
Vilenkin?).

From the point of view of physical applications, we
are led to a consideration of group representations in
such an “elliptic” basis by the desire to incorporate
crossing symmetry conveniently into the 2-variable
expansion theory. Indeed, consider the scattering
amplitude f(v), where v is a point on the hyperboloid
v* = 1. We can parametrize v, using arbitrary co-
ordinates, but we wish to obtain a convenient map-
ping of the Mandelstam plane onto it. In particular, if
we succeed in constructing such a mapping that an
interchange of, say, s and ¢ corresponds to an inter-
change of two of the curvilinear coordinates of v and
if the basis functions in the expansion have a simple
behavior under such an interchange, then we can
obtain explicitly crossing-symmetric expansions.

In this paper we show that such a program is indeed
feasible and leads to crossing symmetric expansions
in terms of Lamé functions. We limit ourselves to
expansions based on an O(2, 1) group, rather than
O(3, 1); but this is purely for mathematical simplicity,
and indeed an extension to the group O(3, 1) is in
progress.



CROSSING SYMMETRIC EXPANSIONS

In Sec. I we discuss the hyperboloid vj — v} — v3 =1
on which 0(2, 1) acts transitively, consider coordinate
systems allowing the separation of variables in the
Laplace equation, and introduce the basis functions
of representations of O(2, 1). Section II is devoted to
the mapping of s, ¢, and u onto this hyperboloid. In
Sec. III we write an expansion of the scattering ampli-
tude for one of the two variables fixed in terms of
Lamé functions, and in Sec. I'V we derive the 2-variable
expansion. In Sec. V we apply the derived expansions
to obtain an explicitly crossing-symmetric expansion of
a physical scattering amplitude, convergent in both
the s and ¢ physical regions. Possible future applica-
tions and developments are discussed in the final
section.

I. THE O(2,1) GROUP AND ELLIPTIC
COORDINATES

The Lorentz group in a 3-dimensional space with
two spacelike dimensions and one timelike dimension
can be defined as the group of linear transformations
of a 3-dimensional vector space leaving the indefinite
form v — v? — v} invariant. In this paper we shall
concentrate on one of the homogeneous spaces of this
group, namely the upper sheet of the two sheeted
hyperboloid

i—vi—vi=1, 9, >1.

M

The generators of the group will be denoted X, , K,
(boosts along the first and second axis), and L; (a
rotation in the 12 plane), satisfying the commutation
relations

(LeKi] = K, [KoLs] = Ky, [KiKo] = — L, (2)
so that the generators are represented by anti-
Hermitian operators in any unitary representation.
The invariant of the group, i.e., the Casimir operator,

can be written as

A=1%— K:— K2 3)

We shall consider the space of functions f(v) square
integrable with respect to the invariant measure dv, dv,/
v, on the hyperboloid. Any function transforming
under an irreducible representation of 0(2, 1) must,
of course, be an eigenfunction of A:

Afi(v) = =l + 1) f,(v). C)

As stated in the introduction, basis functions f,(v)
for an irreducible representation can be obtained by
demanding that they should be the eigenfunctions of
a further differential operator, commuting with A,
and possibly of some (discrete) reflection operators.

283

A second-order symmetric differential operator,
commuting with A, can be written as

L = aK% + b(K1K2 + K2K1)
+ cK3 + d(K,L; + LyK,)

+ e(KoLg + LoKy) + /L3 )
(where a, - - -, f are arbitrary constants), and it was
shown in a previous paper® that, by an inner auto-
morphism of the group and by taking linear combi-
nations of the transformed operator L’ with A, a
general operator L can be reduced to one of nine
inequivalent standard forms L,. The basis functions
can be taken as the common solutions of (4) and the
equation

Ls_flh(v) = h.flh(v) . (6)

It was also shown?® that Eqgs. (4) and (6) allow the
separation of variables so that we can write

Su(®0) = $u(@F,(0), (M
where a and b are one of the nine types of curvilinear
coordinates which do allow separation in (4). The
problem of finding all such coordinate systems in
2- and 3-dimensional spaces of constant curvature has
been discussed by Olevsky,2* and there is a one-to-one
correspondence® between the operators L, and the
separable coordinate systems. The three simplest
cases are those in which L, is simply the square of
the generator of one of the three nonequivalent
[-parameter subgroups of O(2, 1): (Ls)?, (K,)?, and
(K, + L), corresponding, respectively, to rotations
0(2), boosts O(1, 1), and Euclidean translations E,,
that is, to spherical, hyperbolic, and horocyclic
coordinates,®2® respectively. The remaining six opera-
tors L, correspond to elliptic coordinates or various
degenerations thereof and have so far received very
little attention.

Since our aim is to write crossing symmetric
expansions of scattering amplitudes, we wish to
choose separable coordinates for which the two
functions ¢,,(a) and ¥, () in (7) are the same.
Clearly, the subgroup type coordinates do not satisfy
this condition, since one function will be an exponen-
tial and the other a Legendre or cylindrical function.
However, the two nondegenerate elliptic coordinate
systems prove to be very convenient.

Let us now consider one of these two coordinate
systems; the other, less suitable for the two variable
expansions, will be discussed in the Appendix.

These coordinates®2* on the hyperboloid »2 = 1
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can be introduced algebraically by the relations

2 _ (pr — bY)(b — py) 2 __ (pr — c)c — pa)

T a=bb-0 " @=ob—-0o"
v§=(_f’1_7__")£"_'_'_&), (8)
(a — b)(a — ¢)

pp<c<b<a<p,

where p, and p, are confocal coordinates and a, b,
and ¢ are constants. In order to uniformize these
expressions, i.c., express vy, vy, and v,, instead of
their squares, in such a fashion as to uniquely cover
the hyperboloid, it is convenient to introduce the
Jacobian elliptic functions,? with

pr—b=—(b—c)en®(a, k),
b— py = —(a— b)cen* (B, k).

In terms of the new elliptic coordinates « and 8, we
have

vy = —cn (o, k) cn (B, k'),
v, = isn (a, k) dn (B, k'), ©)
v, = idn («, k) sn (8, k')
with
kt=(b—-o0olla~c), k*=(a—bjla—o),
K+ k?=1. (10)

The properties of the Jacobian elliptic functions are
discussed in Ref. 27. Let us here only remind ourselves
that they are doubly periodic meromorphic functions
with a real quarter-period K(k) and imaginary quarter-
period iK'(k). In general, K and X’ are given in terms
of complete elliptic integrals. For us it will be con-
venient to put

k=k=2% b=(a+ )2, (11)
then
K =K' = K2} = [TDF/4mE.
The range for the variables « and § in (9) is
« € (iK, iK + 2K), Be (K, iK +2K). (12)

It is a simple matter to check that the metric in
elliptic coordinates can be written as

ds® = }[en’ (x, k) + cn® (B, K)](de? + dp?), (13)
that the Laplace operator is
2 0 d
A= —+=), (4
cn®(a, k) + cn® (B, k) (312 + 6ﬂ2) 19

and that the invariant measure over the hyperboloid
is
dv, dv,

Vo

= —}cn’a + cn®B)dadp.  (15)
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As was shown in Ref. 3, the operator L, of (6) for this
coordinate system can be written as

b—c

a—=~«e

L =K}~ L}=K:— L2 (16)
The generators of the group as differential operators
can be obtained by considering the quasiregular
representation®® of the group g — T, where T,f(v) =
Sf(g7'v), parametrizing v according to (9), taking the
group element g(¢) from a l-parameter subgroup of
0(2, 1), and expanding f(g'v) into a Taylor series.
Thus we obtain
i 0
= —————(2dnacnfdnp—
! cn2a+cn2ﬂ( xonf 'Baoc

+snacnasnﬁ§l§),

i d
c—————-—-n2a n cnzﬂ(snoccn/.?snﬁé;C

+2cnadnadnﬂ£—g), a7n

K,

2 ad
=— dn 8 —
cnzoc+cn2ﬁ( cnasnf "’Saa
+snocdnoccnﬁ§ﬁ;)

(we are dropping the modulus k = k' of the elliptic
functions). The operator (16) can be written in terms
of elliptic coordinates as

S el (G P

* cnfa + cn®p on®

a2
op*
Finally, we obtain two equations for the basis func-
tions of an irreducible representation of the 0(2, 1)
group:

+ (=14 cn?a) ) (18)

Afula, B) = = + 1) f(a, ),
L, fule, B) = hfula, B). (19)
Taking suitable combinations of these two equations,

we find that we can separate the variables and obtain
two essentially identical ordinary differential equations.

Thus
L ful, B) = Ap(@)Aj(B), (20)
satisfying
d’Ay(e) i+ . A =0
d“2 + (h 2 Sn “) lh(a) ’ (21)
d*A(8) ;_ld+1) “«(B) =
—d_:f;;— + (h - ——2_— sn’® ﬂ)Am(ﬁ) =0,

h+h=1IK+1) (22)
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In (21) we recognize the Lamé equation in its
Jacobian form.

As mentioned above, we are only interested in the
region « € (iK, iK + 2K), and so we have to study
the Lamé equation over a finite interval with a
singularity at each end point.

Making use of the Fuchsian theory?® of ordinary
differential equations, i.e., expanding A, («) into a
generalized power series about each singularity and
obtaining the indicial equation, we find that the
singularities are indeed regular and that the exponents
at the singularities are equal to —/and / 4 1.

We shall, in the body of this paper, restrict ourselves
to unitary representations of the principal continuous
series, so that /= —} + iq with ¢ real. Since all
solutions of the Lamé equation behave as some
combination of

Ay(0) = (2 — ag) Mhi(@ — o),

Ag(a) = (a0 — 2g)* (o — ),

where o, is any singular point and ¢, ,(«) are regular
there, we find that for

—}<Rel<t, (24)

in particular for Re / = —1, both solutions are square
integrable. Thus, both independent solutions of the
Lamé equation may appear in the expansions. To
distinguish between them, let us introduce two
reflection operators:

le =

ng = —U,,

(23)

~vy, Xvg=vy, Xv,=uv,,

Yv, = vy, Yv, =0;.

(25)

Thus, the operator X corresponds to the reflection
f—2K+2iK—f and Y to a—2K + 2iK — a.
The operators A, L, X, and Y now form a complete
set, and the basis functions for the representation will
satisfy Eqs. (19) supplemented by

Xfin(x, B) = af (e, B),

YfiKe, B) = pfin(e, B), p,q= %1, (26)
and can be written as
Fin(a, B) = AQ(DAG(B). (27

Since there does not seem to exist an agreed stand-
ardization for the Lamé functions, we fix them
completely by imposing the boundary conditions

ARGK + K) =1, ALK + K) = 0,
AZGK+ K)=0, A;(iK+ K)=—1. (28)
Little is known about the Lamé functions of a real

argument, still less of a complex argument, and, in
particular, no explicit expressions or integral repre-
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sentations exist. It is amusing to note, however, that
they can be considered to interpolate smoothly
between exponentials (for k¥ = 0) and associated
Legendre functions (for & = 1).

Let us further remark that the Lamé functions do
occur in physics—as the wavefunctions for an asym-
metrical top?® and also that they can be considered
to be a special case of the Heun functions, which are
the wavefunctions for a hydrogen molecular ion.®
For further information we refer to Ref. 31.

II. CROSSING SYMMETRIC MAPPING OF
MANDELSTAM PLANE ONTO AN 0(2, 1)
HYPERBOLOID

Since our aim is to write crossing symmetric expan-
sions in terms of the functions (27), we must construct
a symmetric mapping of the Mandelstam variables
s, t, and u onto the points v, i.e., onto the elliptic
coordinates « and . We shall do this in a similar
fashion to how other (s, ¢, u) > v mappings were
constructed in Ref. 4.

We choose the scattering plane to be the plane
(0, X, Z) so that the Y components of the 4-momenta
of all four particles are equal to zero. Thus, although
P ** pa have four components each, we can still
parametrize them in terms of the O(2, 1) hyperboloid,
putting

pr=m(—cno,cnf,,isno.dnpg,,0,idna, snp,),
29

where we again drop the symbol k = k' = 2% in the
Jacobian elliptic functions. In this paper we shall also
simplify our task by taking all masses equal:

m =My =my=my=1.

We start from the physical region of the s channel
and wish to choose a frame of reference in which the
interchange of s and ¢ for fixed « will correspond to
some simple exchange of « and 8. Having this in mind,
we must first get rid of the ten redundant parameters
in (29). It proves most convenient to describe the
scattering in a specifically oriented brick-wall frame
(or Breit frame) of reference, as illustrated on Fig. 1.
Notice that the momentum of particle 4 is as if
particle 1 had perpendicularly rebounded from a
brick wall parallel to the vector p, + p;. The momenta
(29) in this frame can be written as

p1=(—~cnogen f,isna,;dngy,0,idna,snp),
pr=(—cnacnf,isnadnpB,0,idnasnp),
ps=(—cnacnf, —idnasnpB,0, —isnadnp),
ps=(—cnaycnpy, —isna,dnf;,0, —idna, snf,),

(30)
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X

P
Fi1G. 1. The frame of
P3 - reference.
4
Py
P2

with the additional constraints from the conservation
laws:

2snoydnfy +snadnf +dnasnf =0,

2dnaysnf, +snadnf f+dnasnf =0 (31)
Solving (31), we have
dn o =dn g,
= 2-}{[1 — 4(sn w dn B + dn o sn 2]t — 1}%.
(32)

Thus, all four momenta are expressed in terms of «
and B only, and the scattering amplitude in the
chosen frame of reference is also a function of these
two kinematic variables only.
Using (30) and (32), we easily check that
s=(p+p)? =2 +20-p(1 — hai — 7],
t=(p—p* =2 +20y(1 — At — 12, (33)
u=(p; — p)? = 2x%,
where

x=snadnf +dnasnp,
y=cnocnp. 34)

Conversely, we can express the elliptic coordinates in
terms of the Mandelstam variables as

e G+ +2512—5~1)

cn o
4(s + 1)
l(stu(s + 1t - st))’}
+ - (————=),
2 s+t
4 G+ +25tR—5~1)
cen =
4G + 1)
o
_ l(stu(s +t st)) ' (35)
2 s+t

In the physical region of the s channel, we have
4<s<w, —0<t<0,and —0o <u <0, and
this whole region will be described by (33) and (35)
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with

« € (iK, iK + 2K), Be(iK,iK + 2K). (36)

The ¢ channel corresponds to 4 <t < ®, —w <
5§ <0, and —o0 <u <0 and is described by the
same formulas with

v e (iK, iK + 2K), Be(—iK, —iK + 2K). (37)

The physical region of the u channel with 4 <
u< o, —0<t<0,and —oo < s £ 0can also be
described in these terms by putting

« € (iK, iK + 2K), B e (0, 2iK). (38)

Note that the parametrization (29) with « and g in
the regions (36) or (37) covers the whole upper or
lower sheet of the hyperboloid v* = 1, respectively.
With « and f in the u channel region (38), however,
a different parametrization of the hyperboloid is
necessary, namely

vy = 27 sn « (cn B)/(dn B),
v, = 2-tcn a (sn )/(dn ),
v, = idn «/dn g,

and the physical region of the u channel gets mapped
onto one-haif of the upper sheet of the hyperboloid.

Thus, each physical region gets mapped onto such
a manifold that the scattering amplitude in the physical
region can be expanded in terms of the basis functions
of the irreducible representation of O(2,1). Our
approach is so developed as to simplify crossing
symmetry between the s and ¢ channels.

Let us now proceed to write expansions of functions
defined over the hyperboloid in terms of the “elliptic”
basis for O(2, 1) representations, after which we shall
return to the problem of crossing symmetry.

(39

1. SINGLE-VARIABLE EXPANSIONS IN
TERMS OF LAME FUNCTIONS

Classical Sturmian theory tells us of the existence
of expansions in eigenfunctions of a differential
operator L = —d?dx? 4+ ¢q(x), defined on some
closed interval of the real line. More accurately, we
have to find a self-adjoint extension T = T* of L,
which involves constructing a Hilbert space of func-
tions over the interval; but this step is usually trivial
in the simpler cases and is not considered in detail.
In the singular Sturmian theory, however, when the
interval is either infinite or has a singular point of L
at one end or both, these considerations become
much more involved.

The general theory of such expansions is given in
Refs. 32 and 33. It is found that, when neither of the
eigenfunctions of L is square integrable, then L by
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itself defines a unique self-adjoint extension but that,
otherwise, one or more boundary conditions have to
be imposed. In the former case the spectrum of T will
be continuous; in the latter, either discrete or mixed.
A generally excellent account of the situation from
the viewpoint or classical analysis will be found in
Titchmarsh; however, in this particular case, he
does not apply the necessary boundary conditions to
ensure that he does indeed expand in terms of a
complete orthogonal set of eigenfunctions, so that
his conclusions differ from those of Naimark®? and
Dunford and Schwartz,?® with whom we are in
complete agreement. Since this® is perhaps the best-
known work on the subject, we feel that a rather
more detailed presentation of our argument is called
for.

We wish then to find an expansion of the scattering
amplitude with one variable fixed in terms of the
eigenfunctions of the formally self-adjoint formal
differential operator

dz
L=-;;;+¢1(x)

2
- dii— + 10+ DK snt(x, K)

- (40)
X

over the interval I = [iK’ + K, iK' 4+ 2K), the upper
end of which is a singular point of L; the other half
of the interval (iK’,iK’ + K) will be treated by
symmetry considerations. Denote by L(J) and C¥*(I)
the spaces of Lebesque-square-integrable and of k-
times-differentiable functions over I, and define the
space
Hy = {feC()|f, Lf e L)1)}
and the operator T in L*([),
D(T) =Hy, Tf=1f

Because T, is a closed operator, H; becomes a
Hilbert space J; upon the introduction of the inner
product (and, of course, completion with respect
thereto)

(f, ®* = (f, 8) + (Tf, T9), (41)

where

r9) = [ S8 dx; “)
however, T (that is, its unique extension) is not
necessarily self-adjoint in this space. It can be shown
indeed®-3 that it is so automatically only if neither
of the eigenfunctions of L is square integrable in a
neighborhood of either end of I; otherwise, we must
restrict the domain of T, by imposing boundary con-
ditions. In the case at hand, we know from Lamé’s
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differential equation that for —3 < Re/ < 1 both
solutions are L*(I), and hence we need two boundary
conditions.

Let us introduce H,, which is the space of all func-
tions of H;, which vanish in some open neighborhood
of the two end points of /. Then by a boundary value
for L we mean a continuous linear functional 4 on
Hy, that vanishes on Hy; this can always be written as

A(f) = (I, 4) — (f, L4) (43)

for some 4 € H; . It is convenient here to introduce
the function A,, which is defined to be any C”
function equal to (iK' + 2K — x)"*! in a neighbor-
hood of iK’ + 2K and vanishing in a neighborhood
of iK' + K, and the function4_ =4, (/- —1—1):
Then these define the boundary values

#,(f) = lim [ (E — €) — (I + 1eS(E — ),
A(f) =lim [f(E — ) + 7S (E - o), (44)

where we have set iK' 4+ 2K = E. Because of the
relations
-7k+(A+) = O = ﬁ_(A_)9

A(A)=2+1=—A(A), 4s)

these are independent, and so we can write any
boundary condition at E as

(sin 64, + cos G A_)(f) =0 (46)

for some fixed § independent of 4. The other end of
the interval ik’ + Kis associated with no singularities,
and so here we can set

fsinf 4+ f'cos & = 0. Cy)

A convenient choice of 6" is 0 or 4+r: This corresponds
to choosing a solution of Lamé’s equation which is
even or odd about iK' + K; we have already intro-
duced such solutions and denoted them Aj,(x) or
A%(%). It is clear that we could specify these as well
by imposing boundary conditions at iK' instead of
iK'+ K.

Now define the space & = {fe ¥, | fsatisfies (46),
(47).} Then the restriction T = T; | ¥ of T; to J is
the self-adjoint extension of L that we have been
seeking, and the eigenfunctions of L which satisfy (46)
and (47) form a basis of ). Equation (46) is then just
a transcendental equation for h that defines discrete
characteristic values® of this parameter.

A reasonably fair summary of the procedure is
therefore:

(i) Choose any value of A, say hq;
(ii) select all values & such that (A}, A% ) = 0;

(iii) these form a complete set.
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The actual value of A in (i) will be determined by the -

boundary condition (46)—or vice versa. An identical
procedure can be carried through for that part of
fe X, that satisfies (46) but is odd about iK' + K;
but, of course, we do not expect the set of values of 4
to be that found earlier. We can then at last write

1) = 3 NAALTE, )
n 1 K'+2K » ‘H_
fp —J;K' f(X)A",(X) \/2 L (49)
where
Pl iK'+2K » 2d_x_ )
vyt = tanon i o

the label p stands for the parity (+) and the set {/}
depends upon both p and /. The factors of /2 are
inserted for convenience. The expansion is convergent®
in the topology of C*(I) defined by the norm

SRR
=Yk —1TE
=2 oo

where {J,} is an increasing sequence of closed intervals
of 7 whose union is Jand f | J is the restriction of f'to J.

Let us consider these formulas. The most striking
thing about them is that despite I being an
open interval with singular points at either end—
corresponding to an infinite path on the hyperboloid—
nonetheless, the spectrum is discrete. This contrasts
sharply with the situation found when the operator
L is defined by some subgroup of a symmetry group
of the problem, and at first sight is somewhat sur-
prising; nonetheless, it follows immediately from the
general theory (cf. Ref. 33, Sec. XIII, 10-C-1) once
we notice that both solutions of Lamé’s equation are
L%(I), and we have gone into such detail merely to
show whence the result comes: The two key steps are
(a) imposing boundary conditions (to make L sym-
metric) and (b) introducing the Hilbert space ¥ (to
make it self-adjoint). An intuitive but convincing
argument is that when all the eigenfunctions are
square integrable, then there is no mechanism for a
divergence to occur to produce a 4 function—and
hence indeed the expansion must be discrete.

IV. TWO-VARIABLE EXPANSIONS

We now return to the main problem, which is to
expand a function of two variables in terms of a
product of Lamé functions. Since this is defined over
a hyperboloid, the most convenient way to do this is
to make use of the Gel’fand—-Graev pair of integral
transforms, which we now briefly explain.

N. W. MACFADYEN ‘AND:P.- WINTERNITZ

The:Radon transform in n-dimensional Euclidean
space is an integral over all possible hyperplanes;
the Gel'fand-Graev transform is a generalization of
this integral transform to any homogeneous manifold,
and the role of the planes is taken by the horospheres
of the space. For the hyperboloid v? = 1 these are
merely the cross sections of the hyperboloid satisfying
vk =1, where k is any point on the associated
light cone k% = 0—that is, they are the surfaces of
zero curvature in the Lobachevskii geometry. The in-
tegral transform maps any function defined on the
hyperboloid into one defined on the cone, and, on the
cone, it is meaningful to expand in terms of homo-
geneous functions (i.e., carry out a Mellin transform
parallel to a generator), thus effecting a decomposition
into functions transforming under a UIR of the
associated group of motions. Since this is unaffected
by the transform,-by first moving to the cone, de-
composing, and then - transforming back to the
hyperboloid we have a convenient method for Fourier
analyzing over the group any function defined on its
homogeneous space. ‘

For the case in hand, these transforms can be written

1 —3+iw g
foy = - dll cot i J Ok, 1) - k) dk,
8771 —%——ioo r
(51)
2
Ok, 1) = ff(v)(v PR (52)
Dy

the integration contour I' is an arbitrary path on the
cone which intersects every generator once; dk is the
invariant measure on this path, defined by d(tk) =
dt dk, where d(tk) = dk, dk,[k, is that on the cone.
For further details, we cite Refs. 1, 26, 36, and 37.
Now such a path I' is given by the quadruplet

I+ = (icn,idn 6, £2-}sn ),
I = (jen 6, £2-¥sn 6, idn§),

0 e (iK', iK' + 2K)
(the modulus of the elliptic functions is, of course,
k = 2-}); a stereographic projection of this is given
in Fig. 2. On each of the subpaths we expand the
function ®(k*%, /) by the Lamé transform (48); then

(53)

FiG. 2. The integration con-
tour I' on the cone in stereo-
graphic projection.




CROSSING SYMMETRIC EXPANSIONS

for I''+ the contour integral in (51) becomes
f Ok, D(v, Ky dk
r1+
= 3 NRAL(L B [ AO)

X (—icacﬁc@ + sa df di — L dotsﬁst'))—l“1 2
V2 V2
(34

where the subscripts on A indicate that it is the
relevant function for this subpath.

Consider the integral over 6 in (54). It is clear that
it converges uniformly for all « and § not in a neigh-
borhood of the singular points iK' and iK' + 2K;
so we can apply a differential operator and take it
under the integral sign. After some tedious algebra
we find that the kernel J = { }7"1 of the integral
satisfies the differential equations

LyJ = LyJ = —[L, - I(I + DV,

where L, is the operator (40), so that we can replace
LgJ by LgJ, carry out two partial integrations, and
conclude that (54) satisfies Lamé’s equation in §
provided that the integral converges and

(AJ — ADOETE =0.

The convergence is assured, but the bilinear con-
comitant just oscillates if Re / = —34. We therefore
“regularize” the integral (51) by giving the exponent
—1I — 1 a small negative increment.

A similar result holds in «, except that now the
eigenvalue A is replaced by & = /(I + 1) — h; so that
we can write the integral as

f AR, B,6) d0 = 3151 DALBATE, (55)

where the 4’s are certain coefficients. Inspection of the
parity under f—2K 4 2iK’ — f§ tells us that 2
vanishes unless p = p’, and by using the standardiza-
tion (28) of our Lamé functions we can write explicitly

=L f A3(6)(i cn 0+ 6,

hy = (’ +1 f A(6)(i cn 6y sn 6 df,
(56)

= (’ + 1) f A(6)(i cn 8)%(i dn 6) d6,

A

(_lLl)(_l_'t_Z_) f Az(6)(i en 6)~*(idn Osn 0) df,
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where the integrations are, of course, over iK' < 0 <
iK' + 2K.

We carry out this program for each of the four
subpaths I'*; but, before writing down the expansion
formula obtained, let us examine the projection
formulas. These we find, by substituting (52) into (49),

and the integral over 0 once again gives a product of
Lamé functions, being just the complex conjugate of

the corresponding integral in (54). Let us define the
coefficients

A%, h) = j 4% 10) fA:;w)[ KO L, (57)

247°(, b) = A7(L ) + qA4-(L B);  (S8)

then we find, after some straightforward manipula-
tions,

2
4570, 1) = 1, 1" [, DABOINGH
0

431, k) = Ao, B)* jf(a BYAR, () At ﬁ)‘f’f”. (59)
0

After some trivial redefinitions we can add together
the contributions to (51) of all four subpaths, and
make use of (55), to obtain at last the pair of trans-
forms

AP ) = —} f da dB(cn o + cn? B)
AL@AGB) f(«, B),
f(a, B) = —;_ J di21 + 1) cot =l
x 33 N5 iyl h)?

h p.a

[ARN@AGZBYA™(, b)
AGOARBYA™(, B,

for « € (iK, iK + 2K) and § € (iK, iK + 2K).

Quite similarly, we can derive expansions for the
region a € (iK, iK + 2K), f € (—iK, —iK + 2K). They
coincide with (60) and (61), except that A{;() and
A%,(B) are replaced by A%(f) and A%L(f). The new
functions are again solutions of the Lamé equation,
this time standardized at § = —iK + K to be

(60)

(61)

A=K+ K)=1, A(—iK+K)=0,
Ky(—iK + K) =0, Aj(-iK +K) = —1.
Let us note that, for f(«, §) satisfying

(62)

-3 f |£(% B)I* (e« + cn® B) dudf < oo,
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only the unitary representations of the principal
continuous series figure in (61), ie., /= —% 4+ iq,
q real. The discrete unitary representations are absent,
because they are not realized on the homogeneous
space vy — vy — v; = 1. If we were to expand func-
tions defined over the whole group manifold, which
would be necessary for particles with spin, some rep-
resentations of the discrete series would be present.

V. REMARKS ON CROSSING SYMMETRY

We shall now apply the expansion formulas (60)
and (61) to expand physical scattering amplitudes.
Before doing this, let us make use of some symmetries
of the mapping (33) and (35) from s, ¢, and u to «
and f.

First, this mapping is left invariant by reflecting «
and § simuitaneously in the center point of their
region of definition:

o0 —>2K+2iK—a, f—2K+2K-—0,
s channel,
o—>2K+2iK —a, f—2K—2iK— 8,
t channel.
Thus, these points correspond to the same values of
s, t, and u, and we can put

S, By =fQIK + 2K — o, 2iK + 2K — ) (63)
or, respectively,
f(o, B) = f(+2iK + 2K — «, —2iK + 2K — f).
(63)
Using (60) and (61), we can easily see that such a

symmetry of the scattering amplitude implies that the
“Lorentz amplitude” A?9(/, k) satisfies

A?(l, h) = 6,,A%(l, h). (64)
Second, this mapping is also left invariant by the
interchange

a—>f, f—>a
so that .
f(a, B) =16, %), (65)
implying that we can put
A(, by = A*{l, h). (66)

A complete consideration of the crossing trans-
formation involves an analytic continuation of the
scattering amplitude from one channel into the other,
i.e., from («, ) in region (36) to, say, (37). It is a
difficult task to discuss the convergence problems
involved in the analytic continuation of expansion
(61), and in this paper we avoid the problem altogether.

Thus, let us consider two (a priori) different
scattering amplitudes f*(s, ¢, u) and f*(s, ¢, ), defined
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in the s- and r-channel physical regions, respectively.
Independently of whether or not they are two different
pieces of one and the same analytic function, we can
consider a crossing symmetric reaction in which

1+2>344, 1435344

are identical processes, i.c., particle 3 is the anti-
particle of 2. For such a reaction we must have

fi(s, t,u) = £f4¢, 5, u) (67)
(each amplitude is evaluated at a definite point in its
own physical region).
Now expand each of the amplitudes:

fs(s’ t’ ) fs(a) ﬁ)
=—-—1 féi di2l + 1 fwf
2 ( Jco

—}—ico
X §§ N7 1A,,(1, b)) A%, h)
X [AR@OA5HB) + A(ALB)], (68)
ae(iK, iK + 2K), Be(iK,iK + 2K),
s, t,u) = fYa, )

1 —+i00
= —-—f di2l + 1) cot =l
872 Jpiw
X ’ZE N34, b)® B, )
P

X [AR@A%B) + AFDALB)L, (69)

«e(iK, iK + 2K), fe(—iK, —iK + 2K).
For a crossing symmetric reaction the two ampli-
tudes must satisfy (67). As can be seen by examining

the kinematic formulas (33)-(35), crossing symmetry
can be ensured by putting

[, ) = £f%B,2K — ) (70)
or, alternatively,
(e, B = £f(x, 2K — p). (71
However, we have
APy =pAsp), F=2Kk—-p (1)

Combining (68)-(72), we find that crossing symmetry
is implied by
A*(1, h) = £pB”(l, h). (73)
The “elliptic Lorentz amplitudes” in the two
channels are given by almost identical formulas
iK+2K

iK+2K
AL, h) = -—%J;K docfx df(en®« + cn® )
x AL@AGB i (x, B), (79
(K+2K  (iK+2K
B*(l, h) = —-—%pr dafx df(cn® a + cn® B)
X AL(N5(B) (2, 2K — B). (75)
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Let us consider these further. By using (72) and (73),
Eqgs. (68) and (69) become identical, modulo possible
minus signs: In particular, the arguments of the Lamé
functions all lie in the same range (iK,iK + 2K),
where they are given in terms of s and ¢ by (35) with a
unique prescription for extracting the fourth root.
Therefore, unlike conventional single- or double-
variable expansions, our single formula (68) converges
simultaneously in both the s- and #-channel physical
regions with a single mapping of s, t — «, §. The ex-
pansions are not merely crossing symmetric—they are
explicitly so, in the sense that s and ¢ appear sym-
metrically throughout. This is the property we have
been seeking.

Analyticity of the scattering amplitude would now
imply that f*(«, f) and f*(«, ) are the same function
f(a, p) and that its values in the two channels are
connected by some sort of dispersion relation.

VI. DISCUSSION

By choosing a Breit frame of reference for the
scattering process, we have succeeded in developing a
mappmg s, t—a, § of such symmetry that the
expansion formulas are explicitly symmetric in the
Mandelstam variables s and t. The essential reason
for this was that both the s- and t-channel physical
regions were mapped onto hyperboloids in such a
way that the order of the pair {s, f} was irrelevant:
Hence, the two manifolds were identifiable and gave
identical expansion theorems, upon which crossing
symmetry could be imposed term by term.

Notice, however, that the Lamé functions of § in
(68) and (69), corresponding to the s and ¢ channels,
respectively, are not the same Lamé functions; but,
because their arguments lie in the appropriate ranges,
we could equate their numerical values by (72). This
was the final step in our argument; it corresponds
basically to inserting by hand a factor of (—1) in the
parametrization of p2 and pj (the energies of the
antiparticles in the f channel) and keeping the ranges
of « and # unaltered. For the imposition of crossing
symmetry this is extremely convenient—but it has
to be reconciled with analyticity, which must start
with (68) alone and by analytic continuation in j
reach (69).

Let us note that, unlike other 2-variable expansions
(see, e.g., Refs. 38-40) also written with the purpose
of incorporating crossing symmetry (and using a
completely different approach), our expansions are
written directly in the physical regions.

From a mathematical viewpoint, the interest of this
paper lies in the beginnings of a treatment of SO(2, 1)
in a basis which does not correspond to any subgroup
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at all. As far as we are aware, no group has been so
treated before. We have obtained the “spherical
functions™ of the group in the elliptic basis and have
written down the expansion formulas. These latter
contain several new features: Notice, in particular,
the discrete spectrum of A, when we might have
expected a continuous one, and the “essentially 2-
variable” nature of the expansions, which cannot be
derived by an expansion in one variable followed by
an expansion of the coefficient in terms of the other.

Let us briefly mention future developments. First
of all, we hope to return to a more thorough investi-
gation of the crossing symmetric expansions (60) and
(61), mainly to investigate the analyticity properties,
threshold behavior, asymptotic behavior, possible
kinematic constraints (especially after incorporating
reactions with nonequal mass particles), etc. We also
wish to apply these expansions to analyze experi-
mental data, which can only be done if methods of
truncating and approximating the sums and integrals
are devised. To achieve this, a further study of the
properties of Lamé functions is required.

Secondly, since the scattering amplitude is actually
a function of 4-dimensional momenta, our use of the
0(2, 1) group is somewhat artificial and expansions
based on an O(3, 1) group would be of even more
interest (and also more in the spirit of previous
work!~"). The threshold and asymptotic behavior
based on the O(3, 1) group would be different and
could be hoped to correspond more simply to physical
expectations.

Finally, a further development of group representa-
tion theory in elliptic bases would be of interest, in
particular, a calculation of the matrix elements of
infinitesimal and finite transformations of the group.
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APPENDIX: ANOTHER ELLIPTIC
PARAMETRIZATION
Let us set

vp = (1/k') dn a dn 8,

v, = —iksnasnf,

vy = (k/k’) cn o cn B.
This covers the entire upper sheet of v — v} — 03 = 1
when the variables take the range

a € [0,4K], Bel0,iK);

(Al

(A2)
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notice that the curves of constant § are closed. The
generators of the group are (using a shortened
notation for the elliptic functions)

_ 3 cep o2yt 9 _ 0
Iy = (5%~ 5%) (daCﬂSﬂ 2 — CoSudp aﬂ)’

___i__k’ 2 2 \—1 9
K, = . (S*f — S%x) (CaSﬂdﬂ Sa daCp 3/3)

K, = i(szﬂ _ Sza)_l(SaCﬂ dﬂé@; — CadaSp ﬂ)

(A3)
and the Laplace operator in the homogeneous space
separates to give two identical Lamé equations (21).

We look now for an expansion over the cycles
B = const. The boundary condition imposed earlier
is now replaced by the periodicity condition f(6) =
(6 + 4K), which implies that 4 is restricted to a set
of discrete characteristic values, and so we can write

f0) = E NL(DEPO)S (1),

o) = f FOEP6) 22 (Ad)

J
Here we have used the traditional notation® for the
periodic transcendental Lamé functions of a real
argument, except that the letter p now stands for the
index set {c, s} corresponding exactly to our {+, —},
the parity about the origin. The label m runs over all
nonnegative integers: It signifies the number of zeros
of the Lamé function in (0, 2K) and determines h(/)
uniquely through the periodicity condition.

The Gel'fand-Graev transform is much simplified
because a single contour (dn 6, 2-1tsn 6, cn 6) encircles
the cone; we take k = &’ and proceed as before to
obtain

A%(1, m) = f do dB(sn® & — sn’ f)
x Ep;"()Ep}*(B)f(a, B),
L [ancot ml 3 Mo 17D

(A5)

fla,p) =

x Ep(«)Ep(B)A*(l, m), (A6)
where the constants A are defined much as before:

1 4K -
am(l) = — f Ec{"(G)(\/Z dn 6 — cn 61 do,

" z(z + D[
i) = ——— \

Esp(6)
22
X (2dn6 —cn6)7*sn6d6, (A7)
if we standardize the Lamé functions at the origin.
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The greater simplicity of this coordinate system is,

however, destroyed by the mapping s, t— a, 8.
Defining
24 = 2-¥SaSB — CaCB,
B = dudp,
we find
s =2(1 + B)(1 + 24%),
t =2(1 — B)(1 + 243, (A8)

u = —8A42,

which are simple; but the inverse mapping is not so.
We find that dn («, 2-}) is a root of

2x8 — 3x8(1 + 2B%) + x'[4B* + 9B + 1
+ 324 — B* + 3)?] — 3x®B¥(1 + 2B%) + 2B* =
(A9)

and we cannot solve this explicitly. We have been
unable to find an alternative mapping which is
satisfactory in all respects.
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A class of test functions “minimal with respect to causality” is introduced. The corresponding fields
are called local. Tempered and strictly localizable fields are local, but there is a large class of fields that
are local but not strictly localizable. For local fields, the analytic properties of vacuum expectation
values are studied. The local fields that are not strictly localizable are characterized by an arbitrary fast
increase of Wightman functions near the light cone. With an adequate definition of local commutativity,
other properties of tempered and strictly localizable fields seem to remain valid.

1. INTRODUCTION

In the usual Wightman framework, great attention
has been paid to the investigations of the theoretical
and experimental consequences of the following
basic requirements of relativistic quantum field
theories!—3:

(a) Hilbert space of states,

(b) covariance of the fields under the inhomogene-
ous Lorentz group,

(c) positive energy,

(d) local commutativity of fields,

(e) particle interpretation.

On the basis of the two first requirements it follows
that a field 4(x) will be an operator-valued generalized
function.®* In order to obtain an operator, 4 must
be averaged with a smooth test function f(x):

A(f) = j A)S (x) dx. 1

At this point we have to answer the following question:
How to take the test functions? It was pointed out!-3
that some basic properties of relativistic fields can be
obtained if we choose tempered test functions. The

requirement of temperedness appears natural from
a physical viewpoint because it reflects the symmetry
between coordinate and momentum spaces. At the
same time, with this requirement, one can prove that
the scattering amplitude F(s, t) is analytic in s (for
fixed # <0) in a cut plane and has a polynomial
behavior.

In a series of remarkable papers, Jaffe® has shown
that the requirements (a)-(e) can be incorporated in a
theory of strictly localizable fields with test functions
which allow, in momentum space, a nontempered
increase of fields. The wider class of fields studied
by Jaffe is physically relevant since it allows for the
possibility that the off-mass-shell amplitudes can
grow, at large energies, faster than any polynomial.
Besides temperate fields, strictly localizable fields
include a class of nonrenormalizable interactions.5
Entire functions of free fields are other examples.

We say that a field 4(x) is strictly localizable in a
certain region of space-time if 4 can be averaged with
some test function f(x) which vanishes outside this
region. Such a notion is very convenient for the follow-
ing statement of local commutativity: A field 4 obeys
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1. INTRODUCTION

In the usual Wightman framework, great attention
has been paid to the investigations of the theoretical
and experimental consequences of the following
basic requirements of relativistic quantum field
theories!—3:

(a) Hilbert space of states,

(b) covariance of the fields under the inhomogene-
ous Lorentz group,

(c) positive energy,

(d) local commutativity of fields,

(e) particle interpretation.

On the basis of the two first requirements it follows
that a field 4(x) will be an operator-valued generalized
function.®* In order to obtain an operator, 4 must
be averaged with a smooth test function f(x):

A(f) = j A)S (x) dx. 1

At this point we have to answer the following question:
How to take the test functions? It was pointed out!-3
that some basic properties of relativistic fields can be
obtained if we choose tempered test functions. The

requirement of temperedness appears natural from
a physical viewpoint because it reflects the symmetry
between coordinate and momentum spaces. At the
same time, with this requirement, one can prove that
the scattering amplitude F(s, t) is analytic in s (for
fixed # <0) in a cut plane and has a polynomial
behavior.

In a series of remarkable papers, Jaffe® has shown
that the requirements (a)-(e) can be incorporated in a
theory of strictly localizable fields with test functions
which allow, in momentum space, a nontempered
increase of fields. The wider class of fields studied
by Jaffe is physically relevant since it allows for the
possibility that the off-mass-shell amplitudes can
grow, at large energies, faster than any polynomial.
Besides temperate fields, strictly localizable fields
include a class of nonrenormalizable interactions.5
Entire functions of free fields are other examples.

We say that a field 4(x) is strictly localizable in a
certain region of space-time if 4 can be averaged with
some test function f(x) which vanishes outside this
region. Such a notion is very convenient for the follow-
ing statement of local commutativity: A field 4 obeys
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the requirement of local commutativity if A(f)
commutes, or anticommutes, with 4(g) whenever the
test functions f(x) and g(x) vanish outside spacelike
separated regions.

From the mathematical point of view, the property
of a field to be strictly localizable is closely connected
with the existence of sufficiently many test functions
with compact support in configuration space. On the
other hand, the existence of test functions with com-
pact support in configuration space requires test
functions in momentum space which have a decrease
at infinity like exp (—| plI*), # < 1, where | p| is the
Euclidean norm.®-3

The main results of Jaffe are the following:

(i) The momentum space test functions suitable
for a strictly local field theory belong to a class
M(RY) < D(RY).

(ii) The convergence in M(R?) is defined by the
following family of norms:

I aum.y = sup, g(N 1p1( + 12" ID™f(P)I. (2)

Here n and N are integers and g(¢) is an entire func-
tion which characterizes the momentum space
growth of the off-mass-shell amplitudes. The condition
u < 1, where p is the order of growth of g(¢), is a
sufficient condition for strict localizability. [A nec-
essary and sufficient condition for strict local-
izability is

f (1 + ) log g(t?) dt < +oo.:|
1

(iii) The vacuum expectation values are generalized
functions over the Fourier transform of M([R**), and
are boundary values of analytic functions in the
forward tube with essential singularities near the real
points. The general principles of relativistic field
theory can be worked out in this frame. The only
difference with tempered fields is a faster than poly-
nomial bound of the off-mass-shell amplitude at high
energy. However, the on-mass-shell scattering ampli-
tudes have the property of polynomial boundedness.
This last result was recently obtained in all theories
with local observables.” In spite of the important
results obtained for a strictly local field theory, the
choice of the test functions remains without direct
physical justification. It is merely motivated by the
technical point of view to have at hand a familiar
formulation of local commutativity.

In this work we consider a category of fields larger
than the strictly localizable ones. For the order of
growth of the Jaffe indicatrix, we admit the values

F. CONSTANTINESCU

# < 1. The choice of the test functions suitable for
these fields can be physically motivated from the
causality condition. We call these fields local.® We
show that for local fields the vacuum expectation
values are generalized functions which are boundary
values of polynomially bounded analytic functions in
the forward tube. For local fields that are not strictly
localizable, it is proved that the Wightman functions
can grow arbitrarily fast near the light cone. These
analytic properties hold independently of the defini-
tion of local commutativity we adopt. It appears that,
with a suitable definition of local commutativity,3-2
other results obtained for tempered and strictly
localizable fields are also valid. At the same time,
for local fields, there exists a limit theorem.?

2. CAUSALITY AND TEST FUNCTIONS

Recently the idea that causality may serve as a
physical motivation in choosing the test functions has
found special attention.® In a consistent quantum
field theory these test functions have to incorporate
the basic requirements (a)-(e). Some arguments for
utilizing causality in choosing the test functions come
from the theory of nonrenormalizable interactions®
and from Bogoliubov’s causality principle for con-
structing the scattering matrix in the quantum theory
of interacting fields.® Here we present a simple argu-
ment compatible with the requirements (a)-(e). Let
us write the Killén-Lehmann representation for the
Fourier transform of the vacuum expectation value
of the commutator

f(p) = f Sy, [AG), A(— 1)) dx

- f " amtpmot — mep). ()

Replacing 6(p* — m®)e(p,) by
[(po + i) — p* — m*]7,

we obtain the expectation value for the retarded
commutator,

/e = P Lwd’"zf’(mz)[(po + ie)* — p* — m*J.
C))

But, for nontempered fields, (4) diverges because
§& p(m®) dm? does so. An acceptable definition of (4)
can only be obtained by inserting a convergence factor

g(m?) in (4)%:
Ret — 13 * 2 g_(p_z_)_ 2
7R = tim [ “am £ ol

x [(py + i€)* — p* — m*|™. ()
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This definition is acceptable only if inside the forward
light cone (in configuration space) the Fourier trans-
form of fR®(p), Eq. (5), agrees with the Fourier
transform of f(p). Thus, since F(f (p)) = F(f2(p))
inside the forward cone, it follows that in passing
from (3) to (5) the introduction of g can modify f only
at the origin of the light cone x = 0. Therefore, if
gi(m?) and g,(m?), g, # g,, have the same growth,
the difference

P — 2%
© o o {8(mMmD)g(p?) — g (mP)ga(p)
=| d
L " "('")( g (m) gy (mO(p* — m®) )
= w(p?) (6)

must have a Fourier transform w(—0)d(x) localized
at x = 0. The function w(p?) has the same order as
g1(p?) and g,(p?). On the other hand, the generalized
function w(— 0)d(x) can be localized at x = 0 if and
only if w(p?*) has a maximal growth of order one and
type zero.1%-® Consequently, from causality [i.e., from
the condition that the Fourier transforms of f®¢t(p)
vanish outside the forward cone], it follows that
we can choose only convergence factors [i.e., indica-
trices g(p%)} with a maximal growth of order one and
type zero. We see that the test functions for strictly
localizable fields obey the causality principle and that
there exist also test function spaces which obey the
causality principle but do not incorporate strictly
localizable fields (the case of order one and type
zero for the indicatrix). A theory is called local® if
the indicatrix has maximal growth of order one and
type zero. Although the change in the growth of the
indicatrix from strictly local to local theories is minor,
the class of local theories is much larger than the
class of strictly local ones.l! At the same time, when
leaving strictly local theories, we see that new prob-
lems of principle are springing up: The test functions
become analytic, and therefore no test function with
compact support exists. We can no longer localize
fields in a bounded region of space-time, and the
local commutativity has to be formulated using the
notion of support of an analytic functional.’-® Similar
problems appear when we try to formulate nonlocal
theories.® Therefore, it is of interest to work out the
case with order of growth one and type zero which
appears like a limiting case between strictly local and
nonlocal theories.

Although Jaffe’s spaces are quite general and un-
restrictive, we do not use them because, for an
indicatrix with order of growth one and type zero,
the test functions have no definite domain of analy-
ticity. Instead, we use some similar spaces of Gel’fand
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and Shilov® which are called “spaces of type S.”
These spaces were used also to study entire functions
of free fields.1?

In the following section we give first a brief review
of such spaces and then derive some new results which
are then used in studying analytic properties of
vacuum expectation values for our local fields.

3. SPACES OF TYPE §

Any infinitely differentiable function ¢(p) (test
function in momentum space) belongs to S,, « > 0,
if and only if there exist constants C, and a (depending
on @) such that

P9 < Coexp (—arlpl = = a, Ip,J),
M
where n is the number of variables (p = p, - - - p,). The
spaces S* (test functions in configuration space) are
defined as Fourier transforms of S,: S§*= F(S,).
We have to consider also the spaces S, , which are
made up of all functions ¢(p) having the property

P9I < Csexp (=@ ~ ) Ip*"
= =@ = 8 1plT] ®

foranyd, > 0,i= 1,2, -, n, and also the Fourier
transformed spaces S*° = F(S,,). We have

S,=US,,, s*=Us
[11 a

1t was shown in Ref. 6 that for o < 1 the functions
p(x) € § or S can be extended (with x replaced by

= x + iy) into entire functions y(z). For a =1
the functions y(x) € S**, a 3 0, can be continued as
analytic functions ¢(z), into the same complex
neighborhood of R". For a— 0, the dimension of
this neighborhood tends to zero. The functions
p(x) € ! still have an analytic continuation in C".
For instance (in the case n = 1), for each p(x) €
there exists a strip around the real axis in which
9(2) is analytic, but no strip exists in which all
functions of S? are analytic.

The topology in S, , can be defined with the help of
the norms

lel, = sup M,(p) I (p)l,
where -

M(p) = exp [(1 — rYay Ipsl® + -+ - + a, P12 ).

The spaces S,, are therefore countably normed
spaces. The topology in S, , can be defined through a
convergence notion in the following way: A set of
elements ¢, € S, , converges to zero if and only if the
derivatives ¢'? (p) converge uniformly to zero for each

v
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¢ and the norms | ¢,||, are bounded for each r. It is
easy to see that D < S, , = §, where D and § are
Schwartz’ test function spaces. Using the standard
methods of distribution theory, we can show that D
is dense in S, . Because D is also dense in S, S, , will
be dense in S.

The topology of S, = {J. S,,, is the topology of
inductive limits. A sequence {¢,} of S, converges to
zero if and only if all functions @,(x) are in the same
space S, , in which {¢,(x)} tends to zero. We have
that D = §, = S and S, is dense in S. It follows that
we can write

S'cS§,,cD,

S'c S D, (9)

i.e.,, S,,, S, are spaces of Schwartz distributions
which contain the tempered ones. The spaces (S*%)
and (§*) are the Fourier transforms of S, , and .
Finally, the spaces S, ,, S,, $*%, and §* are invariant
under translations and are nuclear.®

From (8) and (7) it follows that S, , and S, are
similar to Jaffe’s spaces in momentum space. In order
to have the same asymptotics, we take o = l/u,
where u is the order of growth of Jaffe’s indicatrix.
The theory of strictly localizable fields can be formu-
lated for p < 1, i.e., for « > 1. We have seen that S;
is the maximal space of test functions in momentum
space admitted by the causality condition. We need
the following:

Lemma 1: Let TeS; <D and ¢(p)eS;. The
distribution T¢ is tempered.

Lemma 2: Let T € D'(R*?). Suppose that, for every
n € V7 (the forward light cone), we have e™T € §; .
Then it follows that T is in .57 .

We give only the proof of Lemma 2. For Lemma 1
the proof is similar. Let 9(p) € S . It follows that there
exists ana > 0, a€ V', such that p(p) € §; .. We take
7 = %a and define

(T, ¢) = ('T, 9), (10)

where ¢(p) = ¢*p(p) € S;. Fromy,(p) = v(p)in Sy,
it follows that

lim(T;, y,) = 0

n—+w
and therefore 7, will be a distribution in Sy, T €
S{ < D’. For y(p) having compact support, we have
from (10) that (7y, ) = (T, y). Because D is dense
in S, weconclude T =T, € 5;.

We remark that spaces which are in closed connec-

tion with the spaces of type S for a« > 1 have been
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considered also by Sebastiao e Silva (ultradistribu-
tions)'® and by Sato (hyperfunctions).'*

4. VACUUM EXPECTATION VALUES AS
BOUNDARY VALUES OF ANALYTIC
FUNCTIONS

In what follows we consider functions which depend
on n 4-vectors. A variable such as p will stand for a
collection on n 4-vectors p'¥) with components p’,
The product pg stands for Y., (p,¢"), where
(p', ¢'?) is the Lorentz inner product of the jth 4-
vectors. Furthermore, I' will denote the product of n
forward light cones I' = @], ¥'*+. The points in V'*
are 4-vectors such that p§ — 5> > 0, p, > 0.

Letn;,j=1,2,:--, M, be M points in the interior
of I', and let 5 € I be a distinct point in the interior
of the convex hull of %,. In other words,

M M
n=3Aim;, 4>0, Ji=1 (1)
j=1 j=1
By taking M sufficiently large, we can choose the 7,
so that they span R%". Hence a full neighborhood
of # lies in the convex hull of #;. Let us consider the

auxiliar function
M

a(p, ,1,) = exp (—pn)( EXP (—Im,-)“)- (12)
We have the following?:

=

Lemma 3: Under the above conditions there holds

[ D3a(ps n, my)| < C,, exp (—d [pl), (13)
where

Tk =z [(p,0)* + (5,

d > 0 being a geometrical constant depending on 7
and 7%, and the C,,, C, =1, are other constants
which do not depend on % and 7;.

In particular, from Lemma 3 it follows that the
a(p, n, n;) are elements of S;(IR*"). The following
theorem plays a central role.

Theorem 1: Suppose that T(p) € D,(IR*") and

exp (—pn)T(p) € S{(R™). (14)
Then the Laplace transform
L(T)E — in) = Flexp (—=p)T(p))  (15)

is a function of & — iy holomorphic in the tube
B, = R4 —I". For each compact K< I', there
exists a polynomial P (&) such that for all n € X

I(T)E — in)] < Px(8). (16)
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Conversely, every function holomorphic in G, which
satisfies (16) is the Laplace transform of a T(p)
satisfying (14).

Proof: Following an idea of Jaffe,® we will show
first that condition (14) is equivalent to the following
one:

exp (—pn)T(p) € S'(IR*). amn

Indeed, from (14) we have immediately the relation
(17) because S’ < S; [see Eq. (9)]. It remains to
prove that from (17) the relation (14) follows. From
(12) we have

M
exp (—pn)T(p) = a(p, 7, m)(glew (—pm)T(p)) .
(18)

The sum in the rhs of (18) is in .§; . Taking into account
Lemma 3, we see that a(p, 7, 1;) € S;. In (18) we have,
therefore, to multiply functions from S; with general-
ized functions from ;. From Lemma 1 it results that
exp (—pm)T(p)isin §' for all n € I'. We can apply now
standard results* to see that the Laplace transform is
holomorphic in G, and obeys the polynomial bound

(16).

We remark that this theorem is also valid for
o> 1.

Theorem 2: Suppose that a function holomorphic
in G, satisfies the polynomial bound (16). Then, for
n—0, nel, it converges in the sense of (S*) to a
generalized function in (S?)'.

Proof: Indeed, from Theorem 1, the holomorphic
function is the Laplace transform of a distribution
in D’(R*") which satisfies (14). Taking into account
Lemma 2, we have generally from

exp (—pn)T(p) € S(R*™), nel,

that also 7(p) € S;(R*"). Consequently, the Laplace
transform £(7)(& — in) converges for n— 0 to the
Fourier transform F(T(p)), which is in (S?). The
convergence is in the sense of generalized functions in
(89"
It is interesting to remark that the bound

IS(TYE — in)) < Px(8),

in the case (§%)', « = 1, replaces the bound

[E(T)(& — iry)| < Pr(&)/t7,
rinteger, 0 <1 <1,

n ek,

n €KX,

for tempered distributions. For test functions suitable
for strictly local theories, essential singularities
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appear near the real points.®® We conclude that, for
fields that are localizable but not strictly localizable,
the Laplace transforms (and therefore the Wightman
functions) can grow arbitrarily fast near the real
points. The same results and concrete examples can
be obtained using the Giittinger’s series of derivatives
of 4 functions.2?

Let us take now a scalar field with momentum space
test functions in §,. With the standard notations (1)
and (2) and using the nuclear property and translation
invariance of the spaces of type S, we have the
following:

Theorem 3: The vacuum expectation values in a
local theory are boundary values of analytic functions
inG, ;:

Wy, 5 &)
= lim W&, — iny, -

10, p -1 -0

€1 — iMyy). (19)

The convergence in (19) is the one in the sense of
generalized functions in (S?)'. Furthermore, W(&; —
My, s &1 — i1,-1) is polynomially bounded in
G,_1, but can grow arbitrarily fast near the real
points (7, *, Nu—y—>0). The function W has an
unique analytic continuation in the extended tube.

The statement of this theorem follows from
classical results’* and Theorems 1 and 2.

We conclude that the only difference between
tempered and strictly localizable fields, on the one
side, and the local fields that are not strictly localizable,
on the other side, lies in the fact that the latter can
admit arbitrarily fast increasing Wightman functions
near the light cone contrary to the former.

In what follows we will discuss other properties of
local but nonstrictly localizable fields. Most of them
can be proved as usually taking into account that
for these fields the Wightman functions are still
boundary values of analytic functions. The first con-
sequence is that the Jost points still exist and therefore
the weak local commutativity can be formulated. On
the other hand, a global edge of the wedge theorem
is valid. The usual proof for boundary value in 9’
can be followed if we notice three elementary facts:
(i) (8Y)' * §* © C*®—the space of infinitely differenti-
able functions; (ii) the possibility of approximating
the Dirac function d(x) with test functions in $?
(for example, with Gaussian functions which are
both in §; and §%); and (iii) the nuclearity of S8
It results that the PCT theorem remains valid.! The
local but nonstrictly localizable fields are PCT
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invariant as a consequence of weak local commuta-
tivity.

We remark that for our fields a limit theorem in
the sense of Jaffe is valid.® The limit theorem enables
us to consider entire functions of a free field with an
infinite order of growth as local but nonstrictly
localizable fields.

Let us give now some details about the scattering
theory. We have to look at a scattering theory for
fields considered as operator-valued generalized
functions over S§' and which are satisfying the
Wightman axioms except the axiom of locality. It was
shown recently by Steinmann?® that a usual scattering
theory exist for fields which are operator-valued
generalized functions on the test functions of Z, i.e.,
on test functions whose Fourier transforms have
compact support if the Wightman axioms (except
local commutativity) and the axiom of asymptotic
completeness are satisfied and if instead of local
commutativity a certain regularity condition (condi-
tion R) in p space is considered. More precisely, one
has to demand the existence of generalized retarded
products as defined by Steinmann,'® i.e., operator-
valued invatiant generalized functions G,(x;, * * * , x,,)
satisfying the usual algebraic relations and symmetry
properties. The Fourier transforms of the matrix ele-
ments of G,(x;,"*,Xx,) are supposed to be analytic
functions with pole-type singularities near the real
points  in momentum space. There is no condition
about the asymptotic behavior for large momenta real
or imaginary. We have, for our case, D < §, and
Z < 81, and D and Z are dense in §; and S?, respec-
tively. For duals (§')’ < Z’ and therefore the usual
scattering theory will be valid for our fields if the
support properties on the generalized retarded
products are replaced with condition R.

5. CONCLUSIONS

We have introduced the test functions of a field
theory by utilizing physically motivated causality
condition, i.e., the minimum class of test functions
compatible with causality. The causality condition
implies for Jaffe’s indicatrix a maximal growth of

F. CONSTANTINESCU

order one and type zero. The corresponding fields
are called local. Into the category of local fields there
fall tempered and strictly localizable fields, but there
is also a class of fields that are local but not strictly
localizable. For local fields the common analytic
properties of the vacuum expectation values are valid.
The only difference between local and strictly theories
is that in the former, near the light cone, the Wightman
functions can grow arbitrarily fast. The convergence
of the Wightman functions to boundary values is
to be defined in the sense of generalized functions in
(8')'. This convergence is weaker than the corre-
sponding convergence for tempered and strictly
localizable fields. In the topology of (S') a limit
theorem holds.? It seems that if local commutativity
is replaced with some “‘technical’” conditions, other
results of strictly localizable fields remain valid.
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Exact solutions of the Klein~Gordon equation are found for a new solvable configuration of external
electromagnetic fields, namely, a static uniform electric field inclined at an arbitrary angle to a static
uniform magnetic field of arbitrary strength. Applications are discussed at the end.

L INTRODUCTION

The relativistic motion of a classical particle in
external electric and magnetic fields is quite well
understood.! However, the corresponding case for
quantum particles is yet to be exploited to its full
extent. The recent availability of intense electron
beams in the 100 keV to MeV range in the laboratory?
and the proliferation in recent years of meson factories
that are capable of generating controllable intense
meson beams®* will make practical any test or appli-
cation derived from our solutions. On the other hand,
outside the laboratories, the configuration of parallel
electric and magnetic fields® (and certainly others too)
has appeared in astrophysical problems where
relativistic particles are likely to be present.® All
these add up to an urgent demand for the clear
understanding of a relativistic quantum particle in
external electromagnetic fields. This is readily ac-
complished if we have the exact solutions of the
equations of motion. Nevertheless, exact solutions in
nature are known for their scarcity as well as their
elegance and utility. In the case of spin-} particles,
since Dirac wrote down the relativistic wave equation
in 1928, we have witnessed surprisingly few solvable
configurations in the literature. Those we know of are
the foliowing: a Coulomb potential,” a constant
magnetic field,® a constant electric field,? the field of a
plane wave,' the field of a plane wave with a constant
magnetic field in its direction of propagation,!! and,
lastly, four cases in which the electromagnetic potential
has a particular functional dependence on the space
coordinates.!? The potential usefulness of an exact
solution need not be elaborated here. One only has to
remember the case of an electron in a constant
magnetic field, which ranges from the Landau levels
in solids to Malkin and Man’ko’s model of dy-
namical symmetry.!3

In this paper, we present in detail for the first time
the exact solutions for a spin-0 particle in a new

solvable configuration of external fields, namely, a
static uniform electric field inclined at an arbitrary
angle to a static uniform magnetic field of arbitrary
strength. This will also serve to clarify the rather
involved mathematics and prepare the way for the
more complicated case of spin-} particles to be dis-
cussed in a separate paper!* in which the effect of the
spin will be emphasized.

As is well known, the configuration of an uniform
electric field E inclined to an uniform magnetic field
B can always be Lorentz-transformed to that of paral-
lel fields if they are not originally orthogonal to each
other. In fact, if we take E and B to lie in the (y, z)
plane, the appropriate Lorentz frame in which E’ is
parallel to B’ moves with velocity!® @ given by

(1 + (B x E) + B(B* + E) = 0. M

Equation (1) always has a solution with 8 < 1, and
we note that @ lies in the x direction and is thus
perpendicular to both E and B. Therefore, if we know
the exact solutions for the two cases of E parallel to B
and E perpendicular to B, respectively, and if we
know how to Lorentz-transform the wavefunctions,
we will already have in hand the exact solutions for
the general case of E inclined to B at an arbitrary
angle. The existence of two intrinsic cases is related
to the fact that both E . B and E? — B2 are Lorentz
invariants. There is only one drawback to this
approach, namely, in general, a stationary state need
not be Lorentz transformed into a stationary state.!’
However, for E and B both in the z direction the
stationary states turn out to have the form (see
Sec. III)

#(. 2) exp [i(p,x — e1)], @
which under a Lorentz transformation in the x
direction, such as the one described in (1), remains
a stationary state in the new frame. In the following,
we therefore confine our attention to the parallel and
orthogonal configurations only.
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For E orthogonal to B and E # B, the configura-
tion of fields can further be Lorentz reduced to that of
a pure electric field or a pure magnetic field'? (de-
pending on the relative strength of the fields), and we
may obtain the needed solutions by a proper Lorentz
transformation on the known exact solutions.®?
Nevertheless, for a uniform treatment, they are
derived below in conjunction with the Lorentz-
invariant casc of E-B = 0, F = B.

In the following, exact solutions for a Klein-
Gordon particle in parallel and orthogonal fields are
presented. The nonrelativistic limit is discussed in
Sec. IT and compared to the classical results, while the
relativistic motion is reserved for Sec. IIl. Finally, in
Sec. IV, the various solutions obtained are analyzed
and discussed.

II. NONRELATIVISTIC MOTION

Nonrelativistic motion of a spin-0 particle is
described by the Schrodinger equation, which in the
presence of external electromagnetic potentials (A, Ay)
is

[(p — eA)*2mlp = (p, — edo)y,

where e is the charge of the particle.

3)

A.E|B

For constant, uniform E and B both in the z direc-
tion, we may take

Ay= —zE, A= —yB, A, =4;=0, (4

where E and B are constants and are assumed to be
nonvanishing for definiteness. Equation (3) then
becomes

[Q(») + D(2)]H(y)K(z) = 0, (%)
where
Q(») = p; + (eB)*(y + p./eB)’, (6)
D(z) = p? — 2meE(z + ¢/eE), D
and
@ = exp [i(p,x — e)]H(y)K(2), )

since both p, and the energy e are constants of motion.
Equation (5) is separable and is equivalent to

[C(») + bIH(») = 0, ®
[D(z) — b]K(z) = 0, (10)

where b is a constant. With the change of variable
through

o = (IeB)(y + p./eB), n
Eq. (9) reduces to
@ e b \y_
(_ g2 tet IeBI) (2

LUI LAM

and gives the solution
H = exp (—}at)H, (@),
b= —l|eB|(2n + 1),

(13)
(14)

where the H, are the Hermite polynomials. Introduc-
ing the new variable

n=0,1,---,

_ ! € b
= —~(2meE)’|z 4+ — + —1}, 15
( ) ( eE + 2meE) (13
we see that Eq. (10) becomes
d2
——+46]K=0
(~i5+?)
and gives
K = ®(9), (16)

where @ is the Airy function.’® Collecting (8), (13),
and (16), we have
Pp,en = XP [i(prx — €t)] exp (—a?)H,(0)D(6)
an
with « and 4 given by (11), (15), and (14). Therefore,
motion in the (x, y) plane is in quantized orbits while

the motion in the z direction is governed by ®. The
quantization of b has no analog in the classical case.

B.ELB

Taking B in the z direction and E in the y direction,
we may set

Ay= —yE, A= —yB, A,=A;=0. (18)
Equation (3) becomes
(d—z- 2+k)M=o, (19)
dp?
where
p = (leB)'y — (mE — Bp)/eB*],  (20)
k = (|eB)[—pZ — p; + 2me + (Bp, — mE)*/B%],
(1)
and
@ = exp [i(px + p,z — et)IM(y), (22)

with p,, p,, and € constants of motion. Equation (19)
is the same type as (12) and thus

M = exp (—3p)H,(p) (23)
with

k=2n+1 (24)

Equations (21) and (24) give the quantized energy
levels

€ = €).p:n
= (2m)'{leB| (2n + 1) + p; + P}

— (mE — Bp,)*|B®]. (25)
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Therefore, ¢ = ¢,_,_,., given by (22), (23), and (20).

From the form of the (kinetic) energy in (25), it
seems that we may make ¢ as low as we wish by
increasing the electric field strength E alone. This is
not the case, because, when the E term dominates,
le] becomes (m/2)(E/B)* and is comparable to the
rest mass m, and at this point the applicability of the
Schrédinger equation breaks down. This restriction
of E K B applies also for the classical motions.?

HI. RELATIVISTIC MOTION

The Klein-Gordon equation in the presence of
external fields is

[(p — eA)* + m?lp = (py — edy)’p.  (26)
A. E || B®
In the gauge of (4), Eq. (26) reduces to
[Q(») + R(2) + M*|F(p)G(2) = 0, 27
where Q(y) is defined by (6),
R(z) = p? — (e + eEz)* (28)
and
¢ = exp [i(px — e)]F(y)G(2). (29)
Equation (27) is equivalent to
Q) + slF(y) =0, (30)
[R(z) + m® — 5]G(z) = 0, 3D

where s is a constant. (30) is the same as (9); hence

F(y) = exp (—1e®)H, (), (32
with « defined by (11), and
s = —|eB| 2n + 1). (33)
After the change of variable
v = (IeED¥(z + /eE), (34)
Eq. (31) becomes
d? s mi—s
— - G=0 35
ot 7= " ) 9
Expressed in the new variable
6= —iy? (36)
with
G(z) = exp (—6/2)N(6), 37
(36) becomes
d? d 1+ i(m®— s)/|eE|
0 — - 6)— — N=0.
( ae® +a )dﬁ 4 ) 0
(38)
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This is the Kummer equation,?® and there are two
linear independent solutions given by

N=g’(i':_fETs"’)’ i=12 (9

where
g:(b,7) = FG(L + b), 3. 7), (40)
b,y =HFAU +b) + 15,7,  (41)

and F is the confluent hypergeometric function.?
Collecting (29), (32), (37), and (39), we have

Ponen = XD [i(pox — et)] exp (—1a’)H ()

m? —s 2
, —ive), (42
\oE 7) (42)

X exp (%iy*)g,-(i

with o, v, and s given by (11), (34), and (33), respec-
tively. As in the nonrelativistic case, the energy levels
are not quantized. Comparing (17) and (42), we see
that the relativistic effect manifests itself only in the
motion in the z direction where the confluent hyper-
geometric function goes into the Airy function in the
nonrelativistic limit. This is expected on physical
grounds. However, in making the comparison, one
is reminded that € in (42) is the total energy of the
particle while the e in (17) is the kinetic energy only.

B. E L B#

In the gauge of (18), writing the wavefunction in
the form of

¢ = exp [i(p,x — et + p,2)]P(y), (43)
we see that (26) reduces to
T(y)P(y) = 0, (44)

where

T(y) = p; — €*(E® — B%)y* — 2ey(cE — Bp,)
+ PB4+ mt - (49)

Case 1 (E = B): In this case T'(y) is independent of
y if, in addition, € = p,. We then have free motion
for the particle. However, this is unphysical since e,
the total energy, is always greater than the momentum
unless m = 0. Therefore, (45) is linear in y and (44)
then has the same form as (10). The solution in this
case is easily found to be

P(y) = Olud(y + o)), (46)
where u and v are constants defined by
u = 2eB(p, — €), 47

v=Epi4pi+mt— (48)
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Case 2 (E # B): With

0= +(E - Bk, 49)
£ = (lel iy — (Bp, — eE)/(er®)],  (50)
(44) becomes
4 e \po
(d§2 + & a)P 0, (51)
where
a = [p; + p; + m* — € + (Bp, — €E)*[n*)/(le| n).
(52)

Equation (51) is the same as (35) in form, and we have
two independent.solutions given by

P = exp (Hiddg (ia, —id?), j=1,2, (53)

where g;, j = 1, 2, are defined by (40) and (41). This
completes the derivation. The interrelation of the
various solutions will be discussed in the next section.

IV. DISCUSSIONS

Case 2 of Sec. II1B can be further subdivided into
the case of E > B and the case of E < B. It is the
lattér case that connects the relativistic solutions of
(43) and (53) to the nonrelativistic solutions of (22)
and (23). In fact, when E < B, 5 of (49) becomes
purely imaginary, Let us define

n = —iy (54)
= +(B* — E?)} (55)

and
£ = (le| )y — (¢E — Bp)fen'®].  (56)

The variable —i&® of g, in (53) when written in terms
of these new variables becomes &%, which is real under
the condition E < B. In general, the confluent
hypergeometric function F has the asymptotic
expansion??

ORI V() S
F(b—a)T +F(a)f e, > 1.
(57)

For = real, in order to get rid of the exponentially
increasing term, we must have

1/T'(@) = 0. (58)

Since I' functions have poles at nonpositive integers
only, (58) implies that

Fla, b,7) ~ ¢

a=—n, n=0,1,2,---. (59
In our case, combining (40) and (53), we have
1+ia=_4n5 n=09]‘)23...9 (60)

LUI LAM

while (41) and (53) together give

I+ia)+2=—4m, m=0,1,2,---. (6])

On the other hand, for 7 real and n nonnegative
integers, we have?

Ha,(r) = [(—1)"Q@m)!n!1F(—n, §,79), 62)
Hapia(7) = (= 1)"Q2n + DYnl]F(=n, 3,27, (63)
Therefore, when E < B, (53) becomes
P~ exp (~ E3DH,, (&)

64
or

exp (—&'%(2)H,,, 1(&) (65)

by means of (40), (41), (53), and (60)-(63). Equations
(60), (61), (64), and (65) can be condensed into

Proexp (—E2QH, (&), n=0,1,---, (66)
and

1 + ia = —2n. (67)

(67) when combined with (52) and (54) gives

(¢ — Ep,/B)* = (//BY[2n + 1) |e| ' + p? + m?].
(68)

Therefore, the energy levels are quantized. It is easy
to see that (68) reduces to the correct form when E
tends to zero, i.e., the case of a pure magnetic field.
Furthermore, we observe that the results of (66) and
(68) can indeed be obtained directly by solving the
original differential equation (44).

The transition to the nonrelativistic limit is effected
by letting ¢ — m and 7' — Bin (56), which is suggested
by the discussion at the end of Sec. II. We then have
& tending to p of (20), and (66) tends to (23). Under
the same limits, (68) becomes

€ =m+ (2m)7'[(2n + 1) |e| B + pi] + Ep./B, (69)

the same as the nonrelativistic result (25).

That the relativistic motion in the neighborhood of
E = B for E 1 B is described by different functions
depending on the relative strengths of E and B may
lead one to suspect that there is some physical dis-
continuity at the point E = B. The answer to this
question is probably negative because we expect
the solution P to the differential equation,

(& + Vo)) Po) =0, (10)

dy*

to vary continuously as ¥(y) changes smoothly from a
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quadratic to a linear function in y. This is also sug-
gested by the discussion following (42). We note that
this problem also has its counterpart in the classical
motions.!

As for the nonrelativistic motions in orthogonal
fields, we note that the new feature introduced by
the presence of the electric field when compared to
the pure magnetic field case is that the degeneracy in
P, is now broken and gives an added constant of
Ep./B — (m[2)(E[B)® to the energy. Therefore, for
the special case of p, = 0, the electric field amounts
to only a uniform shift of the energy levels.

The Klein-Gordon equation has been shown to be
capable of a single-particle interpretation with the use
of the indefinite metric by Feshbach and Villars® in
the spirit of the work of Pauli and Weisskopf.2
Recently, Marx2 has given a probabilistic interpreta-
tion to the scattering processes of a Klein-Gordon
particle subjected to external electromagnetic fields
within the above framework. Along this line, pertur-
bation calculations were suggested and carried out
to the lowest order for the pair arnihilation process.*
An interesting question remains on the possibility of
comparing the perturbation series with some exact
calculations in order to test the convergence of the
series and the probabilistic interpretation itself. The
exact solutions presented in the preceding section
when properly handled may be able to throw light on
this subject. This is currently under investigation.
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Several examples illustrate the utility of mathematical models which differ in their topological proper-
ties from the “real’’ systems they describe. The examples are the Aharonov-Bohm effect, the periodic
lattice, and scattering off an obstacle. By going to the approximate topology, the Hamiltonian loses its
essential self-adjointness, but the relation of the approximate to the exact topology leads to a convenient

classification of its extensions.

INTRODUCTION

In discussions of the Aharonov—Bohm effect,!'?
one sometimes invokes the concept of multiple
connectedness, but then if this idea is pushed too hard,
one backs off and drops some of its consequences
while attempting to retain others. Thus, in Ref. 2
(p. 1514) the solenoid and its effects are adiabatically
eliminated to prevent use of the license provided by
multiple connectedness to employ multivalued wave-
functions.

The purpose of this article is to provide a con-
sistent framework for such procedures. But even
more, we show that the license for multivaluedness
can and sometimes should be used. This will occur in
physical problems where the mathematical model of
the coordinate space is topologically different from
what we consider to be the “real” space. Nevertheless,
by taking the model topology seriously we shall obtain
well-defined and physically meaningful results.

In advance of our examples, we state briefly the
mathematical principle that is operating. On the
approximate coordinate space the Hamiltonian is
not essentially self-adjoint®; it does possess this
property, though, on a covering space. The propaga-
tor on the covering space is therefore well defined.
On the original space, the propagator is some linzar
combination of covering space propagators with the
coefficients in this linear combination selecting some
self-adjoint extension of the original Hamiltonian.
How generally this procedure can be applied to a
characterization of the extensions of operators which
are not essentially self-adjoint would seem to be an
interesting mathematical question raised by this
article.

As examples, we shall discuss the Aharonov—Bohm
effect, the periodic lattice (in a solid, say), and scatter-
ing off an opaque body. Also included is a case where
approximating the topology would lead to incorrect
conclusions.

I. THE AHARONOV-BOHM EFFECT

The Aharonov-Bohm effect can be idealized as
follows (Fig. 1): Electrons are emitted from the source
and those that ultimately arrive at the detector take
either path 0 or path 1 through field-free regions
around the solenoid.* The wavefunction, when there
is no field in the solenoid, is mainly composed of two
pieces 2 (x) and v{¥(x), corresponding to the two
paths. When the field is on, although B » 0 only
inside the solenoid, the vector potential A(x) is
nonzero outside. The solution to Schrédinger’s equa-

tion in the presence of A ist

P(X) = po(X) + ¥i(x), 1)

#ix) = w0 exp e[

A-ds}, i=0,1. (2
path j

Because the integral of A along different paths is
different, interference patterns are created which
depend on A and, in particular, on the integral of A
around the closed circuit which is just the total
magnetic flux.

We now analyze this in terms of a multiply con-
nected space.® The mathematical object we wish to
compute is the Green’s function for some given time
evaluated at the source and the detector. For multiply
connected spaces, this can be obtained® most con-
veniently by going to the universal covering space,
performing the usual path integral in this simply
connected space to each of the pre-images (under the
covering projection) of the detector, and summing
the contributions. If we drop the z direction (along
the axis of the solenoid), the space of interest M
is the plane minus a disk. The covering space of M,
denoted M*, is essentially the same as the Riemann
surface for the logarithm. The Green’s function is
therefore®

K
G(Xza t; xla O) = Z ehmGn(xzy t2§ xl: O), (3)

N=-~00
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Z}-DETECTOR

SOURCE INTERFERENCE
REGION

IMPENE TRABLE
SOLENOID

FiG. 1. Idealized Aharonov-Bohm experiment.

where G, is the sum over paths (of &5%; see, e.g.,
Ref. 6) which loop around the solenoid n times
(negative n for clockwise loops). In Fig. 2 are shown
some of the paths in M, and in Fig. 3 the correspond-
ing paths in M*. From Fig. 3 it is evident that a better
notation for G,(xs, ts; X1, 0) would be G°(xi", t,;
x;, 0), where xi® is the nth pre-image of x, under the
coverihg projection and G° is a single Green’s function
defined on M*. Of course, there are many choices for
x, also, but one has been picked for definiteness.

The phases n« are selected so that rotation of one of
the end points through 2 changes G by an x-independ-
ent phase factor, which is unobservable. Since M is
multiply connected, we cannot use the requirement of
single valuedness to dispose of o.

Forget for the moment about magnetic fields, and
consider the physical requirements for a Green’s
function describing a particle which is free except for
an “impenetrable” cylinder. Since the impenetrability
is an idealization, we cannot tolerate multivalued
wavefunctions (the space is, in principle, simply
connected), and it is necessary to set « = 0.

With a magnetic field in the solenoid, but not
outside, there is a nonzero vector potential in M.
Now unless one specifies a definite path and does not
move the end point around too much (like all around
the solenoid), the trick used in Eq. (2) (i.e., different

gauge transformations for different semiclassical paths)

cannot work. However, by remaining in M*, this
trick will always work since it is merely a gauge
transformation. That is, since B = 0 in M* A = VQ
for some function Q. Now Q(x) can be taken to be the

FIG. 2. Paths
from source to
detector.
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FiG. 3. Paths in the
covering space.

integral { A - ds from some fiducial point to x, and is
unique because M* is simply connected. If Gj is the
Green’s function in M* for A =0, the Green’s
function for A = VQ # 0 is

Gy = Gi(&2, t; &1, 0) exp {ie[(&) — Q(¢)]},
El s gz EM

[—Q(&,) is added for symmetry].

The presence of exp (7eQQ) does not affect the
periodicity arguments offered previously, and, by
taking once more « = 0 to be a physically imposed
requirement, the proper Green’s function is obtained.

The formulation of the foregoing procedure from
the standpoint of the space M alone (as opposed to
looking inside the solenoid) is also possible and, in
fact, is the whole point of the present paper. On M
a Hamiltonian (with or without A) is given, but
because M is multiply connected, the Hamiltonian
by itself does not serve to define the dynamics. That
the representation of the Hamiltonian as a differential
or multiplicative operator may be inadequate has
long been emphasized by mathematicians, and indeed,
with particular reference to physics, the essential self-
adjointness of a Hamiltonian is an important question.
In a 1966 lecture,” Wightman discussed the physical
significance of this property. For example, for a free
particle in a box the Hamiltonian is not specified as
an operator until the boundary conditions (e.g.,
vanishing at edges) are given. These boundary con-
ditions are thus dynamical data and the physics of
the situation is determined by and determines them.
Our space M is quite similar to the box and the
quantity which is not determined by the Hamiltonian
(in its representation as a differential and multiplica-
tive operator) is the parameter «. Our argument

4
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concerning o« involved looking more closely at the
hole in M; that is, additional physical information
was marshalled to complete the specification of the
problem.

It is possible to recast the problem so that the free-
dom offered by the phase a does not remain unex-
ploited. This formulation may also have some bearing
on the role of potentials in quantum mechanics (which
was the main object of the Aharanov-Bohm investi-
gation) since the potentials are eliminated.

The function Q introduced above, satisfies

Q(x(n+1)) — Q(x(n)) + F, (5)

where
(6)

is independent of x and #n. On M*, the polar anglein M
likewise becomes a single-valued function and satisfies
(with obvious notation)

p(xt™ 1) = (x™) + 2. O

@ can be used to define a function w = Q — Fo[2n
which is periodic in M* and hence well defined in M.

In general, gauge transformations on M* affect the
physics on M. The function w, however, can be
transformed away because it is single valued on M
(and surrounds no flux lines anywhere). Writing

Q= (Q — Fol2m) + Fo[2n = 0 + Fo[2m, (8)

F =fA-ds

we see that there is no point in considering vector
potentials other than VFg/2m. Letting

O(x™) = ¢(x™) — 2nm, ©)
we can write the Green’s function on M,
G(x2, t; %1, 0) = exp {ieF[2n[D(x,) — P(xp)]}

x > exp (ieFn)G,(x,, t; x;,0). (10)
Evidentally, for interference experiments of the kind
discussed by Aharonov and Bohm, the phase factor
outside the sum in Eq. (10) plays no role. This suggests
that it can be eliminated altogether.
The Green’s function of Eq. (10) is single valued
and propagates single-valued functions on M forward
in time:

p(xs, 1) =fde1G(x2, t; X1, 0)p(x,,0).  (11)

All quantities in this equation can be redefined so
that they are all multivalued in the same way and the
equation continues to hold. Let

Ynow(x, 1) = exp [(—ieF2m)D(x)]pnew(X, 1),

Grew = exp {—ieF[2m[D(x,) — P(x)]}Gpq . (12)

L. S. SCHULMAN

The new quantities have the property
J(et) = exp (—ieF)f(x7), (13)

where f denotes ;e OF Gpey and x* and x— are the
same point in physical space, but on opposite sides of
the cut which runs through M from the solenoid to
0. (This could be better stated in terms of limits,
but the meaning is clear.) The result of these redefini-
tions is a multivalued wavefunction on a multiply
connected space being propagated by a multivalued
Green’s function. The multivaluedness depends on a
single parameter F. There need be no vector potential
in M, and the physical effects of the solenoid are all
included in this parameter F.

Thus, because the space is multiply connected, the
Hamiltonian is not essentially self-adjoint and admits
a one-parameter family of extensions. Extend-
ing the Hamiltonian means putting in new phys-
ical information. The information in this case
involves a region outside M, namely the solenoid,
and the particular quantity of interest is F = [ B - do,
an integral over the cross section of the solenoid.

Our purpose in the foregoing discussion was a
demonstration of the idea of approximate topology
and of its relation to lack of essential self-adjointness,
but we cannot leave unnoticed the fact that the
physical consequences of the Aharonov-Bohm effect
have been obtained without the use of an electro-
magnetic potential. We exclude the electron from the
solenoid, create an ambiguity, and look to physical
quantities associated with the solenoid (total flux)
to resolve this ambiguity. Aharonov and Bohm also
exclude the electron from the solenoid but retain a
vector potential which “remembers” what is going on
inside. It seems fair to say that these are just two
different ways to do quantum mechanics.

The problem of two (or more) solenoids leads, in
our formalism, to an amusing situation. The funda-
mental (homotopy) group of two nonintersecting sole-
noids is the same as that of the figure eight and is not
commutative. But each homotopy class has associated
with it a certain phase factor in the Green’s function,
and it follows from the path integral representation
that this factor is a 1-dimensional unitary representa-
tion of the fundamental group. The solution of the
physical problem therefore involves a commutative
representation of a noncommutative group.

II. ELECTRON IN A LATTICE

This example is an application of the idea of
approximate topology to solid-state physics,®® and
gives some additional perspective to some of the
current work in this area. By considering cells of a



APPROXIMATE TOPOLOGIES

lattice to be identical, calculations can be confined
to a single cell. However, since this cell is now con-
sidered ““all” cells, opposite sides of the cell are
identified with one another and the space of interest
(say, M) is topologically a 3-dimensional torus. The
fundamental group of M is Z3, the additive group of
triples of integers, and the universal covering space is
R? which in a way brings us back to the original solid.
The unitary representations of Z® [i.e., the phase
factors appearing in the Green’s function, as in
Eq. (3)] are labeled by triples of real numbers, con-
veniently gathered into a 3-vector k. By noticing that,
as in Eq. (13) above, k appears in the boundary con-
ditions on the wavefunctions,

w(E + R) = exp (ik - R)yp(E) (14)

(where € and § + R are on the faces of the cell,
separated by the lattice vector R), the physical mean-
ing of k is immediately identified: It is the momentum
label for the Bloch functions.

Once again, there is a Hamiltonian defined on a
multiply connected space M, and it is not essentially
self-adjoint. The various extensions are labeled by
parameters with physical meaning which influence
the dynamics of the system.

There are several ways in which perfect periodicity
of the lattice is only an approximate description of
nature. The solid is at some finite temperature, there
are lattice defects, it is of finite size, one-electron
theory itself is a rather narrow framework, etc. How
do these physical features dictate the nature of the
extended Hamiltonians and the way in which they
are used ?

An electron in a real solid cannot exist as a perfect
Bloch wave, for otherwise its wavefunction would
extend through all space. This leads to a conclusion
which may be greeted with some surprise. We do not
extend the Hamiltonian once and for all, but rather
superpositions of the eigenfunctions of different
extensions of the Hamiltonian combine to form the
physical state. Furthermore, if we are given some
initial wavefunction in the cell (M), there is no
unique combination (superposition) of Bloch func-
tions to which it corresponds. (Proof: Consider a func-
tion vanishing on the surfaces of the cell.) Thus, if
one wishes to propagate a state in M, it is not enough
to give some initial w(x), but rather for each k he
must specify y,(x) and propagate with its particular
extension of the Hamiltonian (or with the Green’s
function G, of Ref. 8). If, instead of the notation
v (X), we were to write C(k, q), it would become
apparent that we have made the connection with
Zak’s kq representation?® indicated in Ref. 8.
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The handling of some of the defects within the
perfect periodicity model takes the form of a dynamics
in k. Besides the need for superpositions, there will be
transitions from one value of k to another. Some
aspects of this were treated in Ref. 8 in connection
with external electromagnetic fields; for example, a
constant uniform electric field causes k — k + eEr.

Uniform electric and magnetic fields may be more
easily adaptable to the perfect lattice model than other
kinds of defects, since for them it is only the potentials
which are different in different cells, while the fields
are the same.

III. SCATTERING FROM AN OBSTACLE

A final example of a model of a physical system
with a topology different from the “real’ system may
be of interest, although it is different in spirit from
those already discussed. Buslaev!' has given a path
integral derivation of the short-time or long-wave-
length limit of the Green’s function for diffraction by
a smooth obstacle. Rather than consider separately
Dirichlet or Neumann boundary conditions at the
surface of the obstacle, he employs the following
construction: Call the accessible subset of R3, d.
The boundary of d is called / and is assumed smooth.
The complement of  is the obstacle, assumed to be
convex. Let D be a two-sheeted domain, consisting of
two copies of d joined together along /. D covers d,
and Green’s functions in d are computed from those
in D by adding those corresponding to the given
points in d. Depending on the relative sign in this
combination, Dirichlet or Neumann boundary con-
ditions are obtained. A more elaborate version of this
method is also indicated on p. 74 of Ref. 11. We
distinguish this technique from the previous examples,
however, because d is simply connected. Nevertheless,
the model serves Buslaev’s purpose very well, and
the physical boundary conditions once again are
expressed in the way the Green’s function on d is built
from that on D.

IV. THE TOP

Finally, there are situations where an approximate
topology cannot be used. This occurs when a physical
system is, in principle, multiply connected, and a
description of it in terms of a simply connected space
will eliminate physical states known to be present.
For example, a model of a particle with intrinsic spin
is the top, whose coordinates can be taken to be the
group manifold of the group SO(3).%-** This space is
multiply connected, and the model is appropriate for
particles of half-integral spin. However, if one con-
siders this top to be the limit of »n tightly bound
spinless particles, the coordinate space is R**,which is
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simply connected. The n particle model of the top can
therefore never exhibit haif-integral angular momen-
tum.
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1. INTRODUCTION

A number of studies'~® have been made of field
theories which possess conserved particielike struc-
tures called “kinks.” Such theories are said to “admit
kinks.” The fields are classical and so single-valued
under the action of the rotation group. The aim of
these studies is to examine the possibility that when
theories of this type are quantized, the quantum
mechanical states corresponding to 1-kink classical
field configurations are, in fact, fermion states.

An example of a theory that admits kinks is the
nonlinear theory of mesons and baryons suggested by
Skyrme.! This involves mappings ¢ from 3-dimen-
sional space R? into the 3-sphere $°:

@:R® — S3.

S® can be parametrized by four real variables (¢, , ¢,,
s, ¢s) subject to the restriction

4

Ye¢i=1

i=1
To prevent the escape of interesting structures at
infinity, we only consider mappings ¢ which satisfy
the boundary condition

¢(x) ~(0,0,0,1) as

where x is any point in R® and (0,0, 0, 1) is a fixed
point in S%. Among the ¢, there are three independent
fields that may be used to represent the three =-
meson fields. The number of kinks present equals the
degree of the mapping ¢. This can take on any
integer value, positive or negative, and it is hoped
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simply connected. The n particle model of the top can
therefore never exhibit haif-integral angular momen-
tum.
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that a kink may be interpreted as a baryon. (This
theory has a simple 1-dimensional analog involving
mappings from the real line R* into the circle S*. A
kink may then be pictured intuitively as a 2 twist in
an infinitely long strip.>%)

A more complicated example is that of general
relativity. Here the fields are represented by the metric
tensor. At a particular instant of time, we may regard
this as a mapping g from R® into the set of 4 X 4 real
symmetric matrices of signature 1, which we denote
by Sy ,:

gRE—8,,.

It is again convenient to impose boundary conditions.
We shall only consider mappings that satisfy

gx)—1I,; as [x|-—> o0,

where I, , is the matrix diag (1,1, 1, —1).

Since S, is a manifold of higher dimension than
R3, the usual concept of degree does not apply to the
mappings g. However, the idea of the degree of a
mapping can be generalized by introducing the more
powerful techniques of algebraic topology, and a
mapping can be specified by the homotopy class to
which it belongs. Mappings belong to the same
homotopy class if and only if they are continuously
deformable into each other (homotopic). The homo-
topy classes of many manifolds (including S, ,, as we
shall see) can be labeled by a set of integers.” Since
time is a continuous parameter, these labels can not
change as time evolves, and so they may be inter-
preted as conserved particle numbers.

Given a theory that admits kinks, we may investigate
the 1-kink mappings to determine whether or not
they have fermionlike properties. A characteristic
property of a many-fermion state is the double-
valuedness of the wavefunctional under exchange.
For the type of theories considered in this paper,
it has been shown®* that double-valuedness under
exchange implies the double-valuedness of the one-
kink wavefunctional under 27 rotation. If a theory is
given which admits kinks and if it is also possible to
define, on the space of 1-kink fields, functionals which
are double-valued under 27 rotation, then we shall
say that the theory “admits spin.”

In a previous paper,® the author has proved that the
nonlinear theory of Skyrme admits spin. On the basis
of this, it is the purpose of the present paper to show
that general relativity admits spin.

2. THEORY OF KINKS

Before beginning the investigation of the topologi-
cal structure of S, ,, it will be convenient to review
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the general theory of kinks due to Finkelstein.>~*3
Let 6 be a mapping from 3-dimensional Euclidean
space R® into a pathwise connected manifold Y,

0:R®—> Y,
subject to the boundary condition

O(x)—y, as [x|— 0.

x is any point of R%, and y, is a fixed point of Y.
We shall let Q denote the set of all such mappings 6.
The set of pathwise connected components Q,, O,
Q,, - of Q are called homotopy classes and form
an Abelian group called the third homotopy group
my(Y). If my(Y) 2 0, we shall say that the theory
admits kinks. The 1-kink mappings belong to the
generators of my(Y).

Let O, denote a generator of =y(Y). We shall
investigate the conditions under which functionals may
be defined on Q, which are double-valued under 27
rotation. (The concept of “double-valuedness’ can be
formulated precisely by introducing the idea of
universal covering space.??) If it is possible to define
a double-valued functional on Q;, then the space of
closed paths in @; must contain two different classes
of paths such that all paths belonging to one class
are deformable to a point (trivial paths), whereas all
paths belonging to the other class are not deformable
to a point (nontrivial paths). A path formed by
describing a nontrivial path twice must be trivial. The
quantity which contains the information about the
path structure of @, is the first homotopy group =,(Q,).
This is the set of different classes of closed paths in Q,
which pass through some fixed point 6, €Q;. A
necessary and sufficient condition for the existence of
double-valued functionals on Q, is that the group
m,(Q;) have an element of order 2. The existence of
double-valued functionals alone does not imply the
existence of spin properties. One must show that the
double-valuedness arises through following a path,
starting and ending at some 6, € Q;, which corre-
sponds to rotating the system through 2=». When
this happens, we shall follow the terminology of
Finkelstein and say that the theory “admits spin.”
One need only prove the double-valuedness for a
single member 6, of Q, and a single 27 rotation. It
then follows3* that the double-valuedness holds for
all members of Q, and for all 2« rotations.

m(Q,) is evaluated by using the isomorphism'?

m(Qa) = m(Qy).

Let 6, denote the constant mapping which maps the
whole of R? into the fixed point y, of Y. Mappings
which are homotopic to 6, are called trivial. The
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homotopy class of such mappings will be called Q,.
Thus

m1(Q1) = m(Qo)-

m(Q,) can be obtained from
m(Qo) = my(Y).

This latter isomorphism results from the fact that the
space of closed paths in Q, (beginning and ending at
6,) is homeomorphic to the space of mappings from
R*into Y (with appropriate boundary conditions).!*

Another useful fact is that if Y is a topological
group, then the different homotopy classes Q, are
homeomorphic to each other. The reasoning is as
follows. For any given 8, ¢ € Q we may define a group
operation * in Q by

(0*0)(x) = 0(x) ° 6(x),

where o is the group operation in Y. Thus, Q is a
topological group, and so its pathwise connected
components, namely the g,, must be homeomorphic
to each other.!? Furthermore, it can be shown!® that
if e Q, and o€ Q,, then 6*¢ € Q, + Q,, where +
is the group operation in my(Y).

We are now in a position to discuss some examples.
Consider the theory for which ¥ = §3. Tt is well known
that

m(8%) = Z,

where Z denotes the group of integers. Thus the
theory admits kinks. The homotopy classes can be
labeled by a single integer i, -+, Q_5, Q_1, O, Q1>
O, -. An example of a 1-kink mapping is the
stereographic projection defined by

¢, = 2ax,[/(r* +a%), i=1,2,3,
¢y = (r* — @®[(r* + a¥), )]

where (¢, b2, P3, P4) € 5%, x € R%, and r denotes |X].
Tt is also well known that

ﬂ4(S3) = Z2 ’

where Z, denotes the group of integers modulo 2.
The question now arises as to whether or not this
theory admits spin. This question has now been
answered in the affirmative.®

With regard to general relativity, it was noted by
Finkelstein and Misner® that

7"'3(S4,1) =Z (2)

and
'"'4(S4,1) =Z,. (3)
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In Sec. 4 of this paper it will be shown that general
relativity admits spin. However, it will first be neces-
sary to review some of the topological properties of
Sy.1 and to understand why Eqgs. (2) and (3) are true.

3. 811 AS A BUNDLE SPACE

Any real nonsingular matrix 4 can be written in
one and only one way as a product,

A=0S,

where Q is a real orthogonal matrix and § is a sym-
metric positive-definite matrix. Let O, denote the
group of 4 x 4 orthogonal matrices. It can be
proved that 4 € S, ;ifand onlyif Q € O, N S, ; and
0S8 = SQ. Furthermore, if O, is the group of n X n
orthogonal matrices and S, ; is the set of n x n real
symmetric matrices of signature k, then it can be
shown! that O, N S, ; is homeomorphic to the set
of k planes through the origin in R». This set is
called the Grassmann manifold M, ;. M, ; is the set
of straight lines through the origin in R* and is com-
monly called real projective space P3. It is easy to
show?® that P3 is homeomorphic to the 3-dimensional
rotation group SO;. Hence Q € §0O,.

We define the mapping
p M S4_1 - S03
by
p(@S)= Q.

S4.1 1s a bundle space with SO, as base and p as pro-
jection. This is a special case of the more general
result!4 that S, , is a bundle space with M, , as base.
The fiber F, for the S, , case, is defined to be p~1(J, ;).
This is the set of matrices of the form

B 0
F=(o b)’

where Bis a 3 x 3 symmetric positive-definite matrix
and b is a negative real number. A space which is
homeomorphic to a Euclidean space is called a cell.
The space of definite matrices of a fixed order is a cell.
It follows that F is the product of two cells and so is
a cell. Hence, from the point of view of algebraic

topology, F is trivial and
m,(F)=0, alln.

Because of this, one expects all of the interesting
topological properties of S, ; to be displayed by SO;.
If X and Y are any two spaces, a mapping

[ X—>%,
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with an appropriate boundary condition, can be used Thus we may construct homeomorphisms D and H:

to define a homomorphism
f*:Trn(X) g 7Tn(Y)

Given a mapping 6:R" — X, then we see that the
composition f0 is a mapping from R" into Y. We
denote the homotopy class of 0 by [6] and that of f§
by [f9]; f is defined by

f+10] = [f0].

In this way a homomorphism- p, can be defined
between 7,(S, ;) and 7,(S0,). In fact, the homotopy
groups m,(S,,), 7,(SO;), and =, (F) are related by
an exact sequence'®1?

o (F) >, (Sy.0) —2> m,(SO5)
(B —> e

where iy, p,, and d, denote homomorphisms. The
triviality of the fiber implies

025 70(Sy.0) 22> m,(SOy) =5 0,

and, because the sequence is exact, it follows!'? that
P is an isomorphism. Hence

Ta(Sg,1) = 7,(SO).

The homotopy groups of SO, are well known.
Apart from the n = 1 case, they are identical to the
homotopy groups of the universal covering group of
SO;. This is §? (or SUy); m(S0;) is Z, and m,(S0O,) is
Z,. This proves Eqgs. (2) and (3). Equation (2) indi-
cates that kinks exist in general relativity and that
they are labeled by a single integer. Equation (3) means
that it is reasonable to make further investigations to
ascertain whether or not the theory admits spin.

4. PROOF OF THE ADMISSION
OF SPIN FOR S,

Let Q,(Y) denote the set of 1-kink mappings
corresponding to either of the cases Y = S°% SO,
and S, ;. Let path [Q,(Y)] be the set of closed paths
in Q,(Y) beginning and ending at some particular
point in 0,(Y) and path [Q,(Y)] be the set of closed
paths in Q,(Y) beginning and ending at the constant
mapping which takes the whole of R? into a fixed point
Yyoof Y. Let M(R®, Y) denote the space of mappings

p:RE—> 7,
with the boundary condition
vy, Uy, s, u) — y, asany |u — oo,

where (u,, uy, us, 4,) is any point of R*. As mentioned
before, M(R%, Y) is homeomorphic to path [Qy(Y)].

D:path [Q,(SH] — M(R, $%),
H:path [Qy(S0,)] — M(R*, S0O,).

Because S® and SO, are topological groups, Q,(S%) is
homeomorphic to Qy(S?%), and Q,(S0O,) is homeo-
morphic to Qy(S0O;). Thus, it is possible to define
homeomorphisms d and 4:

d:path [Q,(5%)] — path [Q4(S?)],
h:path [Q,(S0,)] — path [Qo(SO;))-

Let ¢ denote the usual covering mapping
C: S3 g SO3 .

A theorem quoted by Hu (Ref. 16, p. 89) states that
every covering space is a bundle space with discrete
fiber. Thus S3 is a bundle space with SO, as the base
and ¢ as the projection. The fact that the fiber is
discrete means that all its homotopy groups are zero.
This situation is similar to the case of the fibering of
Sy 1 over SO;, and we may construct an exact sequence
and show that the mapping

€y 1 (8% — 7,(S0,)

is an isomorphism.

Suppose ¢; € 0,(S®). Because c,, is an isomorphism,
this implies that the composition cg, € 0;(S0;).18
For example, the composition of the stereographic
projection of Eq. (1) and the covering mapping ¢
belongs to Q,(S0;). Let y be a closed path in Q,(S?)
beginning and ending at ¢,. y is a member of path
[0:(83)]. cx is a closed path in Q,(SO3). In this sense,
c can be regarded as a mapping between two path
spaces:

¢:path [Q4(S%)] — path [Q4(SO)].

On the other hand, if Fe M(RY S%), then cFe
M(R%, SO,), and so ¢ can also be regarded as a
mapping between two mapping spaces:

c: M(RY, S3) — M(R4, SO,).

Because 7,(S8%) = 7,(S0;) = Z,, there are only two
classes of mappings belonging to M(R?, S?) and only
two classes of mappings belonging to M(R?Y, SO,).
We may draw the following diagram.

path [Q,(S%)] —> path [Qy(S%)] > M(R?, 5%)
path [0,(S0,)] —> path [Q,(SO,)] —> M(R®, SO,)

Let x € path [Q;(S%)] be a 2 rotation path. An
example of such a path is obtained by making the
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replacement
3
x;— 2 Rif(s)x,
=1
in Eq. (1), where
cos2mws sin2ws 0

—sin 27s cos2mws O
0 0 1

RN =

and where s is the path parameter varying between 0
and 1. Clearly, cy € path [Q,(S03)] is also a 27 rota-
tion path. Because the S® theory admits spin, y is a
nontrivial path. We shall show that cy is also non-
trivial.

The fact that y is nontrivial and Dd is a homeo-
morphism implies that D dy is a nontrivial member of
M(R*, S®). Because c, is an isomorphism, cD dyisa
nontrivial member of M(R4, SO;). Since (Hh)!is a
homeomorphism, (Hh)"cD dy is a nontrivial path
belonging to path [Q,(S0,)]. Because (Hh)™! and Dd
are homeomorphisms, the mappings ¢ and (Hh)"'cDd
are homotopic, and so ¢y and (Hh)'cD dy are deform-
able into each other. The nontriviality of (Hh)cD dy
implies that cy is nontrivial. Since cy is a 27 rotation
path, it follows that the SO, theory admits spin.

Let us now consider S, ; and the subspace O, N
Ss.1 of S5 1. This subspace is homeomorphic to SO;.
Let

g1 R*— Sy,

be the composition of the stereographic projection of
Eq. (1) and the covering mapping ¢ which maps $3
onto O, N S, , (or equivalently onto SO,). Consider
the composition

pg1iR® — S0;,.

As noted previously, pg; € 0,(S0,). Because p, is an
isomorphism, g, € 0;(S, ;). Thus an example of a
1-kink mapping in general relativity is the composition
of the stereographic projection with the usual two-
fold covering of SO, by S3.

Since S, , is a bundle space with SO as base, we
may draw a diagram formally similar to the S*, SO,
case.

path [Q,(S,.)] —> path [Qe(S;.)] —> M(RY, S, 1)
path [0,(SOy)] —> path [Qy(SO5)] —> M(RS, SO,)

However, since S, , is not a topological group, we can-
niot assume that Q,(S, ;) is homeomorphic to Q(S, ;)-
We shall follow Rubinstein® and define the mapping
k as follows. Let y be a path belonging to path
[Q1(S4,1)] so that, for a particular s, x(s) € Q1(S,.1)-
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Let g_, be a member of Q_,(S;,,). We may define a
path 7 € path [Q,(S, ,)] by

n(s) = x(s) Vg, )

The symbol U represents the usual homotopy theory
operation of joining two mappings. The homotopy
classes [9(s)], [x(s)], and [g_,] are related by

[7()] = [x(s)] + [g-1),

where + is the group operation for m4(S, ;). Clearly,
[7()] = Qo(Ss,1), and so 7 € path [Qy(S, 1)]. It has
been shown by Rubinstein? that if y is a nontrivial
(trivial) path, then 7 is also a nontrivial (trivial) path.
Equation (4) defines a mapping k from path [Q,(S, ,)]
into path [Qy(S;1)]. In a similar manner, we may
define a mapping k’:

k'Ipath [01(S03)] — path [Q0(SO,)].

k and k' are not homeomorphisms.

Consider the two mappings g, and pg;. (These are
essentially the same mapping.) By applying a 2=
rotation, g, and pg, give rise to two paths y; and py,,
%1 € path [Q1(S,.1)] and py,; € path [Q,(S0y)). px:
is nontrivial because the SO; theory admits spin. We
shall prove that ¥, is also nontrivial. Consider the two
mappings pKky, and Hk'py,, both belonging to
M(R4, SOy). Both k and &’ map nontrivial paths into
nontrivial paths. Because py, is nontrivial, it follows
that Hk'py, is nontrivial. However, the two mappings
pKky, and Hk'py, are, in fact, the same mapping.
Therefore, pKky, is nontrivial. The triviality of pKky,
depends upon that of x,. Hence, the path x, is
nontrivial. Since y, is a 27 rotation path in 0,(S, ),
it follows that general relativity admits spin.

5. A 1-KINK MAPPING

It is of interest to construct explicitly an example
of a 1-kink mapping in general relativity. Recalling
that the composition of the stereographic projection
and the covering mapping c¢ is a 1-kink mapping,
let us first construct a mapping from S? into O, N
S4.1 which is topologically equivalent to ¢. Let G be a
member of O, N S, ;. Therefore, G can be written
in the form

P,
1
-1

where P O,. A simple way of defining a mapping
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from S3 into O, is to write P in the form

—bs  $s b b
—fs —ds b —b
P -t =4 -4 4
”¢1 S‘bz _‘f’a "‘¢4
Substituting this into the equation for G gives
1 — 2‘}6% 2¢’1¢2 _2951?,’3 2¢1¢4
G 2¢2¢1 1 - 2¢§ 2¢2¢3 —2¢2¢4
—2?534’1 25‘{’3?52 1 - 2‘!’: 2933?54
2 —2¢ups 204 1 — 240

This defines a mapping from $% into 0, N S, ;. Call
it ¢’. Any member (¢,, ¢;, ¢3, ¢4) € S determines G
uniquely. Given any Ge O, N S,,, the diagonal
elements determine any ¢; to within a sign. The off-
diagonal elements of G serve to correlate the signs of
the ¢, so that (¢,, ¢, #3, ¢,) is determined to within
an over-all sign.Clearly, ¢’ is topologically equivalent
to the usual twofold covering mapping ¢ from S3 into
SO,. The composition of ¢’ with the stereographic
projection of Eq. (1) then gives a mapping from R?
into S, ;, which is a member of Q,(S,,:) and so a
1-kink mapping.
6. SUMMARY

The aim of this paper has been to explain how
general relativity can admit kinks and how the 1-
kink states can have fermionlike properties. The
knowledge that the S% theory admits spin and that S3
is a bundle space with SO, as base was used to show
that the SO; theory admits spin. The fact that S, ;isa
bundle space with SO; as base then led to the con-
clusion that general relativity admits spin. An example
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of a 1-kink mapping in general relativity was con-
structed. Whether or not such objects play any role
in nature is an open question.

ACKNOWLEDGMENTS

I am grateful to Dr. C. S. Hoo for a number of
helpful discussions. I should also like to thank the
University of Alberta for the award of a postdoctoral
fellowship and Professor Y. Takahashi for the
hospitality of the Theoretical Physics Institute.

* Address after 1 September 1970:Department of Mathematical,
Physics, University of Birmingham, England.

1T. H. R. Skyrme, Proc. Roy. Soc. (London) A247, 260 (1958);
A260, 127 (1961); Nucl. Phys. 31, 556 (1962).

? D. Finkelstein, J. Math. Phys. 7, 1218 (1966).

3 D. Finkelstein and J. Rubinstein, J. Math. Phys. 9, 1762 (1968).

4 J. Rubinstein, Ph.D. thesis, Yeshiva University, 1967.

5 D. Finkelstein and C. W. Misner, Ann. Phys. 6, 230 (1959).

8 T. H. R. Skyrme, Proc. Roy. Soc. (London) A262, 237 (1961);
J. K. Perring and T. H. R. Skyrme, Nuc!. Phys. 31, 550 (1962);
U. Enz, Phys. Rev. 131, 1392 (1963); A. C. Scott, Am. J. Phys.
37, 52 (1969); J. Rubinstein, J. Math. Phys. 11, 258 (1970).

? This is true for such common manifolds as S, $Os, and S,,1
and can be shown to be true for any simply connected manifold.
See S.-T. Hu, Homotopy Theory (Academic, New York, 1959), p.
306, Corollary 8.3.

8J. G. Williams, J. Math. Phys. 11, 2611 (1970).

*J. G. Hocking and G. S. Young, Topology (Addison-Wesley,
Reading, Mass., 1961).

10 G, W. Whitehead, Ann. Math. 47, 460 (1946).

11 G. W. Whitehead, Homotopy Theory (M.I.T. Press, Cambridge,
Mass., 1966), Lemma 1.4.2.

12D. Montgomery and L. Zippin, Topological Transformation
Groups (Interscience, New York, 1955), p. 39.

13 p, J. Hilton, An Introduction to Homotopy Theory (Cambridge
U.P., Cambridge, 1966), p. 60.

14 N. Steenrod, The Topology of Fibre Bundles (Princeton U.P.,
Princeton, N.J., 1951), Chap. 40.

15 D. Husemoller, Fibre Bundles (McGraw-Hill, New York, 1966),
p. 93.

18 5.-T. Hu, Homotopy Theory (Academic, New York, 1959).

17R. C. Hwa and V. L. Teplitz, Homology and Feynman Integrals
(Benjamin, New York, 1966), pp. 37-40.

18 Strictly speaking, the fact that ¢, is an isomorphism implies
that either cg, € 0,(S0;) or cp, € Q_1(S0s), where Q_,(S0s) is the
set of 1-antikink mappings and is the inverse of Q,(S0s) in the group
73(S03). Since the kink or antikink nature of Q,(S03) or Q_,(S0y)
can be assigned in an arbitrary manner, we shall ignore this compti-
cation.



JOURNAL OF MATHEMATICAL PHYSICS VOLUME 12, NUMBER 2 FEBRUARY 1971

Application of the Semidirect Product of Groups*

ROBERT GEROCHT
Department of Physics, Syracuse University, Syracuse, New York

AND
E. T. NEwWMAN
Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 15213

(Received 10 August 1970)

A simple example of the application of the semidirect product of groups is presented.

The asymptotic symmetry group in general rela-
tivity, the BMS group, was introduced by Sachs.! We
show that this group, as well as the Poincaré group
and the invariance group of electrodynamics, are
examples of the semidirect product applied to certain
group representations.?

Let G be a group and ¥ an Abelian group. Suppose
we are given in addition an action of G on V. That is
to say, for every g € G we have an automorphism 4,
on V such that 4, o 4, = A, ,, and (4,)' = 4, ;.
The semidirect product V' ® G of V and G is then
defined as follows. The underlying set of V' ® G is
the product of sets ¥ X G. The group operation is
defined by?

(81> 01)(g25 V2) = (818201 + Aal(vz))-

In particular, if V' is the vector space of a representa-
tion of G, then G acts on ¥V as required. With each
representation of G we thus associate a new group.
We can consider ¥ as an Abelian normal subgroup of
V ® G: G is the factor group.

We discuss three applications of these remarks.
Let G = £, the (homogeneous) Lorentz group.

Suppose first that we choose for V the vector
representation W of £, i.e., the D'#) representation.
Then £ ® W is the inhomogeneous Lorentz group &.

Next, consider £ as the group of conformal map-
pings on the Riemann sphere S. Let X be the vector
space of smooth, real-valued functions on S. Define
the action of £ on X as follows: If Lef, feX,

Lf(p) = Kf[L(p)], where p € S and K is the conformal
factor associated with the action of L on S. (This is
the infinite-dimensional representation, sometimes
called the closest relative representation, associated
with DP9 Then £ ® X is the BMS group.
(Similarly, one obtains “generalizations’” of the BMS
group.)

Finally, let G = &, the Poincaré group, considered
as acting on Minkowski space M. Let Y be the
vector space of smooth, real-valued functions on
Minkowski space. If Pe¥ and fe Y, let Pf(q) =
f(9), g€ M. Then Y is a representation of ¥, and
T ® Y is the invariance group of electrodynamics.
The invariance group of linearized general relativity
is obtained in a similar way (choosing for Y the
vector fields on Minkowski space).
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